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An invariant measure for rational maps

Alexandre Freire, Artur Lopes and Ricardo Mané

Introduction

Let C=C u {00} be the Riemann sphere and f : C © be an analytic
endomorphism of degree d > 2. Then f can be written as a rational
function f(z) = P(z)/Q(z) where P and Q are relatively prime polynomials
and either P or Q has degree d. Set f"= f"o= . f. The purpose of this
paper is to construct an f-invariant probability that describes the asymptotic
random distribution of the roots of the equation f"(z) = a, when n —» + x.
More precisely, denote z{"(a), i = 1,...,d", the roots of the equation
f™z)=a (counted with algebraic multiplicity), and define a probability
Wla) by: T

pnla) = 7 3 9 o(a)
i=0

Let . be the space of probabilities on the Borel g-algebra of C endowed
with the weak topology, i.e., the unique metrizable topology on .# such
that a sequence {u,|n > 1} = .4 converges to ue ./ if and only if:

lim f pdpy, = J pdp
et li= )

C
for every continuous ¢ : C — R. We shall prove that for every ae C (with
the possible exception of two values that can be explicitly characterized)
the sequence p,(a) converges to an f-invariant probability u,e M, indepen-
dent of a, that exhibits certain interesting ergodic properties. To give the
full statement of our theorem, we have to recall first the definition of
the Julia set J(f) of f. J(f) is the set of points ze C such that for every
neighborhood U of z, the family {f"/U |n >0} is not normal. It is easy
to check that J(f) is compact and satisfies f ~'(J(f))= J(f). Moreover,
J(f) is the closure of the set of sources of f, i.e., points z such that f"(z) =z
and | (f"Y(z)| > 1 for some n > 1 (Julia [4], Fatou [3]). The definition
of J(f) easily implies that every z¢ J(f) has a neighborhood U where
the family of iterates f"/U — C is equicontinuous. In other words, in
the complement of J(f) the dynamics of f is extremely stable (in the sense
of Lyapounov). On the other hand, every neighborhood of a point in
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the Julia set is expanded under forward interation. In fact, if U is a
neighborhood of z € J(f), the non-normality of {f"/U | n > 1] implies (by
Montel’s characterization of normal families) that for large values of
n, |J f™U) covers the whole sphere except for at most two points. With

m2n

some more work (see Brolin [1]), it can be proved that there exists a set
Exe(f )= C, whose elements are called exceptional points, containing
at most two points, and such that for every neighborhood U of a point
in J(f), there exists N >0 such that f"(U)=Exc(f)" for every n> N.
Moreover, the points of Exc(f) can be described as follows. If Exc(f)
contains only one point p, then it must satisfy f ~!(p) = {p}. Then if
L:C ois a Mobius transformation such that L(p) = oo, it is easy to
check that (LfL~')"!(0)= {0}, and this implies that LfL~" is a po-
lynomial. If Exc(f) contalns two points p and ¢, they must satisfy

F4p. b {p,q, Taking a Mobius transformations L : T o such that
L(p oo, ‘Bl =0, ‘it follows that' (L™ LY 1({0, 00)y= {0, o }." This
property implies that (L™'f L)~ !(z) = az*%, for some o€ C.

Theorem. There exists an f-invariant probability u, satisfying the following
properties:
a) Ilim u,,(a)— 1, for every a¢Exc(f). Moreover, this convergence

n=>+ o0

is uniform when a varies in a compact subsct of Exc(f).

b) The support of u, if J(f).

c) f is a K-system with respect to ji,.

d) uy(f(A)=dus(A) for every Borel set A c C such that f/A is in-
jective. Conversely, ji, is the unique f-invariant probability satisfying this
property.

€) h,(f)=log d.

Since the definition of K-system used sometimes in Ergodic Theory
applies only to invertible transformations, that is not our case, it is perhaps
useful for the reader to explain property (c). We shall that if ¢ is the
Borel g-algebra of C, then () f ~"(¥) contains only sets of measure 0

nz0
or 1. It is natural to include these transformations (as is done by several
authors) in the class of K-systems. As in the invertible case (and for the
same reasons), it implies the mixing property but is much stronger.

