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ON FINITE GROUPS ADMITTING CERTAIN SHARP CHARACTERS

TAKASHI MATSUHISA

1. INTRODUCTION

Let G be a finite group and ¥x a faithful character of ¢
of degree n. A pair (G,X) 1dis called of type L[ when a finite
subse ' s ="{x(x)?| = ¢ c#} of ¢ is given. Recently P.J. Cameror
and M. Kiyota showed that TéT T (n-2) dis an integer for any

LEL

(G,x) of type L. A pair (G,X) of type L s called L-shanrp
if |6l = T (n-%), and then X 1is called a sharp charactex

€L
of G. The main problem is to determine «completely L-sharp pairs
when L s given. Many people have studied it for some L's when
X is a permutation character. For example, it was solved for
r = {0,1,2,...,7-1} (r€N) by C. Jordan and H. Zassenhaus
(cf. [9]), it was also studied for L = {2} (R€¥) by N. Iwahori,
T. Kondo, and H. Yamaki, etc ([5], [:6], [7], [8]), and for some
other L's by T. Ito and M. Kiyota (|4]). 1In case when x is
a character in general, it has been studied for several L's by
P.J. Cameron and M. Kiyota ([1]). In particular, especially
{-1,1}-sharp pairs were completely determined by them together with
T. Kataoka in [2]. They also posed some problems in [1], one of
which was to find other L-sharp pairs; for example, L = {-2,1} or
{2,-1}. In this note we shall treat the cases I = {-2,1} and
{2,-1}. These sharp pairs will be characterized by the degrees of
the irreducible constituents of its sharp characters under some
assumptions.

Let (G,x) be either a {-2,1} or {2,-1}-sharp pair, and
X be normalized (i.e. <X,15>; = 0). It follows from Proposition
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1.3 in [1] that x is decomposed into three irreducible characters
X, X, Xy Of G. Let c.d.(X) = {x (1), x,(1), X,(1)}. We have

1
the following:

Theorem A. Let (G,x) be {-2,7}-sharp and ¥ normalized.

(1) If c.d.(X)
{2) If c.d.lX)

{m,4,4}, then ¢

le

Za>< Ao, m = 55,

{m,m,8}, then &~ 2  x PSL(2,7% mimdhs

Theorem B. Let (G,X) be {2,-1}-sharp and X be normalized.

(1) If c.d.(x)
(2) If c.d.(X)

{m 5,5 then G

i<

Z %A, W = 4.

{m8,8L,  Thel™ & vz X PSIEE2LTNG = T

Our notation is largely standard (c.f. [3]).

We shall use frequently the following result to prove our
theorems:

Ito's Theorem. (c.f. [3], Theorem (6.15)). Let 4 be a normal
abelian subgroup of G. Then (1) divides (G:4) for all
X € Irr(G).

2. Proof of Theorem A

Proof of Part (1). Since Xi(]) |G| = (m+7)(m+10) for i=1,2,3,
2 3 2 2

we have |G| = 2°-11 (m=1), 2°.3° (m=2), 2°.3°.5 (m=5),
’ 3 2
2 .5 .17 (m=10), 2 .3 .7 (m=17), or 2 -5.7.11 (m=70).

2
Case 1. |G| = 2 .5.17, c.d.(x) = {10,4,4}.
A Sylow 5-subgroup of G is normal; a contradiction follows
by Ito'Theorem.
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case 2. |G| =271, did. () = {1,4,4}.

Let p € SyTZ(G), q € Syduil(G)..03Theh,, .8 <€ G .qusinte
Gg P x @, CG(Q) = Sx@ for some subgroup S of G of order 28
hence S < G; a contradiction by Ito.

