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Smooth mappings between foliated manifolds

Shytuichi Izumiya

0. Introduction.

In [1], L. A. Favaro has presented the notion of stability in the
tangential sense of smooth mappings between foliated manifolds.
Moreover he has presented the notion of infinitesimal stability in the
tangential sense in order to characterize the former. In fact, he has shown
that the latter is the sufficient condition of the former.

In this paper, we shall prove that the converse of Favaro’s theorem
is true for foliation preserving mappings. The key point of the proof is
a transversality theorem in some sense. We shall call it “the transversality
theorem in the tangential sense”.

In §1, we will formulate the main result. The transversality theorem
in the tangential sense will be given and proved in §2. We will prove the
main theorem in §3.

All manifolds, foliations and mappings considered here are differen-
tiable of class C*. All manifolds should satisfy the second countability
axiom.

1. Formulations.

Let (M, #,,) and (N, Z ) be foliated manifolds. Let C*(M, N) be
the set of smooth mappings M — N.

Definition 1.1. (Favaro) fe C*(M, N) is stable in the tangential sense if
there is a neighbourhood V; = C*(M, N) of f in the Whitney C*-topology
such that for each g€ V; satisfying g(x) and f(x) belong to same leaf of
Fy for each xe M, there are diffeomorphisms ¢: M — M, taking each
leaf of Fy onto itself, and Y : N — N, taking each leaf of Fy onto itself,
such that f =Y ogo @.
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Let T ), be the subbundle of TM with fibre T..# ,, the tangent space
of the leaf of &#,, at x. For any f € C*(M, N), we let 6(f) denote the set
of vector fields along f. We let (M) =6(1,,). Let 04(f) be the C*(M)-
-submodule of 6(f) consisting of smooth section of f *T# 5. Here, C*(M)
is the ring of smooth functions on M. We let 04(M) = 04(1,,). We define
mappings tf : 0(M)— 60(f) by tf({) =df o¢ and of : 0(N)— 6(f) by
of () =N f.

Definition 1.2. (Favaro) fe€ C®(M, N) is infinitesimally stable in the
tangential sense if tf (0 4(M))+ of (04(N)) 2 04(f).

Then, Favaro has proved the following theorem.

Theorem 1.3. (Favaro [1]). If M is compact and f : M — N is infinite-
simally stable in the tangential sense, then f is stable in the tangential sense.

Let CZ(M, N) be the set of foliation preserving smooth mappings.
Our main result is the following theorem.

Theorem 1.4. Let M be compact. For fe C3(M, N), the followings are
equivalent :

1) f is stable in the tangential sense.
2) f is infinitesimally stable in the tangential sense.

Remark. i) Let fe CZ(M, N) and ¢: M —> M (resp. ¢ : N> N) be diffeo-

morphisms taking each leaf of & (resp. & y) onto itself. Then f(x) and

Vo f o ¢(x) belong to the same leaf of & for each xe M. We write f ~ 5 g

if there exist ¢ and Y as above such that f =y ogo ¢.

ii) For f € C3(M, N), the notion of infinitesimal stability in the tangential
sense is equivalent to

if (05(M)) + of (05(N)) = 05(f).

Hence, foliation preserving mappings are natural objects for which
we define the notion of infinitesimal stability in the tangential sense.

2. Transversality theorem in the tangential sense.

Let M be a smooth manifold and (N, % ,) be a smooth foliated
manifold. Let U, V be opensets in N with U o ¥, where V is the closure

~ owr
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Definition 2.1. Let A be a submanifold of U,.f € C*(M, N). We say that
f is transverse to A relative to (¥y, U) at x (denoted by f ™5, v) A at X)
if either

@) f(x)¢V, or

(b) f(x)eV, and

1) f(x)¢A4, or

2) f(x)e A and df (TM)+ Ty A > Ty Fn-

Then, we have the following lemmas.

Lemma 2.2. Let B;, B, be smooth manifolds and A be a submanifold of U.
Let by € B, be fixed. Let j: By x B,— C*(M, N) be a mapping and define
®:M x B, x B,—» N by ®x,b,,b,)=j(by,b,)(x). Assume that:

1) @ is transverse to A and Ty py.5»®@ (4) S Tiy, bo, b2)(M X by X B,)
for any (x,b,)e M x B,, and

2) ©, H (5y.v) A, where ®, = ®|M x by x B,.

