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Reformulation of the second Weierstrass — Erdmann
condition

Mauro de Oliveira Cesar

1. Introduction.

We shall denote by D'[a, b] the class of the continuous functions y
defined in the interval [a,b], for which )’ is piecewise continuous.

In the calculus of variations the following theorem is known, which
provides a necessary condition for the existence of a weak relative minimum
for functional such as:

b
(1) I(y)=JF(x,y,y’)dx, Re G

a

Theorem. If Y € D'[a,b] provides the functional (1) with a weak relative
minimum, then Y will fulfill the following .integral equation:

F(x,y,¥) — yFyx,»,Y) = J F A (&), y' (&) dE + C,

a

in which C is a constant (See V. [a] and V. [c]).

The condition of minimum, in this theorem, refers to the existence
of a weak neighborhood with center y and radius ¢, defined thus:

Viy,¢) = {ye D'[a,b], y(a) = ay, y(b) = by :d(, y) < ¢},
where d(y,y) = sup [y'(x) — ¥'(x)|.
as<x<b

From this theorem there results the so-called 2" Weierstrass-Erdmann
condition: if Y € D'[a,b] provides a weak relative minimum for the
functional (1), then the function

F(x,y,y) — yFy(x,y,))

is continuous at the corner points of .
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We would like to point out that this condition, which in the present
case derives from the above theorem, is also deducted in the calculus
of variations, using the variation of the functional (1), in the general case
in which the end-points are variable (See V. [b] and V. [c]).

2. Counter-example.

) We will show through an example that both the theorem presented
in I and the 2™ Weierstrass-Erdmann condition are false.
Let us consider the following functional:

2 4 /3 2
5
I(y) = o <2k y
) J0(4 12-+-8)dx
0 4 D=
X — I == D

and the function: Y(x) = {

Then we have:

5 -S040

6

F,=y(y - 1)(y’ ® %)

F presents an absolute minimum at point )’ =1 and F(1) = — .

5&.
The value of the functional I(y) calculated for any function ye D’,
such that:

: Ss-ﬁ
y(x) = 6
any value, 1< %<2

, 2= 0 o v 1
is always: I(y) = I(y) = e

Therefore, Y provides a weak relative minimum for the functional.
However the function F —y'F,. is not continuous at the corner point
x =ile

As a matter of fact:
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3. Horizontal neighborkood.

We shall introduce a new neighborhood, through which it will be
possible to reformulate the theorem presented in I and the 2" Weierstrass-
Erdmann condition.

Let us consider Y € D'[a, b], expressed parametricaly in the following

way:
X =
5 <t<hbh
{y=wm .

We will consider another curve, also expressed parametricaly,

x =1+ B(t)
{y='\l/(t) L <t<b,

in which e D'[a,b], Bla) = ﬂ(b)

We shall admit that 1+ f(t)> O whatever the value of r,a<t<b,
so that this curve will take the form y(x). In the following definitions,
the function y should always be considered generated by this setting of .
the above parameters.

The weak horizontal distance between two functlons Y and y, is:

¥(e)
1+ B

The weak horizontal neighborhood with a y center and an ¢ > 0-radius,
is the set:’

dP W, y) = sup — (o).

a<t<b

VPW,e) = {yeD'[a,b] :dP (), y) < &}.

The functional (1) presents a weak horizontal minimum in the function
Y if there exists V{"(y,¢) such that:

1) = IW), YyeVPW,e).

Theorem. If Y € D'[a,b] provides a weak horizontal minimum for the
functional (1), then y will fulfill the integral equation:

F(x’y,y’) T y’F_v’(xay’yl) o= J Fx(évy(é)sy’(é))dé =+ C5

a

in which C is a constant.

From this theorem, derives the 2™ Weierstrass-Erdmann condition,
reformulated as it follows:
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If  provides a weak horizontal minimum for the functional (1), then
the function F—)'F,. is continuous at the corner point of V.

= |
5 =r1=Db
= Y(t) [

,a<t<b,in which:

L}

Proof. Let us set y expressed parametricaly by {x
y

X =1t+ aAr)
y=yl)
A€ D'[a,b], Ma)= A(b) =0 and aeR.

and consider the one-parameter family {

Once the function 4 is determined, it is simple to show that there is
a number ¢ > 0 such that, if loc [ < o, then any curve of the family:

a. may be expressed in the form y(x)
b. belongs to VP (y,e). (*)

Therefore, the functional (1), calculated in a curve of the family J(x),
presents a relative minimum for o = 0. Thus, since J(a) is derivable, one
has J'(0)=0. Through a well known technique, one obtains:

b t
J(0)= I {F(tW(0),4(1)) — Y(0) F e, (1), (1) — J F (0, Y(1),(0))d ) At)dt.

a

Since the function A is arbitrary, we come to the result:

R ol e f Y

a

4. Example.

Let us set an example of a functional which, for a given function v,
presents a weak horizontal minimum but does not present a weak
“vertical” minimum. )

Let there be a functional I(y)= (3 '()) — 1)*> dx and the function ¢,

1 B
x=2

Mﬂ={

IA

x =l o]

(*)It is important to notice that there is no ¢ > 0 such that, if |a| < g, then ye V,(y, ¢).
This is the reason why the proof of Theorem I, which may be found in V. [c], is not correct.
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We will consider y generated by the setting of parameter in III.
One has:

0 <izal

Ry e :
y G .
1 + B)

1+ @)
‘Therefore, I(y)> I(y)=0 and then y will provide a weak horizontal
minimum. We can observe that

FoybEi=0 0D=x=?

=0 e i)

It should also be pointed out that:

i pligsy =q
T NS g

Hence we conclude, through the 1* Weierstrass-Erdmann condition,
that ¢ does not provide the functional with a weak “vertical” minimum.
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