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LAX PAIRS

HERMANO FRID NETO AND F. JAVIER THAYER

In the pioneering paper [3], Lax stated a condition under
which certain one parameter families of operators {L(z)} are
isospectral, i.e., all the L(t) have the same spectrum. Lax
actually asserted that his condition implied the unitary
equivalence of all the ©L(t). Unfortunately it is not clear
from [3] exactly when this condition is applicable. Furthermore
there seems to be no clear statement nor proof of this in the
Literature [See [1], Chapter 3 where this is discussed]. The
purpose of this note is to state and prove such a result and
show as Lax affirmed that it can indeed be used to prove the
unitary equivalence of Schridinger operators whose potentials
evolve according to the Korteweg-de Vries equation.

The main theorem depends heavily on Kato's paper [2].

We refer to it for background and notation.

Theorem. Let H be a Hikbernt space, {L(t)}, {A(¢)}, t € [0,T]
families of self-adjoint opernatons in H and Y, V, W Hilbent
spaces which are densely and continuously imbedded in H and
satisfy Y = V, Y ©W. Suppose in addition:

1. Forn each .& € [0,7] '\ DIE(t)Y = Vo and DCA(E)) = W.
2. t—— L(t) 4is strnongly continuously differentiable

(V5H)
3. a) For each t 6 [0,T], A(t) maps Y continuously
into V.

b) ¢ —— 4A(t) 4is strongly continuous (Y,V).
C) t —— A(t) 4is continuous [0,T] ~ B(W,H) and
strhongly continuously digperentiable (W, H).
4. There is a family of isomonphisms {sS(t)}, t €& [0,T]
grom Y onto H such that t +—— S(t) 48 sthongly difhern-
entiable (Y,H) and
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SCEIACE)S(E) = Afel + BLt),

where B(t) € B(H) and thH— B(t) 4is strongly continuous (H).

5. L(t) maps Y 4into. W and, fon ecach + € [[051]
¢ € ¥,
L Let)e = ~[act),nce)]e,

the denivative beding ftaken in H, which makes sense An vintue
04 2. ALso the commutator above makes sense given the mapping
propenties of L(t) and A(t).

Then alf the operators L(t) arne unitanily equivalent.

Remark. A pair of operator families {rL(t)}, {4(t)} satisfying
the above condition is called a Lax paixr.

In the following, CZ(IR) denotes the space of all ("

functions wu:IR - IR such that Han = Sup Iu(J)(x)I < oo,

gsin

x€IR
Corollary. Suppose that for all t € [0,T], wu(t) € CZ(EH,
t— u(t) 4is continuous [0,T] »—Cz(ﬂw and ¢ [0,7] ~ céﬁm).

T4 u satisgies the Konteweg-de Vales equation

Wan T WU, Tl =0
t 2 aaw

then the Schrodinger operatons
L(t) = 82 + u(t)/6  (¢€[0,7])

ane all unitarnily equivalent operatorns in H = E i

We remark that his corollary has been rigourously shown
[see [1]] by other methods.

Proof of Theorem. We apply Theorem 6.1 of [2]. By 3c) and
Remark 6.2 of [2] there is a family {u(t)}, t € [o,T] in
B(H) - such that
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(i) u(t) 1is strongly continuous (H).
(ii) v(t) wew for each t ¢ [0,7] and {u(t)} is
strongly continuous (W) .
(ii1) {yct)} is strongly continuously differentiable
(w,g) and for all ¢ €H ¢t—— U(t)® 1is a solution
to the initial value problem

S w(6) =~ A(E)V(e),
(*)
Y(o)

¢ .

Each UvU(t) 1is a unitary operator in H: By differentia-
tion all solutions of (*) have constant # norm. Thus U(%)
is isometric. By reversing the initial value problem (i.e.
taking as initial point ¢ instead of 0 and solving back-
wards, which is clearly possible) we conclude U(t) s
surjective and thus unitary.

