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DIFFERENTIABLE CONJUGATION OF ACTIONS OF RP

J. L. ARRAUT AND N. M. DOS SANTOS

Introduction. ‘First we consider non-singular ¢¥-actions, » PFg
of RP on TP. e prove that, up to linear reparametrization
and conjugation by Cr—diffeomorphisms, there is only one action,
see 1.6. Next, consider a 1-form w = a,dr, + a,dx, + ... +

+ a dxp + dx on Tp+], p > 1, with irrational coefficients

and denote b§+]F the p-dimensional foliation defined by w.

If the set {a;,...,a_,1} 1is linearly independent over the
rationals, then all leaves of F are dense hyperplanes,
otherwise they are dense cylinders. We study non-singular
gt-attionsyesrisg2in of R? on Tp+] with underlying foliation
F. Here we prove that the number of these actions depends on

the arithmetic nature of the a}s. A vector a = (al,..,,ap)

is Liouville type if there is an infinite sequence of integers

k; such that

1

” kia ” < T
where il

lk.all = infilk.a - 2|; & & 2P}
1 7
i3 is not Liouville type there exists a minimum integer

I a
m > 2 and a constant ¢ such that

| xall >
0

for all %k € Z. 1In this case we say that a 1is diophanfine
type of order m. The 1-form w 1is a Liouvifle type or a
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diophantine type form accordingly as a is Liouville or
diophantine type, respectively.

2.4 If w 1dis a diophantine type form, then, up to linear repa-
rametrization and differentiable conjugation, there is only

one non-singular action of &P on Tp+1, p > 1, with underlying
foliation F. This generalizes to actions of Rp, a known
result on linearization of vector fields [8, Ch. III].

The foliated cohomology, introduced by Reinhart in Bﬂ, appears
naturally in the study of actions. See 2.5 for the definition of
this cohomology and its relation with actions. Using the fo-
liated cohomology we prove

is a Liouville form then
RP

2.9 [If*™or= aldx1+...+apdxp + dxp+]

there are infinitely many o non-singular actions of
p+1
T

on
» p >1, with underlying foliation F such that none of
them is g: conjugated to a linear reparametrization of the
other.

Denote by HI(TP+],F) the 1-cohomology group of the foliated

p+1

manifold (7 ,F). Here we computed this group, namely:

2.10 HI(TP+],F) = ’P if w 1is a diophantine type form. It

has infinite dimension if w is a Liouville type form. For

p =1, Heitsch in [3] computed this group in case w is
diophantine and Roger in D] when ® 1is liouville. Conversations
with G. Hector stimulated our interest in this questions, and

we take this oportunity to thank him,

1. Generalities and Actions of RP on TP

Let M be a closed orientable connected m-dimensional manifold

and F: B xM » u a differentiable non-singular action of RP  on

DIFFERENTIABLE CONJUGATION 3

M. The orbit of = € M under F is the map Fx:Rp*'M defined
by F,(v) = F(v,z). The tangent fields to M given by

X(x) = P (0)(e)y 1 <4<

are called the inginitesimal generators of F. F is said to

be of class ¢ if its infinitesimal generators are of class ¢7.
X = {Xl,...,X } is a commutative p-frame of the underlying
foliation F of F. Any set of 1-forms £ = {51,...,gp} such
that Ei(Xj) = Gij is called a p-cograme adapted to F. Let

1ol I (F) ={w & A(M) : w annihilates TF}

I(F) is a differential ideal i.e., dI(F) c 1(F), and r1(F)%*! -

where g = m-p. A form w is called F-closed if dw € T(F)..

If & 1is a p-coframe adapted to F then every Ej is F-closed.
It is interesting to observe that an action F determines
uniquely its frame of infinitesimal generators X, but there

are many coframes adapted to F. 1In fact, if £ dis one such
coframe and ml,...,wp are 1-forms in I(F), then

Edor {8, +1mis.L0, £, + wp} is another. Any p-coframe & adapted
to F determines uniquely the frame X of infinitesimal
generators. It is precisely this versatility of coframes adapted
to a given action F that makes it more adequate to regard
actions as forms rather than as a vector fields.