In [1], Brolin proved the existence of u, satisfying (a), (b) and a
weaker form of (¢) (with mixing instead of K-system) for the case of poly-
nomial mappings. His methods, based in Potential Theory, do not extend
to general rational maps. On the other hand, when f is a polynomial,
these methods give a remarkable identification of u,, namely, that u,

An invariant measure for rational maps 47

is the equilibrium distribution (in the sense of Potential Theory) associated
to J(f). This means, roughly speaking, that u, describes the way a unit
positive electric charge would be distributed in J(f) under equilibrium
conditions (for the formal definition, see Brolin [1]). Unfortunately, this
beautiful characterization of u, doesn’t extend to general rational maps.

For instance, take
I"—’l Zi—rq;
i=1 1 -, a,-Z

where |a;| < 1 for all i and not all are zero. It is easy to check that
J(.f ) is the unit circle and that f/J(f) is an expanding endomorphism, i.e.,
lim | (f"(z)v|= + o for every ze J(f) and every 0 # v tangent to J(f)

n=> o

at z. The equ1hbr1um distribution in the unit circle is the Lebesgue measure
/. We shall show that g, is singular with respect to /. By the theory of
expanding endomorphisms of manifolds, there exists an f-invariant ergodic
probability v on J(f) that is equivalent to 4 and such that dv/d/ is a
strictly positive continuous function. Since both v and u, are ergodic,
they are either singular or equal. Suppose that v =, and set H = du,/ds.
From property (d) it follows that:

; H(f(z
= i 2
for a.e. z. Hince H is continuous, this property holds for every z. Therefore
[z} =m
for every fixed point z of f. It is not difficult to show that there exist values
of a,,...,a, such that this condition is not satisfied. Then, for these

values the probabilities 1, and v cannot coincide. Hence, they are singular
and p, is singular with respect to the Lebesgue measure of the unit circle.

I. Proof of the Theorem

The proof of the Theorem will be based in the following definitions
and lemma. We say that a set y = C is an arc if it is homeomorphic to the
interval [0,1]. Aset U<C is a topological disk if it is homeomorphic
to the disk D={z| |z| <1}

Definition 1. We say that a set U = C is (N, ¢)-adapted if for all n > N
there exist topological disks S, i=1, ..., {, and intergers 1 <™ such
that:
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a) f"/S™ is a k{"-to-1 map onto U.
b) diam S <e

c) Z st R

i=

d) 11m (sup diam (S‘")))— :

n— + o i

Definition II. We say that two points z;e€C, i=1,2, are (N, ¢)-related

if for all n> N the roots z{(z,), i=1,...,d" of the equation f"(z)= z,

and the roots z{™(z,),i=1, ..., d" of the equation f"(z) = z, can be indexed

in such a way that: e
' d(z?(zy)s 2z5)) < &

for all 1 <i<t,, where t, satisfies
> (1 — g)d".

An important property that links these two definitions is that if z;
belongs to an (N, ¢)-adapted set U;,i=1,2, and U, n U, # &, then z,
and z, are (N, 2¢)-related. The proof is immediate and we leave it to the
reader.

Fundamental Lemma. Given ¢ >0, z¢ Exc(f) and an arc y containing z
and such that y — {z} doesn’t contain critical values of f" for all n > 1, there
exists an (N, ¢)-adapted set U = {y} for some N > 1.

The proof of this Lemma will be given in the next section. Now let
us show some of its corollaries.

Corollary 1. Given a compact set K < Exc(f) and &>0, there exists
N = N(K,e)>0 such that any couple of points in K is (N, ¢)-related.