Then the set {b, € B, |j(by,bs) W (sy.uyA} is dense in B,.
Proof. Let Ag=® '(A). Let 7 be the restriction to Ag of the projection
M x B, x B, — B,. First note that if b, ¢ Image (r), then j(b,, b) (M)n A
is empty, so j(bg,bs) W sy uyA- Now if dim Ay <dim B,, then n(A4)
has measure zero in B, and for a dense set b, in B, — namely B, — Image(rn),
j(bo,b2) M (5y.mA. Thus, we may assume that dim 44 >dim B,. We
remark that if b, is a regular value of =, then j(by,b2)® (5, u) A

To prove the remark let b, be a regular value for = and let x in M.
If (x,by,bs)¢ A, then j(by,b,)(x)¢ A and j(by, bs) M (5,,u)A4 at x. So
we may assume that j(b,, b,) (x) is in Ag. Since b, is a regular value for n
and dim A4 > dim B,, we have that

Tix.bo.b9M X By X By = Tix .55y A0 + Tix,bo.69M X By X bs.
Since Tix.py.55A0 S Tix, by, M X by X By, we have
Tix.b0,69M X bo X By = Tix by, 6040 + Tix,b0,69M X bo X bs.
Apply d®, s, b, to both sides and obtain
A by 1) Tix, bo,byM X bo X Bz) = Tjo, 5254 + dj(bo, b2)){TM).
We assume that @, @ 5, 0,4 SO
AP, by, b2)( T, b0, 59M X bo X B2) + Tjisg, b2y A 2 Titbo,bar 0¥ n-

Combining two formulas we have that

MY L \ /(T A\ § o A — T iz
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This completes the proof.

Lemma 2.3. Let A be a submanifold of U and A’ = A be closed in V (i.e.
closed in N). Then Ty y={feC*(M,N)| f ™ s, v)A on A’} is an open
subset of C*(M, N) in the Whitney C'-topology. (Here, we write that
f® sy, 0yA on A" if for every xe M with f(x) in A, f D 5, v)A at x).

Proof. Like in the usual case, it follows that the following set is open
in JY(M, N):

W= {o|Bo)¢ A’} U {o| flo)€ A’ and dfyo)TuyM) + Tyrd > Ty u}.

Here, o is the source map, f is the target map and f is a represen-
tative of o.

We now formulate the transversality theorem in the tangential sense.

Definition 2.4. Let f,ge C*(M, N). We say that f and g are in the same
tangent (denoted by f ~ s rg) if f(x) and g(x) belong to the same leaf of
Fy for each xe M.

Remark. i) ~ g.; is an equivalence relation.

ii) Let C*(M, N; h) be denoted the same tangent class for which
he C*(M, N) is representative.

iii) We observe that C*(M, N; h) is a closure of C*(M, N;h) in the C*-
-topology.

iv) For fe CR(M,N), C*(M,N; f) = C3(M, N)

v) For f € C*(M, N), the notion of stability in the tangential sense is
equivalent to the following condition: there is a neighbourhood
V= C*M,N; f) of f in the Whitney C*-topology such that for
each g € V;, there are diffeormosphisms ¢ : M — M, taking each leaf
of %, onto itself, and ¢ : N - N, taking each leaf of # y onto itself,
such that f=y.go. ¢.

The following proposition is obvious.

Proposition 2.5. C*°(M, N;h) is a Baire space.

We define a foliated structure on JM, N) naturally induced by % y.

Let (U, n) be a coordinate system on M and (V, y) be a foliated
coordinate system on (N, Z y).

Let
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be the coordinate system on J¥M, N) induced by (U, #n) and (V, {). Here,
p=dim %y and y: V> R"" " x RP is represented by

Y(x) = (Y 1(x), Yo(x)).
Let : Jm,n — p) x J4m, p)— Jm,n — p)

be the canonical projection.
Define a local submersion

PU,V:J"(U, V)- R"P x J¥m,n — p)
by
Pyy= W x m)ody,v.