Let 4 = []ij] be a element of GL(p,R) and v ¢ RF thought

as a column vector. If F s an action, then F, given by

FA(v,x) = F(Av,z) 1is an action too. The infinitesimal generators

of Fys in terms of those of F are
1 = X s a <
X A]J 1E + ApJXp, 1<dcgp
or in matrix notation x' = tAX. If & s a p-coframe adapted
to F then ¢g' = A‘lg is a p-coframe adapted to Fye Denote

by 4"(RP,u) the set of non-singular c”-actions of &P on .
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Two actions F, G € AT(RP,M) are said to be Linearnly equivalent
i€y 18 = Bg nfartosome 416 GL(p,R). The class of F under this
relation will be written F and the set of all such classes

by gr(Rp,M). Let; .264= {E;,...,Ep} be a coframe adapted to an
action F and VE the real vector subspace of Al(M) generated
by the‘slements of &. To every F, € F corresponds a base

&' 17064 3 -8 0 10if Vg and thus f is determined by any one of these
vector spaces Vg'

To every F & AP(Rp »M) is associated a symmetric (q+1)-linear
mapping
qg+1

].2 aF:RpX ...XRP->H127R (M)’ q = m-p

called the charactendistic mapping of F. Take a coframe & adap-
ted to F and consider the map from RP into AI(M) given by

Y5 (Ul,---,vp) F ghodkt gy ahi . Bamhaa® vPE then
1 p

1.2' (v, ) = Ing ~lee e ke dnq+ﬂ where

ng = v;E 123 2q+l. It is shown in [1, 1.4] that ap does

not depend on the adapted coframe taken.

1.3 As an example consider actions of R’ on 7P. Let 3/3x =
{a/axl,...,a/ax } be the canonical frame of the tangent bundle
7(rP) and dzx 4 {dml,...,dxp} its dual coframe. The canoni-
cal action E of R’ on TP is the one generated by 9/dz.
Identify HDR(TP) with gP by the isomorphism [ﬁxj] > e,

1 <49 <p. Now, Tet F & Ar(Rp,Tp) and & dits adapted coframe,
the characteristic mapping apt Rp-+HDR(Tp) is given by

ap(e;) = [Ej], 1 <4 <p. In_the standard.base of &P, o_ is

: 1 -
represented by the matrix [dif]’ where a.. = Jo. £;, and

B o

g£; are generators of ﬂl(Tp). In particular op = I.
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1.4 Lemma. Let F be a non-singular Cr—action, znzi2aud bf RP

Tp, p > 1. Then the rows of the matrix o, are a set of

on T

generators of the isotrophy group of F.

Proof. Denote the matrix op by 4 an§11et G(v:f) = F(tAv,x).
Straight computation gives G, = 0pe A = Ao A =TI. First
we show that the rows of the identity matrix are generators of
the isotropy group of G. Let & be the coframe adapted to G.
Since a, =1, one has [53] = [ﬂxj], 1 <4 <p, and so the
group of periods of each %f is Zz. This implies that the
foliations ﬁj defined by the c]oseq forms %j are compact.

As the one-dimensional foliations ¢* given by the infinitesimal

generators X. of G, 1 < 1 <p, are just N F , they are

J#t
also compact. Fix a point =z € P and let 7, be the period
of the orbit Y, of X, through Z. Y, 1is homotopic to

Zj ne R e, where 01,...,cp are the canonical generators of

nl(TP,x) and the nij's are integers. Since [Ek] = [Exk],
one gets
1 2] , 2 1 £
o3 JY 8 = 7w J W g 3'q La e dn JG day ' =Pix
b A\ dJ J

and by direct computation one also gets JY Er = T;8;%, there-

1
fore Y. 1is homotopic to T 9. and T, is an integer. Finally,

since y; 1s the orbit of a vector field, it follows that

t. =1, and so the vectors e i.e., the rows of I, generate

7 7

the isotropy group of « wunder G. Now, since G(ei,x) =

F(tAei,x) = 2, the Temma follows.

1.5 Two actions F and G in AP(RP.M), r > 2, are said to be
c¥-conjugated if there exists ¢ 6 Diff%(m), s > 1, such that
G(v, o(z)) = ¢oF(v,x) for all v & R and all =z & M, In
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this situation op = ¢ o a, {1, 2.7}. Two actions F and ¢
in Ar(Rp,M) are said to be Cs-conjugated if there exists F € F
and “G € ¢ which are ¢®-conjugated. Let F be conjugated by
¢ to G,~X and Y the p-frames of infinitesimal generators

of F and ¢ respectively, then ¢« Xj = Yj, ¥z D

For every coframe n = {nl,....np} adadpted to G,
$*n = {¢*n1,...,¢*np} is a coframe adapted to F, thus ¢

s 3 * |
induces an isomorphism ¢ AN i V¢*n‘
Now we are going to show that in gP(Rp,Tp) there is only one
class of Cr-conjugation, namely, the class of the canonical
action E.