Proof. First, we shall prove that if z; and z, are in K, there exist N >0
and an open set V o {z,, z,} such that any couple of points in V is
(N, ¢/2)-related. For this, take arcs y; > {z;], i = 1, 2 satisfying the hypo-
thesis of the Fundamental Lemma and y, ny, # (. Then there exist
(N;, ¢/2)-adapted sets U; o y;, i = 1, 2. Taking N = max(N,, N,}, the
remark after Definition i1 concludes the proof of the property Now
define N: Kx K> 7+ by the following property: N(z,, z,) is the mi-
nimum N > 0 such that there exist neighborhoods V; of z;, i =1, 2, such
that every point in V; is (N(z,, z,), ¢)-related to every point in V,. The
previous property shows that N is well defined. Moreover, it is obviously
upper semicontinuous. Then it is bounded. Let N > 0 be an upper bound.
Clearly, N satisfies the required property.
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Corollary II. If K < Exc(f) is compact, for all &, >0 and every conti-
nuous function ¢ : C — R, there exists N= N(K,&,,¢)>0 such that:

} J bdpa(z,) — f bdptn(z5)
c c

for every z, and z, in K and n> N.

<ég

Proof. Take ¢ >0 such that:
esup| ¢(2)| < &,/2

and | ¢(z) — #(z")| < &,/2 if d(z, ") < e Take N = N(K, ¢) given by
Corollary I. If n > N, by the definition of (N, ¢)-related points given

and z, in K, we can arrange the roots z{"(z,), i=1,....d" of f"(z) = z,,
and the roots. 2 za) i= 1, .. ;d%of f D) =25, in such a way that d(z{"(z,),
z2(z)) < e for i=1,...,s,, where s, satisfies s, > (1 — ¢)d". Then:

d"
J Gd(z,) J Pdu,(zy) | < T Z |¢(Z§")(21)) D ¢(Z§")(22))| <
i=1

7 5, 196Pe) = gt |+ L2 sup gt <

it v >
E % sn+£sgp|¢(z)\s%+£sgp|¢(z)\5£_2‘+‘p’_2‘=gl,

Corollary III. Given a compact set K = Exc(f), &; >0 and a continuous
function ¢ : C— R, there exists N> 0 such that:

f ¢dun(z) iy j (bdum(z)
Cc o}

=¢€

for every ze K and m>n=> N.

Proof. Set K= ) f 7"(K) and take N = N(E, ¢, &,) given by Corollary II.

n20
Using the notation of the introduction, we can write for all m > n and
zeC:

J B(2)dpm(2) = d" Z f G, (2(2))
Iq_: =

where k =m —n. Then, if ze K,

J(bdun(z f Pdp(2)

de

1
S—kz

i=1

j bdp,(2) —J bdu,(21(2)) '
@ €

I
i
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But zﬁ"’el? for all n > 0. Hence, if n > N, the last term above is
bounded by d ¥(d*e,) = ¢; by Corollary II.

Now we are ready to prove the theorem. By Corollary III, if
ze Exc(f ), the sequence {u,(z)|n >0} converges, in the topology of ./,
to a probability u(z). Moreover, also by Corollary III, this convergence
is uniform on compact sets of Exc(f)". By Corollary II, the probability
py(z) is independent of z. Denote it u,. Moreover, u, is invariant because

for every continuous ¢ : C —» R, taking any ae€ Exc(f)

le
j (@ Dduy = lim 2 3 9(/Ea) =
= (e} i=

L
= lim —— Y ¢@E"" V)= J Pdu;.
n-+ oo d Foag) &

This completes the proof of the existence of an f-invariant probability
u, satisfying (a). Now let us prove property (b). Take ae J(f). Then the
support of u,(a) is contained in J(f) for all n > 1. Then the support of
uy is contained in J(f). Conversely, if pe J(f), we shall prove that it
belongs to the support of u,. Take a point ¢ in the support of u,. Since
p and g are not exceptional points (because they belong to J(f)), there
exist a sequence p, — p and a sequence of integers m, — + oo such that
f™(p,) = q. Since the support is closed, it is sufficient to show that p,
belongs to the support of u, for all n. Given any neighborhood V of p,,
we take a neighborhood U of p, such that U = V, u,(cU) = 0 and also
uA0(f™(U)) = 0. Moreover, f™(U) is an open set containing ¢. Since
the boundaries of U and f™(U) have measure zero, we can write:

M )= lm @) = lm —# (zeU] 0 =d

2 puf™U)= lim pa)f™{U))= lim 7# {zef Uy fligy=
J—>+oc Pk o0

where a is any point in Exé( /) that is not a critical value of any f” (in

order to grant that every root of f "(z) = a is simple). Moreover:

(3) ?’/5 {Ze U|fj(z) = a‘ = zef"'"(U)‘ f_] mn s a}

From (1),(2)and (3) it follows that yf(U)>d’""yf(f'""( ). But ,uf(f""‘(U) )>0
‘because f™(U) is a neighborhood of ¢ that is in the support of u,. Hence,
uy(U)>0 and then pg (V)= pu (U)>0.

To prove (c), we shall show that if (¥ denotes the Borel g-algebra
of J(f), then () f~"( (%) contains only sets of measure 0 or 1. Suppose

n=0
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that Se () f (%) and us(S)>0. We have to prove that u(S)=1. Take

n=0
0 < e < uyS)/2. Take N >0, m > 0 such that there exists a family
P={P,,...,P,} of disjoint (N, ¢/2)-adapted sets such that:

uA( Py) =

The existence of this partition is based on the fact that a topological
disk contained in an (N, ¢/2)-adapted set is also an (N, ¢/2)-adapetd set.
Then to every point zin J(f), by the Fundamental Lemma and the previous
remark, we can associate an integer N(z) and a disk B(z) centered at -,
with u(¢B(z))=0, that is (N(z),e/2)-adapted. Take z;e J(f), i=1,...,t
such that J(f) = ( ) B(z;) and set N:mlax N(z;). Finally, take as sets

P;, all the intersections of sets B(z;) or B‘(z;) that have measure # 0.
Denote P\", k", j=1,..., £(n, i) the sets and integers associated to P;
by Definition I. We shall need two lemmas:

Lemma I. Let V = C be an open set with pu (éV) =0 such that there
exist open sets Vi, ..., Vy such that for all 1 <i <d, f/V;is a homeomorphism
of V; onto V. Then

duf(f_l(A) N V)= ug(A4)

for every Borel set AcV and all 1 <i<d.

Proof. First we shall prove the lemma when 4 is open and u,(CA4)=0.
By the hypothesis 1 (C4)=0, we can calculate u,(4) by:

(1) pdA)= lim f(a)(4d)= lim d— #ited| iz =a
nP it n—+ o

where a is any point that is not a critical value of f" for all n > 1.

If u/(CA)=0, then u O(f ~(4) N V) < uf ~ (@A) = (@A) = 0. Hence,

@ wfTAAY)= lim o (ze f ANV 1) = al.

N> o

By the relation f(f ~'(4)n V)= A4 and the injectivity of f/V,

1 gy
(A) 0 V;| f7(z) = a} R lzed] £" )= a).
Then, (1), (2) and (3) prove the lemma in this case. If 4 = V is any Borel
set, we can write it as 4 = () 4,) U A where 4, > 4, > ... is a sequence

nz0

of open sets with u(c4;)=0 for all i and uA,)=0. Then:

(3) # {ze f7!
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HAS D O V) = Hm pdf T4 O V) = uAf A O V) =

: s i 1
= lim p f Y4,) " V) == lim Hildy) = — 1l A).

N0
Corollary. p/(f(A4)) < duA) for every Borel set A.

Proof. Take a family V;,V,, ... of disjoint topological disks satisfying:
a) f/V; is a homeomorphism onto f(V}).
b) uA(J V))=0 and u0f(V))=0 for all i.
c)if (V,.)i doesn’t contain critical values of f, for all i. Then,
uAf () = f(JAnv)u(J4nen) <
< Y rAfA V) + zi;lf(f(A V) < Suff (40 v+

+ L f (AN f (V) = X udf (4 V).

But by (a) and (c), we can apply Lemma I to obtain:
AT (A A V) = dudd n V).
Hence, by (b):

pASA) < d Y ufd V) = dugA o (U V) = dufa).