Lemma 2.6. For every coordinate systems on M and every foliated coor-
dinate systems on (N, Z y), local submersions {Py v} defined as the above
induce a foliated structure on JM, N).

Proof. In this case, the structure group of JYM, N) is L*m) x L"(n, p).
Here, I¥(m) is the Lie group consisting of k-jets of origin preserving
diffeormosphisms
(R™,0) — (R, 0),
and
L¥n,p) = {jsy e L"n) |y :(R""? x RP,0) - (R""? x R?,0) and
l//(xay) = (‘/jl(x)a lpz(an’)) fOf (xsy)e(Rn_p X Rp, 0)}

The action of L¥m) x L¥n, p) on J*m,n — p) x Jm, p) induces the
following commutative diagram:

J¥m,n — p) x J4m, p)—— J¥m,n — p) x JX(m, p)

Jm,n — p) ———— J¥m,n — p).

This diagram indicates that the above local submersions induce a
foliated structure on J4M, N).

We denote as Z5M, N) the foliated structure on JXM, N) induced
by Lemma 2.6.

For any (x y)e M x N, let U, be a coordinate neighbourhood about

SaTET LSy g Lt e s i SAIR et A L R S b cB s A A R adae s Tesd
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U< U, (resp. V) be a open subneighbourhood of x (resp. y) with ens
(resp. V, = V).

Here, we may take ¥ :V,—»R""?x RP as y(V,)=V; x V,, where
V,cR""? and V, = RP are open sets. We also take y(V))=Vi x V.
where Vi<V, and V,c V,.

Then, we have M x N= () U,xV,.

(x,y)e M x N
Since M x N satisfies the second countability axiom, the above is

a countable covering;

MxN=©U’,-xV,-’.

7 i=1
Then, {JU,;, V)}, is an open covering of JXM, N).

We say that % = {JYU,, V)};2,, which is constructed as above,
is a good coordinate system of J*(M,N) with respect to Fy.

Definition 2.7. Let X be a smooth manifold. Let % = {(U;, ;)}ic1 be a
coordinate system on N. We say that A is a local submanifolds correction
with respect to U if the following conditions hold:
1) A= A;, where A; is a submanifold of U, for any i;
iel

2) if AinA; is non-empty in U;nUj, then

Yio¥i 'WiAin Uy) =y (4;nU)
by the coordinate transformation Yoy 'y (UinUj)— Y (U;nUj).

Let (N, & y) be a foliated manifold and % = {(U;, ¥;)}:c be a foliated
coordinate system.

We say that A is a local submanifold correction in & y with respect
to 4 if A is a local submanifold correction with respect to % and for any
iel, there is Le %y such that 4,c U;n L.

We are now ready to define the notion of transversality in the tan-
gential sense.

Definition 2.8. Let %% be a good coordinate system of J(M,N) with
respect to Fy and A be a local submanifolds correction with respect to
U%. Let f :M— N be a smooth mapping.

We say that j* f is transverse to A with respect to U at xe M, (we
write j*f T4 A at x), if j*f is transverse to A relative to (F“(M, N), JNU;, %)
at x for any i. We also say that j¥f is transverse to A with respect to w;,
(we write j*f Ty A), if- j*f is transverse to A with respect to U at any xe M.
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Then we have the following theorem.

Theorem 2.9. (Transversality theorem in the tangential sense). Let M be a
smooth manifold and (N, Z y) be a smooth foliated manifold. Let U5 be
a good coordinate system of JXM, N) with respect to % y and A be a local
submanifolds correction in & (M, N) with respect to U. U%. Then Ty o.4=
= {feC*(M,N;h)|j*f Ty A} is dense in C*(M, N;h).

Proof. We first choose a countable covering of A4; by open subsets
AL, A2, ... such that each A! satisfies:

1) the closure of A4 in JXU,;,V; is contained in A;.

2) A’ is compact.

Since («, B)(4;) = U; x V;, then (a, B (AN = U; x V..

