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A remark on polynomial functions over finite
commutative rings with identity

Giinther Eigenthaler and Winfried B. Miiller

Abstract. In the present paper, the degree of polynomial functions on a
finite commutative ring R with identity is investigated. An upper bound
for the degree is given (Theorem 3) with the help of a reduction formula
for powers (Theorem 1).

1. Let R be a commutative ring with identity, R[x,, ..., x,] the polynomial
ring in k indeterminates x,, ..., x, over R, F «(R) the full k-place function
ring over R and Py(R) the ring of k-place polynomial Junctions on R. (For
the basic notions and results of algebra used here and in the following
see e.g. Lausch-Nobauer (1973) and Atiyah-Macdonald (1969).

There exists a surjective homomorphism ¢ from R[x,,...,x,] onto
P(R), which assigns to each polynomial

=8y, o 0 xhedBin,. .. %]
a polynomial function afe Py(R) defined by
() Bas L) s Za, v, bl b B ..., b,) € R,

(See Lausch-Nobauer (1973), ch. 1,§6.) For y e Py(R) let the degree || ¥ ||
of Y be the minimum of the degrees of the polynomials fe R[x,, ..., x,]
with af = .

R is said to be primary if every zero divisor of R is nilpotent. Every
finite commutative ring R with identity is (unique up to isomorphism)
a finite direct sum of finite primary rings (cf. Atiyah-Macdonald (1969),
ch. 8, Th.8.7).

2. Now we prove the reduction formula for powers. For a finite group G,
exp G denotes the exponent of G, ie. the least common multiple of the
orders of the elements of G. U(R) denotes the group of units of R. Fur-
thermore, we shall write | M | for the cardinality of a set M, and [, ..., r
for the least cammom multiple of the integers r,,...,7,.
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Theorem 1. Let the finite commutative ring R with identity be the direct
sum R, @ ... ® R, of the primary rings R;, n(R;) be the least positive integer
e such that a = 0 for all a;€ R;— U(R;) and n(R) = max (n(R,), ..., n(Ry)).
Then for any positive integer m, the equation

am +n(R) = an(R)

holds in R iff exp U(R) = [exp U(R,), ...,exp U(R,)] divides m.
Proof.i) Suppose that exp U(R)dividesmandleta = a; + ... + a,€ Rwhe-
rea;€ R,.If a;€ U(R;), then a*?Y® = 1 and, therefore, a = 1.Ifa;€eR; —
— U(R;), then a"® = 0. Thus, in both cases a*"® = g'® showing
that g"*"® = g"®),

ii) Suppose that a"*"® = g"® for all aeR, then g™ =1 for all
a€ U(R), which implies that exp U(R) divides m.

Lemma 2. Let R be a commutative ring with identity which is a finite
direct sum, say R =R, @ ... ® R, and for every i = 1,...,s let J; be a
set of k-tuples of non-negative integers such that for every Y € P,(R)) there
exists a polynomial f€ R[x,, ..., x,] with

T OE R ST I P

(io, +++, i) e J i
and of = . Then for every Y € P(R) there exists an f€ R[x,, ..., x,] with
s o4 aj, iy Xl tand of =0
Goeovi)ed 1 gy s

Proof. Straightforward (cf. also Lausch-Nobauer (1973), ch.3, Th.3.61).

If R, is primary, by Theorem 1 we can take in Lemma 2
J;=1{0,1,...,n(R;) + exp U(R;) — 1}*. Therefore, we get the following.

. Theorem 3.Let R be as in Theorem 1, then for every Y € P,(R) there exists
an fe R[x,, ..., x,] with

f= Y  a..xi..x and of =y, where
(i1, i) ed

J ={0,1,...,max (n(R;) + exp U(R)) — 1}~
Thus || || < k (max (n(R) + exp U(R,) — 1) for all Y € P(R).
Furthermore, we get from Theorem 3 and the fact that P,(R, @ ... ®

R,) is isomorphic to P,(R,) ®... ® P,(R,) (see Lausch-Nobauer (1973),
ch.3, Th.3.61) the following.
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Corollary 4. Let R be as in Theorem 1, then

|pk(R)| SalR JOE0 exgbhor | R,|"Rs) +expURap*

Remark. In case that | R |mx"R)) +expUR ) -

= | R, RSy | R, |"®s)*expURs (under the assumption that
|R;| > 1 for all i, this holds iff max (n(R;) + exp U(Rj))>m;n (n(R)) +
+ exp U(R)))) the representation of the functions € P,(R) by polynomials
with the form given in Theorem 3 is not unique, as is easily seen. The

converse does not hold (an example is given by R = Z,, the residue class
ring of the integers modulo 9; see later).

3. We apply the above results to the case R = Z,, the residue class ring
of the ring Z of integers modulo n with n > 1. Let n = pi'. ....p% be the
canonical decomposition of n, then Z, is isomorphic to Zp;1 @ ... ®Z s,
and the Z; are primary. For a positive prime p and a positive integer e, let

m(pe) i} %‘P(Pe), if P.= 2 and e =63

@(p°), otherwise

where ¢ is the Euler ¢-function. Then m(p°) = exp U(Z ,) and furthermore
n(Z .) = e. Let n be as above, then exp U(Z,) is the least common multi-
ple of the m(pi’) and n(Z,) = max (e, ..., e,). Since, for any positive inte-
gers m, e

mte —

pi""¢ = pi mod n

implies that ¢, < e, we get from Theorem 1 the following result, which

is contained in Singmaster (1966) and is a generalization of Nobauer
(1954) (§1):

Corollary 5. Let n be as above, then for any positive integers m, e

a"t® = a°modn

holds for all a€ Z iff [m(py"), ..., m(p*)] divides m and max (CP— T
In a similar way, Theorem 3 can be specialized for R = Z, (cf. also
Noébauer (1955), Hilfssatz 7).
For n =9 and k = 1, by Hilfssatz 7 of Nobauer (1955) | PIZ) =¥,
whereas the number of polynomials with the form given in Theorem 3
is equal to 3'°. This yields the example announced in the Remark after

Corollary 4 (other examples are given by R = Z 4 and R = Z,).
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For another application of Theorem 1 take R; = GF(p}), the Galois
field of order p§i (p; is a prime). Then exp U(R;) = p{' - 1 and n(R)) = 1.
This yields the following result of Mrkwiczka (1973) (§7):

Corollary 6.a™*! =a for all ae GF(p$") @ ... ® GF(p%) iff [pi'—1,..., .

ps* — 1] divides m.
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