aste X LB <2 0B se elalt) =.024.41,

Let P € Sy1,(G), @ € Sy1;(G), and define the subgroups of G
2(x;) = {= € 6 | [xz(2)| = x;(1)  (=1,2,3). As P is abelian,
PuS CG(s) fer any s € P. We denote by c1G(x) the conjugacy
class of z in G. It follows from Theorem of Burnside (c.f.
Theorem (3.8) in [3]) that s 6 Z(x ) or x;(8) = 0 for each
£ =1,2,3; this is so since (|c1G(s)|, x;(1)) =1 for any
2=1,2,3. We shall show that there exists an s € P such that
Xi(s) =0 for all <=1,2,3. In fact, on supposing the contrary
(i.e., for any s € P, there is some < = 1,2,3 such that
s 6 Z(Xi)), we WavelalP bavsZ(%(})), Bdnce & % () =X A1) =& ,
x:(1) | (G:2(x,)) (¢=1,2,3) (c.f. Theorem (3.12) in [3]), and
so X,(1) | (6:2(x (1)) | (6:P); a contradiction. Thus x(s) =0
for some s €& P, which conflicts with L = {-2,1}.

Case 4. |¢| = 2°.3%.5, c.d. (x) = {4,4,5).

It is sufficient to prove the following Temma.

Lemma C. Let (G,X) be either {-2,1} - or {2,—1}—sharp. and
l¢|=2°.3%.56. Ifc.d. (%) >.48,51,. then G 7, x4,

Proof of Lemma C. Let P € Syl,(G), @ € Syl,(G), R € Syls(G)

and let &~ be a minimal normal subgroup of G. Since neither

P nor @ are normal, (G:N,(Q)) = 2.5. By zto's, Nz, ‘or
As. In case W%V Z,, ICG(N)I ="|¢["" oFf 2437.5! If Ch(H) ~ Z,4,



78 TAKASHI MATSUHISA FINITE GROUPS 79

then Q<JCG(N), since Cg(v)/N has a minimal normal subgroup
isomorphic with z,. Hence @< G; a contradiction. If Cq(V) = G,
then G/N is non-solvable; in fact, if not, G/N has a minimal

Z5X2Zp" OfT ZiXZ, %2, 8" AL gxMterky, TitifolT'ows, thatPlolaMandmy
contradiction by Ito. This completes our proof of Lemma D.

normal subgroup = Z,, by Ito. Thus @< G and a contradiction
is reached. As Mult(4s) =2, G~ Z,xA . In case N 4, Case 6. |g| = 2°.3°.7, c.d.(x) = {14,4,4}, It is sufficient to
Ce(N) ~ 2., so G~ Z3xAs, which satisfies the hypothesis by to show the following lemma.
looking at its character table. This completes our proof of
Lemma C.
Lemma E. Let (G,X) be either {-2,1} - or {2,-1}- sharp, and
G ¥ @)@ « Jos comhie

Case 5. |G| = 2 .5.7.11, «c.d.(X) = {70,4,4}.
EE e ad (), B {14,4]).

(2)( 5,50 Jond (%) 05, (TrBdino £ v &g sPSL(21,7).:

It is sufficient to prove the following lemma,

Lemma D. Let (G,X) be {~2,1}-sharp, If |G| = 2°.5.7.11, then

c.d. (X)nsbyd70 )= Proof of Lemma E. Let P ¢ Sy1,(6), @ € Sy1,(G), R € Syl,(G),
and let ~¥ be a minimal normal subgroup of G. Suppose either
g () =.494.4},- v I7,8), thaye T6by W, o PR Z7,) Zyx%, ) . or

Proof of Lemma D. Suppose c.d. (X) @ {70,4}. Let P & Sy1,(6), PSL(2,7). Note [W,R] = 1 for each of the ©N's above.

d € Syl ,(¢), R € Syl,(G), S ¢ Sy1,,(G) and Tet &~ be a minimal

normal subgroup of G. We have the following two cases:

(G:Ng(5)) =1, 2°.7. Note that [@,R] =1 1in both cases., MUBERSE (d): T B yady Th?n, ¥ = 8s iR} = § Xf % G for sema
subgroup X of G containing R. Now, (K" ¢ 205795 Fact

if not, X = P.R < ¢, and so, cd(G) = cd (k) wich contain
neither {14,4} nor {7,8}. Thus, R« K, R <Gy a
contradiction is reached by Ito.