Let Ty= {feC“’O(M N)|jf™A on A}, Ty, =TunC*M,N;h)
and Ty, = Ty C®(M, N;h).

It is clear that Ty s,= () () T

j=1 i=1

Since C*(M, N h) is a Baire space, it is enough to show that T,; is open
and Ty, is dense in C*(M, N;h) for any i, .

Define T;;={ge C*(M, JHM, N)) | g T (s, m), e, np 4 0D Al}. By
Lemma 2.3, T;; is open.

Since j*: C*(M, N) - C*(M, J*(M, N)) is continuous then T, =
= ()" '(T},) is open.

We now show that T, , is dense in C*(M, N;h).

Since A; > Af, for coordinate systems

¢:U;»R"and y:V;—> R""P x R,
we have (o, f)(A4) < U; x V.

Since A is compact, there exist smooth functions p:R" — [0 1],
pi:RP o [O 1] and pj:R?— [0 1] such that

{1 on a neighbourhood of ¢ oo (4)
p =

0 off ¢p(U;)
, _ {1 on a neighbourhood of ;- W o B(Al)
A {0 off V. and
, _ {1 on a neighbourhood of Yo B(A)
P {0 off V2

where 7, :R"? x R?— R"? and =, : R""? x RP— RP are canonical pro-
jections and Y(V) =V} x V2 c R"7? x RF.

Let B, (resp. B,) be the space of polynomial mappings of R™—R" "
(resp. R™— RP) of degree at most k.
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We will use Lemma 2.2 to show that f € C*(M, N; h) can be perturbed
slightly in C*(M, N;h) to transverse to A in the tangential sense.
For (b, b,)€ B} x B), define gy, »,: M= N by

(e {f(x) x¢U;or f(x)¢V,
¥~ H(p(d(x)p1(f1(x)b1(B(x)) + f1(x),
P((x))p2(f2(x)b2(P(x)) + f3(x)) otherwise,
where Vo f(x) = (f1(x), f2(x)e R"™? x R,

The choice of p, p} and p), guarantees that g, 4, is a smooth mapping
from M to N such that f and g, are in the same tangent. Hence,
9g0,b,)€ Cfn(M, N; h).

Define G: M x By x B,—= N by G(x,b;,b;) = g, »,(x). By the de-
finition, G is smooth. Define ®(x, by, b3) = j*g(s,.b,)(x). In order to apply
Lemma 2.2, we need to show that @ is transverse to 4; on Al

Tix.0.69®@ ' (4:) € Tix 0.5)(M x 0 x By) and @, W (geqm, vy, sxwi v i Ai-

Since A;= LnJXU,,V,) for some Le #4M,N), it is clear that
Tix,0,69 @ 1(4) € Tix 0,5, (M x 0 x By).

By the same technique of the ordinary jet transversality theorem ([2],
Theorem 4.9), there are a neighbourhood B, of the origin in B, (f = 1,2)
and a neighbourhood A" of 4! in A; such that ® is transverse to A; and

0 ¢
D, A (grm, Ny, g4 M. Ny Ai on A,

Here, ®=®|M x B, x B, and ®,=®|M x 0 x B,.
This completes the proof.

It is easy to generalize the above theorem to multijet transversality
theorem in the tangential sense as follows.

Define M*=M x ... x M (s-times) and M® = {(x,, ..., x,) € M*| x;# X;
for 1 <i<j<s}. Define o°: JM, N)*— M"® in the obvious fashion. Then
JYM, N)= ()1 (M¥) is the s-fold k-jet bundle.

Let f : M — N be a smooth mapping. We define j*f : M — JXM, N)
By o (X1, -0 X = (F (1) oy P ()

Let Z*(M, N)® be the s-fold product foliation of #*(M, N). Define
FHM,N)=FYM, Ny | JYM, N).