U(t) Tleaves Y invariant. To see this apply Theorem
6.2 of [2] with hypotheses 3. and 4. Note ¢+ A(¢) is con-
tinuous [0,7] - B(Y,H) because the inclusion Y - W is con-
tinuous by the closed graph theorem. Thus if ¢ € Y the
initial value problem (*) has a strongly continuous solutions
y: [0,7] » Y. By uniqueness of solutions [which follows from
linearity and the constancy of the norms of solutions to (*)]
we conclude the invariance of Y.

Notice that this argument shows that {U(#)} is strongly
continuous (y). We now show that {u(t)} s continuously
strongly differentiable (y,V). Indeed, if ¢ € Y

%
Ult)g - ¢ = -2 J' A(B)U(6)dde,
0

the integral being a priori an H valued integral. But by 3a)
it follows easily that ©6+— 4(6)u(8)d is continuous
[p,T] - 7 and so by the fundamental theorem of calculus
t——r U(t)d is differentiable (V).

To complete the proof of the theorem we prove that if
6 € Y, UN(t)L(t)U(t)d 1is constant. To do this it clearly



4 HERMANO FRID NETO AND F. JAVIER THAYER

suffices to prove that <L(t)U(t)¢, U(t)y> is constant for all
Yy € Y. A straight forward argument shows t+—— L(t)U(t)d is
strongly continuously differentiable (H) and

d el qud d
£ L(e)U(t) ¢ = [ZZ’E L(t)JUu(t)d + L(t) oz U(t)é.

Thus t+—— <L(t)U(t)d, U(t)Y> 1is a differentiable function and

d -
75 <L(t)U(t)d, U(t)Y> =

<[dit L(t)]Ju(t)o + L(t) a—d? Ult)o, U(E)Y> +

<L(t)U(t)d, -dd—t U(t)y> = <[d.—i L(t)]ult)d -

+

T L(t)A(t)U(t)d + © A(L)L(t)U(t)d, U(Lt)Y> =
=0

by assumption 5. This completes the proof.

Proof of the Corollary. Let Y = HS(BH, W = Ha(ﬂw, vV = B°(R)

Sitl= [B; + I] (independently of ¢)
act) = i[248) + su(t)d_ + 30 u(t)] =i[243]+6u(e)d_ + 5u’(t)].

We show conditions 1 -5 of the theorem hold:

1. Follows from the Kato-Rellich Theorem [Theorem X.12
[4]] and 3a. follows from elementary mapping properties of
differential operators. To check 2. it suffices to observe that
u(t) [considered as a multiplication operator in LZ(R)] is
strongly continuously differentiable (#Z) as a function of ¢.
To verify 3b. note that,since t+——— u(t) 1is continuous with
values in Cg(ﬂw, L bt 3u(t)ax + Saxu(t) is continuous
B( (R), H°(R)). From this it follows that &t A(t) is
continuous B(HS(EU, HZ(EU). A similar argument proves 3c.

To prove 4 we begin with some domain considerations:
Obviously
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DIS(EJA(EIS(E)™ ). = {$.€ L2IR) : A(£)S(t)T 0 6 8% ()T,
If w€ #°(R) and A(t)w € E°(R) then
2433w = ~5u(t)3 w=33 u(t)w - 1A(t)w € ' (R).

By elliptic regularity, w & H7(ﬂv; Since u(t) € Cg(ﬂw for
each ¢ the previous equation and elliptic regularity again
imply w € #°(®). From this follows immediately that

D(S(t)A(t)S(t)™ ) = B (m).

By commutation properties of differential operators
[%+r]act)[3°+1]™" = ace) + 7(e) ERELle

where T(t) 1is a differential operator of order 5 with at least
continuous coefficients. Thus 7T(t) maps H°(R) continuously
into L®(R). Furthermore since the coefficients of 7T(t) are
xz-derivatives of u of order < 6 it follows ¢ — T(t) is
continuous [0,7] > B(H (R), L*(R)).

Finally property 5. is precisely the commutation relation
shown in Lax's paper.
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