1.6 Theorem. If F is a Cr, r > 2, non-singular action of
oL mP
RP on 1P, p > 1, then there exists G & F and ¢ € Diff (T")

homotopic to the identity which conjugates E with G.

Proof. Let G be as in the proof of 1.4, so that o, = I. By
1.4 the vectors 1sees?y of RP are generators of the iso-
tropy group of G and so the map Gm :RP > P induces a C"-dif-
feomorphism ¢: P > 1P such that ¢*3/3xj = Xj, 1658 J < Dy,
where X 1is the frame of infinitesimal gererators of G, This
implies that ¢ conjugates E with G. Let & be the closed
coframe adapted to G. Since ¢*Ej = de; and [Eé] = [ijj’

1 <4 <p, it follows that ¢ dinduces the identity in HDR(TP)
and therefore ¢ 1is homotopic to the identity.
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2. Actions of RP on Tp+], P > 1, with Linear and Dense
underlying Foliations

Let w=a,de, + ... + a de_ + d rP+1

%
p.p p+1

a; € B-@ for 1 < J < p. Denote by F = F(w) the codimension 1

foliation defined by w. If the set {al,...,ap, 1} is Tlinearly
independent over @, then all leaves of F are dense hyper-
planes. They are dense cylinders of the type Tp—k X R in case
k+1 is the cardinality of the maximum linearly independent
subset. The action FE = E(w) of RP on rP+1 defined by the
vector fields

be a 1-form on with

E,)= .- .
2.1 '()/E):Jc‘7 aJa/Bx

J 1<4d<p,

p+1°?
is called the canonical action with underlying foliation F.
Note that {dxl,...,dxp} is a coframe of F adapted to E for
any such w. Denote by AP(RP,M,F) the set of all non-singular
¢”-actions of B® on M with the same underlying foliation F.
An element F ¢ AP(RP,TP+],F) is the same as a p-coframe &

of F which is F-closed i.e., such that dt;~w=10,1¢4J¢<p,
(0, 1.3]. We will use for computations the frame

{Ey,...,E_, 3/3x__.} and the coframe {dxl,...,dxp,w} of

p’
Pl et Ly = fy de + ...+ f,da +he  be any 1-form on

p+1

Tp+1. Straight computation gives:

252 u is F-closed if and only if Eifj - Ejfi =0 for all
1 <2<4<p.

It was proven in [1, 4.7] that for any F in AY(R%, 7%, F),
r 22, a, is the zero map; we remark as an aside that the
proof can be generalized for AP(RP,TP+].F). Thus, the

characteristic mapping does not distinguish among these actions.
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It seems natural to ask how many conjugation classes exists in
AT(RP,TP+],F). It appears that the answer to this question
depends on the arithmetic nature of the coefficients of w,

A vector a = (aj,...,ap) is said to be Liouvifle type if there

is an infinite sequence of integers ki such that

Weegll si—tem
¥ et
where

l%sall = inf{lka - 215 2 6 zP}.

If a 1is not Liouville type then there exists a minimum integer
m> 2 and a constant ¢ > 0 such that

I%,all > Tz%ﬁ:T

for all integers k. In this case we say that a is d{ophantine
type of orden m. A 1-form o = a,dx, + ... +apdxp + dxp+] is
said to be diophantine type or Liouville ftype accordingly as

oy (al,...,ap) is diophantine type or Liouville type, respecti-
vely. The order of a diophantine type 1-form w is the order of
its diophantine type vector a. If at least one of the coeffi-
cients of w 1is a diophantine number, then w is a diophantine
type form. Let o be a Liouville number [S] and “j = Pj(d)

where pj(x), 1 <4 <p are polynomials with rational
coefficients. Then w 1is a Liouville type form.

2.3 Lemma. Let o = adx + ... + apdxp + dxp+]

form of order m on Tp+], p.> 1. For any._ ™%, &> [?%l] 0]

F-closed 1-form u there exists a unique, up to additive cons-

be a diophantine

tants, Cz«function, Pz &8 = E%?] -1, h:Tp+1 + R such that

U+ hw 1is closed.
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Proof. To simplify, we give the proof in 7’ for w= ade i+ bdxy + da,.
One can assume, without loss of generality, that u = f de, 4egide, .
Straight calculation gives: p+ Zw 1is closed if and only if

Eyh = 3fPz,, Exh = 3g9/3%, and E,g =E,f, Since the last
equation is equivalent to u being F-closed, see 2.2, to prove
the Temma it is enough to find an % such that:

2.3.1 Eyh = of oc,

22 3u52 Ezh 3g /o,

Denote the 1ifting of objects from r? to R® with the same

21 (ko)

C (k.
letters. Let f = E iy and g = z ngZﬂl( SR

ko= (k 3k, k) 6 z3T+sand: (o T, T.) 6 R’ be the Fourier

1 3

series of f and g, vrespectively. Equations 2.3.1 are
equivalent to the following collection of relations

]
25350 (k, = aka)hk = kafk
250 35, 24 (Koo 30 bka)hk = kagk
Assume w s a diophantine form of order m. Define %, = 0

k
if k; = 0. As w 1is diophantine, then for each k, ks # 0

one has either

1
T 28 TRl L o L Lo
I N T L
or
1
2:3°/5 |k3b - k,| > c

vz e, m T

Equation E g = E,f 1is equivalent to the relations (kl-aka)gk =
(kz-bka)fk and from them it follows that if h, satisfies one
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of the relations 2.3.1 or 2.3.2', then it also satisfies the
other.i"Thus®by 20808 wdnd’ 233752 ¥ ordaach Ok k. #1045 25wescan

find a solution hk o2 s8iltl et andu © 122 3Y 24 MEakdsify NG

|
3 m =
| . & pm—ie—ea dlgf oz ek, { Lol 4/
k! = 3 k
Kok, - ak,
Since f s a ¢""S-function, the h,'s are the Fourier coeffi-
cients of a function % of the Sobolev space #°. By Sobolev

lemma %~ is a Cz-function, L, =8 = [?%l] - 1 and therefore the

form u + Aw 1is closed.

2.4 Theorem. Let w = aldm1+...+apdxp + dax be a diophantine

p+1
form of order m and F the foliation of Tp+1, p > 1, defined

by w. Any action F 6 §m+S(RP,TP+], F), & > [éil} % e riis

2
Cl-conjugated, L =5 - E%?l - 1, to the canonical action E(w)

by a diffeomorphism homotopic to the identity.

Proof. Take an 7 € F and let £ be a p-coframe adapted to F.
Since the ¢ °-forms E; are F-closed, by 2.3 there exist
c*functions hj such that the forms Ej + hjm are closed,

1 <4 <p. Thus, one can assume that the p-coframe £ is closed.
The set of forms {gl,...,gp, w} is closed c*coframe of Tp+1

and define a non-singular c¥-action F of Rp+1. By 1.6 there
exists 4 € GL(p+1,R) and ¢ € Difo(Tp+1), homotopic to the
identity, which conjugates FA with the canonical action

giving

DIFFERENTIABLE CONJUGATION 11

2.4M o, =dxj, 1 <F <p+l
where n is the coframe of P +1 adapted to FA. Since F
ad e . .

n F, are linearly equivalent w € Vn and of course o € de,
too. By 2.4.1,.¢* as an operator on forms restrics to an

isomorphism of Vn onto de, and as a map in HDR(TP+]) it
is the identity, then necessarily ¢*w = w, and thus leaves
Fdinvariant. Finally, the action ¢ whose infinitesimal
generators are ¢*Ej, 1 s[d.2.8% Hhas {nl,...,np} as an
adapted coframe. In fact ni(¢*Ej) _ ¢*ni(Ej) =

dxi(a/axj - aja/axp+]) = Sij' Therefore G € F and by 2.4,1,

¢ conjugates E(w) with g¢.

2.5 Next we prove that for Liouville type forms w there are
infinitely many Cl—conjugation classes 1in é(Rp,Tp+],F). For
this purpose we use the cohomology of the foliated manifold
(rP*1, 7).

From now on we regard the 1-forms coming from actions as
o *
sections of T F, the dual bundle of the subbundle TF of TM.,

Let F be a locally free action of RP on a closed orientable

connected m~dimensional manifold ¥ and F its underlying
foliation. A ¢® k~form along F is a ¢° section of the
k-th exterior power of 7T*F; we denote by AE(TF) the set of
all ¢® k-forms along F. The exteriox differential along F,

Lipk k
dpi M(TF) — AXT I (TF), 51

is defined by the standard formula
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A

1
(-1) Xia(xo"“’xi”"’Xk)

n~— &
(=]

dFoc(Xo,...,Xk) o
7
+ izj (-1)%* a([xi,xj],xo,...,Qi,...,xj,...,xk)

where XyseeonXy are smooth sections of 7F. Thus the ¢® forms
along F, A(rF), 1is a differential complex with respect to df.
The cohomology H*(M,F) of this complex is called the foliated
cohomofogy of (M,F) and is the cohomology of ¥ with value in
the sheaf of germs of differentiable functions on M locally
constant on the leaves of F [9,I.5].

