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MANIFOLDS WITH PURE NON-NEGATIVE CURVATURE OPERATOR

ANDRZEJ DERDZINSKI, FRANCESCO MERCURI AND
MARIA HELENA NORONHA

Abstract. We prove that if a simply connected compact Riemannian
manifold has pure non negative curvature operator then its
irreducible components (in the de Rham decomposition) are
homeomorphic to spheres.

1. Introduction

One of the main problems in Riemannian geometry is the study
of the topology of manifolds with non negative-curvatures. Among
the varius curvatures the most interesting one is perhaps the
sectional curvature and, in this case, the problem is far from
being well understood. A stronger condition is the positivity
(resp. non-negativity) of the curvature operator and some
classification is now available through the work of Gallot,
Meyer, Hamilton, Moore, Chow and Yang (see §2).

In this paper we consider manifolds with pure curvature
operator, i.e. such that for each point there exists an
orthonormal base {Xl,...,Xn} of the tangent space satisfying
<R(Xi‘Xj)Xk’Xe> = 0 if thegset® <473k (%} ‘eontains more than
two elements (See Definition 3.4). For such manifolds positivity
of the curvature operator is equivalent to positivity of the
sectional curvature.

Manifolds with pure curvature operator are of interest
since they include at least two important classes: the conformally
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flat manifolds and the manifolds which can be immersed
isometrically into space forms with flat normal connection.

Then main result we will prove in this paper is the

following:

Theorem 1. If a compact simply connected manifolds has pure non-
negative curvature operator then its irreducible components (in
the de Rham decomposition) are homeomorphic to spheres.

The non-simply connected case will follow by Theorem 3 of
[3] combined with Theorem 1 above, i.e.

Theorem 2. Let ¥ be a compact manifold with pure non-negative
curvature operator. If its universal covering ¥~ 1is not compact,
then

M= IRP x M XXM

where each M. is homoemorphic to a sphere.

2. Known facts and an idea of the proof

For a Riemannian manifold M the curvature operator at

x € M 1is the linear symmetric map

2 2
Bat ba{feM)sp A34T.4)

characterized by
Sp 08 ¢ DK » B = AR(K,X) BN

where the scalar product at the left hand side is the one induced
at the level of two-forms and R 1is the Riemann curvature tensor.
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Since P, is symmetric it makes sense to talk about the
positivity of o . The results of Gallot Meyer ([4]), Micallef
Moore ([6]), Cao Chow ([2]) and Chow Yang ([3]) may be summarized
as follows:

2.1 Theorem. Let ¥ be a compact simply connected Riemannian
manifold with non-negative curvature operator. Then ¥ is the
Riemannian product of manifolds of the following types:

1. Compact symmetric spaces
2. Kdhler manifolds biholomorphic to complex projective spaces

3. Manifoids homeomorphic to spheres,

Moreover, if 0, is positive for gome x €M, the manifold
is homeomorphic to a sphere, In order to prove the announced
theorem we start by proving that if » = My X M, (Riemannian
product) and ¥ has pure curvature operator, then Mi has pure
curvature operator, < = 1,2 (see (3.5)), This allow us to work
separately on each irreducible component of ¥ (in the de Rham
decomposition).

Second we observe that the purity of the curvature operator
implies the vanishing of the Pontryagin form (see (4.1)) and
hence the manifold can not be biholomorphic to cp”

,7’Z>]'

Finally, we prove that a symmetric space with pure non-
negative curvature operator has constant curvature (see (4.2)).

The above facts, together with Theorem 2.1 will give the
desired conclusion.

3. Some linear algebra

For the curvature operator p we will consider the following
conditions:
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p. : there exist a base of decomposable eigenvectors of p, i.e.
X)) % . such™“that “"the “bi=Vectors

1.4 2.7,
are a base of eigenvectors of op.

there exist vectors

wij = X'L’j/\yij

there exist an orhtonormal base Xi in TxM such that the
bi-vectors wi% = Xi"Xj are eigenvectors of op.