Lemma II. If A is a Borel set contained in a set P{";, n > N: \

uilA) = K d™" uy (17(4)). |

Proof. Take a topological disk V < P; with u(¢V)=0, u(P;\V)=0 and
not containing critical values of /™. To obtain V, it is enough to join the
critical values of f" in P; to its boundary with disjoint arcs having zero
measure and the defining V' as the complement in P; of theses curves.
Define W= f ~"(V) n P{";. Since there are no critical values of f in V,
there exist k{”; branches of f ™" on V, i.e., analytic functions ¢,: V - W,
i=1,...,k", such that ¢,(f(z))=z for all ze W and ¢,(w) # ¢;(w) for
all weV, 1 <i<j<k®. It is clear that:

(1 $(V)n¢(V)=F, 1 <i<j<k®.
) V)=V, i=1,...k0

(3) [M1@dV) is injective, i = 1,...,k{".
@) kijcbi(V) =W
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By properties (1)-(4), we can apply Lemma 1 to obtain:

) u{A (V) = d"u(f(A) N V).

By (1), (4) and (5):

piAd W)= ;uf(A A (V) = kD d™ " (f(A) O V) = kP d ™" (f(A)).

But ufA n W)= uA) because:
Hi(A) = 1 (A W) < u(POAW) < p(f (PAV)) = u(PAV) = 0.

. Now set U, = | | P®.: By Lemma I
i, j

pAU,) =Y ug(P() = d™" Y k7 udP) =
L ]
" f"Z(ZdE?})uf(P,-) > d"‘<1 - %)d"Zuf(P,-) b
7\ 7

For each n= N, the sets PP o J(f) =1 0.4 j=1,...,0(n, i) aréta
partition of U n J(f). This partition can be extended to a partition P,
of J(f) in such a way that:

lim (sup diam (P)) = 0.

n—>+ e PeP,

This property and standard derivation theorems imply that if 2,(x) denotes
the atom of &, containing x, then the sequence of functions F 2 J() =R
defined by:

o g S0 24
S T o

converges in measure to the characteristic function fg of S. From this
property, we shall prove the following claim: if we take Borel sets 4,
n > 1, such that f 7"(4,) = S, there exists an atom P; and a sequence
h,»—» + o such that u/(P)\4,)— 0 when j— +oco. This implies that
py(S) = 1 because there exists n > 0 such that f"(P;) > J(f), and by
the corollary of Lemma I:

lim i (f"(Pi 0 A,)) = lim pl(f7(P) = [(P\A,,) =
=1 lim p(/"P\4,) 2 1= d" lim p/(P\A,)= 1
But:
fUPin Ay) < fU(P) O fU(Ay) = [ Ay) = Apyin-
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Then lim wpg(4,+,) =1 and:
lmdat ool
;u'f(S) . ,uf(f (nj+n)(Anj+n)) F tuf(Anj+n)'

Hence, u/(S)=1. To prove the claim observe that the convergence in
measure of the sequence F, to fg implies that for every k > 0 there exists
n, such that the set of points x satisfying:

1S O 2, (%))

6
. 14(Z (X))

i fs(x)’ s%

has measure > 1 — (¢/2). Then this set intersects S n U, because

HAS A Uy) = A5 L US ) 2 ((1 & B %) By

Let x, be a point in the intersection. Since it belongs to U, , we have
P,.(x) = P™ for some i and j. By (6):

pAS n P™) 1
S e e
(7) Iy ( P(nk) ] k
By Lemma II:
(8) d ™ k("k) Ky (f "k(S A p(nk))) (S A P("k))
9 =i (P = AP,

But f™(P{™)) = P,. Hence, (7), (8) and (9) imply:

N 1 _uSn g P"‘*’))
k = pdP) puy(P;)
< B f 5 3 AR
ug(P;)
i pkd,, 0By
Tl e

Hence:

1y (P\Ay,) = ps(P;) — #;-(Pi NA,) <

1
uf(P = SUP wy(P:)

k

thus completing the proof of the claim.
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To prove (d) take a family {U,,..., U, of topological disks not
containing critical values of f and such that:

(1) u() Upy =0,

Then for every 1 <i <m, there exist d branches g\'=U, > C, j=1,....d
of f ~"\U;. Set U{ = g)(U,). From (1) it follows that

R (T

Suppose 4 = C is a Borel set such that /4 is injective. It follows from
the injectivity of f/A that the sets f(ANUY), 1 <i<m, 1 <j<d, are
disjoint. This property together with (1), (2) and Lemma I yield

py(f(A) = uj-(U (f(AAU)=p, (J f(AnUD) =

iJj

—Zu f(AnUY) —dZujAF\U“’)
=dudAdn(JUP) =dplA).
i J

To prove that u, is the unique f-invariant probability satisfying (d),
consider another f-invariant probability u satisfying (d). We shall prove
that 4 << p,. Then the ergodicity of u, implies u = u,. To show u < p,,
we have to find for every ¢ >0, a 0 > 0 such that if K = J(f) is a
compact set whith u(K) <4, then u(K) < e. Given ¢ > 0 take N > 0
such that there exists a family 2 = {P,, ..., P,} of (N, ¢/2)-adapted sets
such that

u() P) =
u(J Py =
This family is constructed as the family used in the proof of (c). Take
0 > 0 satisfying:
(1) 5 P @iy
ﬂj(P) 4

for every 1 < i <r. As in the proof of (c), denote P, and k", j =1, ...,
¢ (n, i) the sets and integers associated to P; by Deflmtlon I. By Lemmd II
we have:

(2) ,uj(Pin;) = kﬁnz dg"ﬂj'(Piy
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Since in the proof of Lemma II the only property of u, used is precisely
(d), we can apply Lemma II to u instead of u,. Hence:

3) (P = K d~"u(P).

From (3) and part (c¢) of Definition I, we obtain:

(P = P TR 2 e (1= ) =

3 2
= (1 - g) H(Py).

The same argument, replacing (3) by (2), shows that:

U P(n) (1 Y 7) #j(P 5

Then
4) u(U Pl %
®) u,(u P > %

Suppose that K < J(f) is a compact set with u #K) < 6. We want to
show that w(K) < e By (5):

MK N (U P™Y) %
It remains to prove:
€
(6) WK el PO
i T
Set

S {(i,j)IPiz'; NnK # &)

K=l )
Since the diameters of the atoms of P{”, converge to zero uniformely

in (i, j) (by part (d) of Definition I) and by the compactness of K, it follows
that -

nEToo BAK,) = uyk),

(7) lim u(K,) = u(K).
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Then p(K,) < 26 if n is large. It follows that:
26 = B Kyl B AP

(i, )€ Fn

By (2) and (3):
py(P;)

20 > 7 -(Pﬁ-").) = (P(n))
(1.;;(9" sl J)Ze:% w(P;)
Hence:
u(P;)
20 su > WP = u(K,).
p #j(P) (. ,)Ze:(/
By (1):
€ N H(P;)
— >20su > u(K,).
2 ip py(P;) y

Then, by (7), w(K) < ¢/2.
To prove (c), take a family £ = {P,, ..., P,} of disjoint topological
disks such that f/P; is injective for all 1 <i <r and pu () P;))= 0.

Denote 2, = \/ f"(£) and let 2,(x) be the atom of 2, containing x.
Jj=0

Observe that f"/2,(x) is injective for all n > 1. In fact, this property

holds for n =0 and if it is true for n = m then

f P 1 (X) = (1P s 1 (X)) o (f ™ Pl f (X)),

But f/2,,.(x) is injective because 2,,,,(x) = Z(x) and f™/2,(f(x)) is
injective by the induction hypothesis. Now we shall prove that:

1
(10) lim sup(— —log u(2,(x ))> > logd

n—+ia

for i, —a.e.0x. We thaves f 2,000 « #(f "(x).- Then
HA(f(Pux)) < pdP(f"(X))).
By (d) and by the injective of f"/2,(x)
HAPu(x) = d ™" ([P (X)) < d ™" (P(f"(x))).
Then:

——logﬂ,(«@ (x)) >10gd——logu( P(f"(x)).
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From this (10) follows. But (10) implies that
h 1) zlogd;

On the other hand, Gromov proved in [3] that h,(f) = log d. Then
h,(f) <log d.