For any (Xy,...; Xy Yy, --sVJEM® x N*, let-U,, be a coordinate
neighbourhood about x; such that U,,nU,, is empty (i # j) and U, is
compact. Let (V,,, ;) be a foliated coordinate neighbourhood about y;
with (1) =1, x ViR 2 0RP, Let' Ul e U, iresph 1 = 1, )obe an
open subneighbourhood of x; (resp. y;) with U €U g vlranpd M0 = W)
and Yl )=V} x Ve W 2xRE,
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Then, we have M® x N°*= U U’ x V,, where

y’
(x,y)e M® x N

Us=Uy, X oo X Ups Vi= Vo % .o X Voo x = (3, ..., XJEMP
and y=(yy,...,y)€ N°

Since M® x N°® satisfies the second countability axiom, the above
is a countable covering:

M® x N° = D U, x V.

i=1
Then
{JHUL V) = JHUL VY x ... x JNUS, V) |ieN, U;= Ulx..xUs

and V,;= V! x ... x V/*} is an open covering of J¥M, N).
We say that % = {JXU,, V;)};2;, which is constructed as above,
is a good coordinate system of JYM, N) with respect to Fy.

Definition 2.10. Let %% be a good coordinate system of (J*(M, N) with
respect to Fy and A be a local submanifolds correction with respect to
A, Let f :M— N be a smooth mapping.

We say that j*f is transverse to A with respect to AU at xe M®, (we
write J*f Mg A at x), if (j*f is transverse to A; relative to (;F*(M, N),
JHU;, Vi) at x for any i

We also say that j*f is transverse to A with respect to A’ , (we write

JY W A), if j¥f is transverse to A% at any x in M®.

The following theorem is a trivial extension of Theorem 2.9.

Theorem 2.11. (Multijet transversality theorem in the tangential sense).
Let M be a smooth manifold and (N, %y) be a foliated manifold. Let '
be a good coordinate system of JYM, N) with respect to Fy and A be a
local submanifolds correction in F*(M, N) with respect to A% . Then
Ty s n={f€C*(M,N:h)| j*f Wz A} is dense in C*(M,N:h).

Let (M, #,) and (N, #,) be smooth foliated manifolds. Define
J%(M, N)= {j*(x)| f : V- N; foliation preserving, where V is some
open neighbourhood of x} and

JSM, N) = J%(M, N n JYM, N).
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Proposition 2.12. (¢, f%): J%(M, N)» M® x N* is a subbundle of
(@@, B%): JHM, N)—> M® x N°* with structure group L¥m, q)° x L¥n, p)'.

Proof. For convenience, we may suppose that s= 1. For any j*f(x)e JM, N),
taking foliated coordinate systems about x and f(x) respectively, we may
consider that f is a smooth mapping: R™" 7 x R?— R"™? x R? such that
the following diagram commutes;

f

R"™ 1 x RI——— R"77 x RP

.

R™™1 R

(i.e.f(x,y) = (fi(x) fa(x, y)) for any (x,y)e R™"% x RY).
Hence, we have the following correspondences:

JHR™ R") = R™ x R" x J*m,n — p) x J¥m, p)
U U
JHR™ R") N J%(M, N) ~ R™ x R" x JXm — g,n — p) x J¥m,p).
This completes the proof.

Let (% be a good coordinate system. We say that
s%;,l’ = {sJk(U5 V) (@ S‘ka(M’ N) l S‘Ik(U, V)G s%’f?}

is a good coordinate system of J%(M, N) with respect to Fy x Fy if each
U’ is a foliated coordinate system of M, where U= U! x ... x U*.

In this situation, we can canonically induce the foliated structure
FHM,N) on J%M,N).

Then, we have the following proposition as a corollary to Theorem
211

Proposition 2.13. Let (M, %)) and (N, #y) be smooth foliated manifolds.
Let A% pbe a good coordinate system of J*%(M, N) with respect to Fpy X Fy
and A be a local submanifolds correction in M, N) with respect to
AU p. If h:M— N s foliation preserving, then

Tis.n= {f €C*(M,N;h) | 5 Mg pA}

is dense in C*(M, N;h). Here, we denote Jf Mg p A if J is transverse
to A; relative to (FM, N), JXU;, V,n J*(M, N)) for any i.
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3. Stability theorem in the tangential sense.