%

Clearly P, —> P, and P, implies equivalence between

positivity of sectional curvatures and positivity ofiop J

The following examples are of some interest:

3.1 Example. P, =~> P . It is sufficient to describe a counter-
example at a single point, Let V be an inner product space with
dimy > 4 and Xl,...,Xn an orthonormal base of V. For

i< 5 n aWesset

s b i forr {viorg) #d 14,8952 (9 M2 #d(243)
7 g

Weac s {(COSRY p e BiBOX d 10 Epsuy ifor L2+d) =, d0p3)

(-sinex, + cosex,) ~ X, if (¢,4) = (2,3),

i 2,
where o # k%. Then {wij} is a orthonormal base in A" (V)
consisting of decomposable bi-vectors. Define op: f(v) - AZ(V) by
p(wij) = Aijwij with )\’L'j # )\ks 1 {2,7} # Tk,slk,
Then © is a curvature-like operator which satisfies P,.

On the other hand o does not satisfy P,, In fact if
: o ] . o
{0000 0adyd i8cg bpseyplu U B bagyechons N, = T, 7 00 HiEA

1
as 2-planes, satisfy the followin property: There exist two
ldnessn b ol in “ij such that ﬂij n L is either zero, or

L0 ToualBUE £ edssdntersected by we i o ol and w,

along four distinct lines,
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3.2 Example. Let dimM < 3 or M be conformally flat., Then p
satiefies ; P susee (5]).

3.3. Example. Let r:u" > ®" be an isometric immersion with

flat normal connection. Then o satisfies P,.

The above examples justify our interest in property B

3.4 Definition. We will say that ¥ has pure curvature operator
(sp’.tn0nY fioiy shor't) "7 9 o9 satisfiles 8P .07 ' In ithis icase fan
orthonormal base {X,,...,X,} in T M such that p(Xi"Xj) =
Aijxi A Xj will be called a p-base.

It is clear that if u, and wm, are Riemannian manifolds with
p.c.o. p,; and p, respectively, then the product Mix M,.,has
p.c.o. since the union of a p,~base and.a p,-base gives a p-base,

The converse was proved under additional conditions in [5]; we
will now prove it in full generality.

3.5 Proposition. Let ¥ =M, x¥, be a decomposable Riemannian
manifold with p.c.o. Then ¥, and M, have p.c.o,

Proof. Let {Xl""’Xn} be a p-base for M, We will denote by
Oi’ 2 = 1,2 the curvature operator of M. and, for X € M, by
X' and X" the projection of X onto TM, and 7M, respectively.

With these notations we have:

30541

AalRemEhok X walivald A u X vy
1J(7« PRE SRR YRR VR ALY Xj)

Jp(xiaxj)

QX.A 1 p l./\ 1 + "‘/\ n
lolron) = oty ~ 2 +050xs ~ 1)

therefore
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3.5.2
2 0 X}) = Aijxé 2 X;
VSN S h R
xij( ; ~ X; + X; Axg) =0

i i = = - e =i
3.5.3. Claim. If xij # 0 then either XJ 0 XJ or : 0 .

Proof of the claim: Let us suppose X; # 0 and set
=X S~ ] oL ing interi duct with X! we get
W X Xj + Xi XJ Taking interior pro % g

o
|

> 1 = 1 2 " il 1 1 > "
= i(X})w = HxiH X = <KpXg X}
and therefore X; = <X£,X;>HX%H”2XE

Taking interior product with X; we get

2
& 8 (T,
0= i(x})w = <X%,X3>X3 = HX&H Xy =

Il exgxs>" - el Sl ) xy

If Xi # 0 the above relation gives X} = XX% aind by 3.5

and 3.5.2 we get Xi'\Xj = X; AX§ and this implies (taking interior

product with X%) that X% = 0, which contradicts our assumption.
Sovuy f =0
7

Reversing the roles of X, and Xj we get again, either
Xé =0 or X; = 0 and therefore X, and Xj are tangent to M,
or M,. Again, since Xij # 0 they must be tangent to the same
M. which proves our claim.