II. Proof of the Fundamental Lemma

If we C and ne Z*, denote im),(w) the multiplicity of w as root of
the equation f"(z)= f"(w). Set m,(z) = max {m,(w)|we f~"(z)]. We shall
need the following lemma:

Lemma. For every z ¢ Exc(f) there exist Ny >0 and 1 <d, < d such
that m,(z) < dy for all n > N,.

Proof. Define %(z) as the set of functions 0 : Z* — C such that 6(0) = z
and f(0( + 1)) = 6(j) for all j > 0. Define %,(z) as the set of 6 € %(z)
such that 0(j) is a critical value of f only for a finite set of values of j. Then
it is easy to see that %(z) # %(z) if and only if z belongs to the orbit
of a periodic critical point, and that in this case, there is only one element
v € B(z)\B(z) that is periodic i.e., for some ¢, satisfies y(r + j) = y(j) for
all j > 0. Now define
a,(z) = {0(n)| 0 € B(2)),
- od(a) = {00n)] 0 e Bo(2)}.
From the fact that f has only finitely many critical points it follows that

there exists N, > 0 such that 6(n) is not a critical point of f for all
n>N,, 0e%B,(z). Hence

my(w) =1

for all weal(z) and n > N,. Then, if we ad(z) with n > N,, we obtain
n—1 No5 1
mw) = [ Ao = [T i) < a™.
j= j=0
If #(z) = #(z), this concludes the proof because
m,(z) = max {m,(w) | we o&,,(z)} = max {Mm,(w) | we a2(z)} < d™
foralln > N,. If B,(z) # 2%(z) and if y is the unique element in %(z)\%,(z):

my(z) = max {f,w) | we 2,(2)} < max {d"2, m,((n).
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Therefore the problem is reduced to show that there exist G > 0 and
1 <d, <d such that m,(y(n) < Gd?, for large values of n. But if
n=kt+r, keZ", reZ", 0 <r <t we have, using the periodicity of
y, that

r

n—1 Tl k
ot =TI ot = ) = [ it -j»(_l]or%,(v(m>.

J=0

Set:
4

oL (n rﬁl(v(/‘))>t.

j=0
Then:
m,yn) < d" d¥ < d'd".

for every n > t. This reduces our problem to prove that d, < d. But since
every factor in the definition of d, is < d, it is sufficient to show that we
cannot have i, (y(j))=d for all 0 <j <t. But m(y(j))=d for all 0<j<¢
implies that f ~'(n) = n, where r is the periodic orbic = = {(0), ..., y(t — 1)}.
Then f ~'(n°) = n°. Therefore (| ) f"(U)nrn = & for every subset U
n=0
of n°. But it is clear that = n J(f) = (J. Hence, we can take U as an
open set intersecting J(f). Then, as we explained in the introduction,

) f™(U) o Exc(f). This, together with () f"(U)nn= yields
n=0 n=0
n < Exc(f), contradicting the assumption z¢ Exc(f).

Now let us prove the Fundamental Lemma. Take N, so large that
the sequence nd ", n > 1, is decreasing for n > N, and my (z)Nod ™™ < ¢/2.
Such N, exists by the previous Lemma. Then

(%) my,(z)nd " < b
2
for every n > N,. Assume that N, is large enough to satisfy
i d? €
*%k 4dm d No =
41 Tl b ol D

Set m = my,(z). Since the only critical value of /™ contained in y
can be z, it follows that the connected components 7,,...,7, of f ~N(y)
are either arcs or a union of arcs with a unique point of intersection.
Therefore, each y; is simply connected. We can then take a topological
disk U, > 7, so thin that there exist disjoint topological disks V;>7;,
= lites Brsstchithat

) =Uq
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and f"/V;: V,-> U, is a kyto-1 map for all 1 <i <r. Now set:
ENy, = 0
Ens1 = &, + dmd ™"

for n > No. Observe that, by (**):