Subcase. (a): (G:NG(S)) =2 .7. By Ito, N~ Z, or g, % By

and so [o0,(¢)| > 4. As Na(5) = 0,(G), a contradiction, is

reached.

Subcase (b): ¥ z,, o M| = [a] “or 2%3hu7lcF leg ()] =
Subcase; (b): (G;NG(S)) =“1- Put C.(S) = 8§ x K, K <5G; = 2%.3%.7, then Rxpy < G AN VR VRl $olnY B S 64l Ve
L] =12 g RN, T2 Y | 2 AL 1 e o B ) e contradiction by Ito. If (C.(¥) = G, then &/¥ has a minimal
follows, since [@,R] = 1; thus, @< G which contradict Ito's normal subgroup ¥ ~ z,, 7,x2,, Z, or Z;xZ; (where # = M mod ¥,
Theorem. , . Mg G). Now, Mx¥< G, and R<G/Mxn, As [R,M] = [R,N] =1,

If |K| = 2°.7 or 2 .7, then some normal subgroup of R < G; a contradiction by Ito,.

is isomorphic to 2z, or z,xz,, and so |0,(G)] = 4 by Ito.

Thus, 0,(G)< NG(R); a contradiction, since (G:NG(R)) o

1f |kl = 2°.5.7, then K has a minimal normal subgroup %7 2 | Subcase (cPvaww, Zgw Thef(NPPR.|6| or 2%.3%.7, It [Ca(m) | =
= 2%.3%.7, then RxN < C.(N) < G, R<G; a contradiction by
Ito. In case Ce(W) = G, G/N is simple; in fact, if not, G/N
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has a minimal normal subgroup ¥ ~ Zyy Z,%0,, 2,%2,%Z,, Q, oOr R

L 2 & 3 L <
(where M = M mod N, M < G). By Ito, G contains a normal subroup LR RO e FIAR T ke L inkese” il LiIne

M, M~ 2Z,xN, or Q. If M~@, then (,(Q) <G as in Subcase ::eza:eSY;zT 17;§u?grou$ :f pG is normal; a contradiction by Ito.

(a). Thus, R< G; a contradiction by Ito. If M~ Z,x N, then s i ; . %or’som: s € 5y1z;G)an 2 Syl ,(6), tgen :

R < G/N, so MxR < G, R<G; a contradiction by Ito. Thus, GG?6 Gl ol LT 6 qf;?:PG Od :fqorder R s1?ce.

G/N ~ PSL(2,7). As Mult(PSL(2,7) = 2, G~ Z,xPSL(2,7). So, b—It I. | Sy y » and so 2,< G; a contradictior

c.d. (x) H {14,4}, since 14 £ cd(G) = cd(PSL(2,7)). Y 0-. n Case. @l #580 « 3% . 11055880 9 edGd s d B8y By G PSL(2,17);
so, G 1is not simple. Let ~¥ be a minimal normal subgroup of &,
and R € Syl,,(G). Since (G:N,(R)) = 2.3, W~ zZ,, As R< 6w,

Subcase (d): & ~ PSL(2,7). Since Out(PSL(2,7)) ~ Z,, Cp(N) # 13 S0y Ro<sGnstdicontradictions s1f::|g|, sbadi3?iyy then G n 2,xPSL(2,7)

if not, N ~ Inn(¥)< G < Aut(¥), and so, 3 = (G:Inn(w)) | by Lemma E. This completes our proof of Part (2).

| lout(PSL(2,7)|; a contradiction. Hence, C (¥) NN =1,

G~ ZyxPSL(2,7), 14 § cd(G). Actually, ¢ ~ Z xPSL(2,7)
satisfies the hypotesis and the corresponding character is unique
with, desneicbaboia vl = la2u 150 = or 200k L By Migelking “at 1ts

Remark. Let (G,x) be {2,—1}-sharp. In a manner similar to the
above we have the following:

character table. This completes our proof of Lemma E. (1) If c.d.(x) =1{m,m,a}, ¥hani o

Jwe
N
X
=~

(2)" If. c.d. (X) = {m.m,7}, then G ~ Z,x PSL(2,7), m = 7,

3. Proof of Theorem B
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