Now we reorder the vectors X ,...,Xn in such a way that
1""’Xk are tangent to M; and there exists, for any <Z=1,...

NON-NEGATIVE CURVATURE OPERATOR 19

an index J such that Aij # 0. (in particular Xj is tangent
to M,). Xk+1""’Xm are such that Aij = 0 for 2=k+1,,..,,m
and {Xl,...,Xk,Xi+1,...,X%} span the tangent space to ¥, .

We observe that {Xl""’Xk} are orthonormal and orthogonal
to span {Xi+1"“’X%}' Let {Yk+1""’ym} be an orthonormal
base for span {X;_  ,...,% }. Friom 3%5° 1 filt £fol,1.ows’ reasily: ithat
{Xl""’Xk’Yk+1""’Ym} is; app-base ‘and -therefore M.  .has p.c.0.

In the same say we see that ¥ has p.c.o, and therefore the proof
is completed.

3.6. Remark. We do not know whether a totally geodesic submanifold
of a manifold with p.c.o. has p.c.o. However if M 1is a complete
open manifold with pure non negative curvature operator and

5c M is a soul, then s has pure curvature operator (see [1],
Lemma (4.1)).

4. Proof of the theorem

By the previous section we can reduce Theorem 1 to the case
where M is irreducible. By 2.1, M {is therefore a symmetric
space or a manifold biholomorphic to ce”  or homeomorphic to a
sphere. In the last case we do not have anything to prove. The
second possibility is ruled out by the following:

4.1 Proposition. If a Riemannian manifold M has pure curvature
operator, then the Pontrjagin forms of M vanish.

Proof. See [5]
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4.2 Proposition. Let M be a irreducible symmetric space. Then
M has pure curvature operator if and only if ¥ has constant
sectional curvature.

Proof. In a small neighborhood A of a given point, we may find
an orthonormal frame field {Xl""’Xn} such that the only

essential components of R are <B(Xi,X~)Xj,Xi> =) Since M

J ]

‘is symmetric X are constant on 4 which implies that & has

i
eigenvalues with constant multiplicity in 4. Then the frame
field {X1’~-~’Xn} can be chosen differentiably on 4. We need

the following:

4.2.1 Claim. Let J,% be fixed and suppose Xij# A;q  for some
D =T e GO & o JNE Ny OnG ] el T

<VXXj’XZ> = (i

Proof of the claim. Since ¥ is symmetric, VR =0, Moreover, 0
being pure implies that if the set {<,j,k,%} contains more then

two elements, <R(Xi’Xj)Xk’X2> = 0. Therefore we have:

Ol (VXR)(Xi,Xj,XiXQ)

= _R<Xi’vXXj’Xi’XQ)

-R(Xi,Xj,Xi,VXXQ) = -<VXX2,XJ>(Aij-Ai2)

and the claim is proved.

Let us suppose that the curvature of M 1is not constant.
Then there exestengne U, &, .wH Suche thait {xi j} contains at
least two elements. Up to reordering the base we can suppose
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Akt U T Alp’xlr iy ALLE GF AP

4.2.2 Claim. There exists r, > p, such that if < g {],ro},
Proof of the claim. Let us suppose that for all r > p there
exists < & {1,r} with Ali # Xri‘ From 3.1.1 we get

<VXX1 ’Xr>

RIS VRXS O TMY 9n 5 b
Again 3.1.1. gives:

<VXXj,Xr>

"
)

j=29---9p; nI2Rp

and therefore the distributions span{Xl,...,Xp} and
span{Xp+1,...,Xn} would be parallel which contradicts

irreducibility of » and proves our claim.

Usiing new:3. 1 1 for' £ Pyw d = 2yasesp We get:

<VXXj’X1> =0 = <VXXj’Xs>’ 8 > \p

Therefore the distributions span{X,,...,x_} and
span{X ,X +1,...,Xn} are parallel, which again contradicts

irreducibility of . M.

21
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