0 3
bis o L d s e e N G <L
A, Pl

We claim that for every n > NO, f "™U,) contains a union of disjoint
topological disks W™, i = 1, . f,,, such that, for all i, f(W™)= U, and

frwW® . wWe s U, is a k"" to-1 map, where 1 <k <m, 1 <i<¢.
are integers satlsfymg

n

8 i
Pk s (l - ~s,,) 4=,
i=1 2

Clearly, the property is true for n= N, just taking W*' =V, i=1,....r,
k™) = k. because

r 5
) e =
i=1 i=1

The proof of the claim will now be completed by induction. Suppose
constructed W™, k", 1 <i < ¢,. Let H be the set of integers ¢ between

1 and ? such that W™ doesn’t contain critical values of f. For every
te H there exist disjoint topological disks DY, 1 <j < d, such that f

maps D! homeomorphically onto W, ™. Define as W"* 1, i=1,..., ¢, ,.
the sets D(” teH, 1 < j&dland;if W‘"“’ = D get k' 1) = k‘"’ Then:
f
S hrv=g Y k=4 Z K —d Y k>
i=1 ieH i= i¢H
2 e / b
>d Y k" —df,— # Hm > (1 — %en>d"“ —d(ft,— # Hym.
i=1

But €~,, — # H is bounded by the number of critical values of f, that is,
2d — 2. Hence:

st
Z k§"+1) = <1 ik %)dn+1 S 2d2m £

= (1 - %(en L 4d2md_("“’)>d"+1 =

= <1 _%" n+l>dn+1
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This completes the proof of the claim The next step is to restrict, for
each n, the family W, 1 <i < f,,, to those values of i that satisfy:

MW™) < i
n

where 4 denotes the Lebesgue measure.
Suppose that those values of i are 1,...,¢,. Then:

€n ;n ~
YKz YK — (6= Em

i=1 i=1

To bound (f, — {~’,,), observe that

12 4(() W > @ - €

i>¢y

Then:

€n
(1) Z k%") > <] HiH ,_;__8>d" — nmm = <1 — %(F —+ Zmnd_")>d".

i=1

By (*), the factor of d" is bounded by (I — ¢). Finally, to complete
the proof of the Lemma, we shall prove that for any topological disk U
whose closure is contained in U,, we have:
(2) lim (sup diam (f ~"(U) n W™)) = 0.
n= tac i
If this property is true, the lemma is proved taking U containing y and
with closure contained in U,. Then we define:

SP = (V) A Wi,

By (2), there exists N > N, such that property (b) of Definition I is
satisfied. Property (d) also follows from (2). Finally, /"/S™™ is a k{"-to-1
map onto U, and from (1) and (*) it follows that the integers A{" satisfy
property (c). It remains to prove (2). By the way the sets W™ were
constructed, we know that f" /W™ is a conformal representation
onto some 1..-Let &M : V, > W™ be 'lis ipverse. Set D, = {z| |z} <¥].
Let o;: D, — V; be a conformal representation. Define ¥\ : D, > W™
as Y" = ¢{" «;. Instead of (2), we shall prove

(3) 1i1+'ﬂ (sup diam y{"(D,)) =

for all 0 < r < 1. This implies (2) because Yy (D,) o f "~ ¥)(U) A W™
for all n > N, if r is near enough to 1. To prove (3), recall that the Dis-
tortion Theorem for univalent functions states that for all 0 < r < 1
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there exists K(r) such that every univalent function ¢ : D, — C satisfies
| #'(a)/¢'(b)| < K(r) for all a and b in D,. In particular, if (- ) denotes
Lebesgue measure, A$(D,)) = K(r)~' | ¢'(a) |>A(D,), for all ae D,. In our
case:

2 W) 2 AWD,) 2 Ko AD) | 6|

for all 0 <in'<w 1lize D Then:
lim (sup |(W{")(2)])=0
n—=+ow i,zeD,

for all 0 < r < 1, and this obviously implies (3).
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