In this section, we will prove Theorem 1.4.
Let L¥%m) denote the group of invertible jet j*$(0) such that the
following diagram commutes;

(R™=4 x Rq,O)—d’—»(Rm—q x R4, 0)

(R"=4,0),

There is a natural action of L¥m)x L%n) on JXm,n)* defined as
follows.

If ((*$100), -, *&0), f¥(0) € LE(m) x L(n) and

z = (*1(0), ..., j*1,0)) € J(m, n’,
then we set

((*0100), ... j*040), Y(0)- z= (Y o fr o ¢ '(0), ... Y o fo o b1 (O)).

This action canonically induces the action on J(m — g, n — p)* x Jm, py'.
Now let % » be a good coordinate system of J%(M, N) with respect
to Fy X Fy.
For any JYU;, V)N J%(M, N)e A’ p, we have

JULV)O JSM,N) = U; x V; x J4m — q,n — p)° x JXm, p)"
In this situation, let Y4: V7 — R"~? x RP? be a foliated coordinate function,
where V.= V! x ... x V; For any :
(c1s-.-,c) €(R"P7 and zeJYm — q,n — p)* x JXm,p),
we define

Oici,...,c52) = U; X (l//,'l)_l(cl x R?) x ... x (lﬁf)-l(cs x RP) x
x (LYm)y x L¥n)) ().

Here, (Lk(m)* x L’,‘,(n)) (z) denotes the orbit of z by the above action in
Jk(m'_ q,.n— p)s X Jk(m’ p)s

Definition 3.1. We say that O c J'(M, N) is a pseudo orbit with respect
to W% p if 0=\ O0dch,...,ck, 2" for some (ci,...,c) e (R"PF and
i=1

z'e JMm — q)° x J*(m, p)*.
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Proposition 3.2. Any pseudo orbit O with respect to % p is a local
submanifolds correction in XM, N) with respect to U p.

Proof. For convenience, we may suppose s=1. It is clear that each
0i(c', 7) is a submanifold of J*(U;, ;) n J¥(M, N). It is enough to check
the condition 2). Let O(c’,z') n O j(cf, z’) be non-empty. Since the structure
group dependent on the good coordinate system %% p is a subgroup
of L(m, q) x L*(n, p), it is enough to show that any L¥(m) x L¥(n)-orbit
in J*(m — g, n — p) x J*(m, p) is mapped on a L¥(m) x L¥(n)-orbit by the
action of L¥m, q) x L¥(n, p).

Let
R0 x R,0)—2— (R™ x R5,0)
@00 —21,  (@e0)
(RP x RP,O)—W—»(R"—I’ x R?,0)
v (commutative)
(R"2,0) —2—  (R""?,0),
h
(R™"2 x R4, 0) ———— (R™ % x R%,0)
(R™~4,0)
and

(R"? x R?,0) —F— " x R?,0)

(R"77,0)
be local diffeomorphisms germs.
et
(R4 x R Q) —f—> (R"~? x RP,0)
fi

(R"740) ———— (R"77,0)

be a smooth map germ.
If we observe the relation between o f o ¢ 'and ok o foh™ 0 71,
we have

l//okofoh_lo¢_l =(l//okol//_l)ol/lofo¢_lo(¢oh_lo¢_1).

o A—

-
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Since M¢poh'odp ') (0)eLim) and Y okoy™')(0)e Lin), we
have the following diffeomorphism:

Q: L¥m) x L%n) (*f (0) > LEm) x L¥n) G*W < f - 1) (0))

QFkofoh™") = jfWokofoh™ o™ 1)(0).

By the definition, 0,(c’, z') = JU;, V;)n J%(M, N)n L for some
Le FXM, N). '

by

Proposition 3.3. Let O be a pseudo orbit with respect to A% p and O’
be another pseudo orbit with respect to A" p.
If zeONO', then we have T,0=T,0'.

The proof is the same as Proposition 3.2.

We now give a formula for the tangent space of a pseudo orbit.
Let S = {x,,..., X}, where x, ..., x, are s distinct points in M. For any
z=(*f1(x1) .-,/ fxs) € JYM, N), let f:(M,S)— (N, f(S)) be a smooth
map germ with f | (M, x;) = f;.

There is a natural identification of R-vector spaces;

TJ“M, N),). = 0(f)s/Bts™ ' 0(f)s,

where J¥(M, N), denotes the fibre of J*(M, N) over x = (xy, ..., X;) € M®
(See Mather [3], §2). Here, 0(f)s is defined as the set of germs at S of
smooth vector fields along f and g is the ideal of zero valued function
at S in the ring C$(M) of smooth function germs at S.

In terms of this identification, we have

T(F M, N),) = 05(f)s/MM" ' 05(f)s.
By the same argument of Mather’s paper [3], §2, we have
tf (M0 £(M)s) + of (05(N)s(s) + M 105(f)s
ME™05(/ )s '

Here, we may take f : (M, S)— (N, f(S)) as foliation preserving map
germ.
Let f:M — N be a foliation preserving mapping. Then j*f is a
section of J*%(M, N). By Proposition 3.3, the notion of which j*fis trans-
verse to a pseudo orbit with respect to the good coordinate system is
not dependent on the choice of good coordinate systems. Hence, we
shall say that j*f is transverse to a pseudo orbit in the tangential sense
if j*f is transverse to a pseudo orbit with respect to the good coordinate
system.

T(0,) =
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Proposition 3.3. Let f : M — N be a foliation preserving smooth mapping
and 0 be a pseudo orbit. Suppose j*f(x)€0. Then, j*f is transverse to 0
in the tangential sense at x if and only if

if 05(M)s) + of (05(N)ss) + Ms* 1 05(f)s = 05(f)s.
The proof is the same as the usual case (cf [3], §2).

Let ¢ : M— M (resp. Y : N> N) be a diffeomorphism, taking each
leaf of %) (resp. #y) onto itself. Let % » be a good coordinate system
of J%(M, N) with respect to %y x Fy. For any

JUL VIO JSM,N)e A b,
we define a set
Vo JULV)ed = Wofod)@ ') ]} (x)e JHU:, W)}
Then,
Vo s, pod="{YoJU; V)o pn J%(M, N)| JHU,, V)N J%(M, N) € A p}

is a good coordinate system of J¥M, N) with respect to %, x %y.
We now prove the following theorem instead of Theorem 1.4.

Theorem 3.4. Let (M,#y) and (N, #y) be smooth foliated manifolds.
Suppose M is compact, s > p + 1 and k = p, where p = dim Fy. Let f
be a foliation preserving smooth mapping.

Then the following are equivalent:

(@) f is stable in the tangential sense;

(b) f is infinitesimally stable in the tangential sense;

(c) For any pseudo orbit 0 in J%(M, N), there exists a foliation pre-
serving smooth mapping g, with j*g transverse to 0 in the tangential sense,
such that f ~gg.

Proof. If f is infinitesimally stable in the tangential sense, then f is stable
in the tangential sense by [1].

Suppose f is stable in the tangential sense. For s, k, the set of
ge C*(M, N; f) such that j*g is transverse to a pseudo orbit O in the
tangential sense is dense in C*(M, N; f), by Proposition 2.13. Since f
is stable in the tangential sense, there are diffeomorphisms ¢ : M — M,
taking each leaf of % onto itself, and y : N — N, taking each leaf of %,
onto itself, such that f =y o.go¢.

For any 0;c JYU;, V)n J%(M, N)e A% », we denote

VoOiod = {jWohod) (@' ()| h(x)€ 0y}

————————
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By the proof of Proposition 3.2, ys 0o ¢ =)y 0,0 ¢ is a pseudo

orbit with respect to Y o W% po ¢.
Since Jj*g A5 O, we have §*f M40 0o p. Hence, for an element
X=(xq,..., %) € M® with j*(x)ey0,.¢, we have

tf (05(M)g) + of (05(N)ps) + M 05(f)s = 05(f s,

by Proposition 3.3.
In while, by the proof of Theorem 1 in [1], the infinitesimal stability
in the tangential sense is equivalent to the condition:

(*) for any ye N and each finite subset S of f ~*(y) with no more than
p+ 1 points, it follows that

tf (05(M)s) + of (05(N),) + M 04(f)s = 05(f)s.
This completes the proof.
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