A p-coframe & afong F s an ordered sequence & = {51,...,5p}
of 1-forms along F giving a basis of T;F at each point =z of
P. A cofname st . 18 dF*c1osed if dFEi = 0. o L 2=y 0 aaPs
There is a one-to-one correspondence between locally free
¢’-actions of R’ on M and dF~closed ¢” p-coframes along F
and conversely. Two locally free o 2ls factions, F..and

¢ with the same underlying foliation F are conjugated by a
diffeomorphism ¢ ©preserving F if 10 = $*€, where £ and n
are the coframe along F corresponding to 7 and G,
respectively.

If F 1is the foliation on rP+1 defined by w=aldx1+'”+apis+dﬁﬂ4

p
then we denote by €y the restrictions of dxj to, TIF . . o1

A

Thus € = {sl,.,.,ep} 1gia dFvc1osed coframe along F and the
¢® action E corresponding to € is called the canonical

actionyof ynFi

2.6 Lemma. let w = aldxl+,,,+apdxp+dxp+], with {]’ax"""ap}

linearly independent over the rationals, be a Liouville type

p.
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form and F the foliation defined by it. There exists an infini-
te sequence (“n) of dF‘closed ¢” 1-forms along F such that

i) {pn,ez,...,ep} are p-coframes along F.

ii) given any two positive integers < > j, any constants b,
e ,...,cp and any translation T of Tp+1, then the equation

™y + bu, + ¢,€, + ... + c e =dh

has no ¢t solution #: P+l i

Proof. To simplify we give the proof in 7%, Let F be defined
by ® = a,de, + a,dz, + dz,. Since a = (a,,a,) is a Liouville
type vector and {1,a,,a,} is Tinearly independent over the
rationals there exist sequences of integers q; and n. > ¢

and zi = (zi],ziz) in 2z such that

2.6. 1 2
: pove .1 S 2 | MR 2 -

T
| ;] la;
Thus for infinitely many < and some g4, 1 < Jd< 2, say for
simplicity, 4= 1, we have

2.6.2 -1_. ] g , a - I < ]
/3 _——"7EF? 2otiedytal Sm g Vg AT
la | lagl *
and
2.6.3 1
lqiaz yviZl i ni+|

lq¢|
It} u 2 fel +ge, is dF—closed then the Fourier coefficients of
f and g4 must satisfy the relations

2.6.4 (R1,7 8080005, 5,682~ ksa2 ), -
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We construct the sequence n inductively. First consider the
¢ function f whose Fourier coefficients are fiy =ecgs fk =0
if k # (Q‘i]pliz’qi) and
f - 1 -
(Q'i’qi) Il ”7:/391”1:/3 ni/3l (-li’-qi)‘
1 2 9
Define g by g =c¢ , gk=0 il kog (li,qi) and

2:6.5

i = 9492

2.6.6 g 5
(Zi’qi) 17:] Tl 5%

f(li’qi) = g(’li’—qi)

From 2.6.2, 2.6.3 and 2.6.6 we get

2.6.7 1909, 1 <7212z 172,00,

showing-that’"g . 4% a®" % tlinctlenl "Thls® 0 370, 2 T8, 4 g%,
is dg-closed. Let mu,; = W. To construct u, take a proper
subsequence of (2i1,ki2,qi) given in 2.6.1 which contains
infinitely many terms and disregards infinitely many of them.
Starting with this subsequence, the same construction made for
70 ivies .ol g= fzel + gzez. Following this procedure we
construct inductively the sequence (u,). It is clear from the
above construction that {ui = f$€1 + giez,ez} is a p-coframe
along F. To prove ii), suppose that the equation

2.6.8 bui + T*uj + ce, = th

has a ¢’ solution %. Since J < z there are infinitely many
k= (R.9s%:29;) such that fy =0 and £} # 0. Thus For_the,
above k, 2.6.8 implies that the Fourier coefficients of f

and 7% must satisfy the following relations
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. 2T (L +y 9.)
2.6.9 2.5 - h = 7 oy s
(7/] qial) (Q«i!q.ﬁ) f(zqui)e ? bin ¥ 3
Since a, s irrational from 2.6.2, 2.6.5 and 2.6.9 we get
13 g IfJO?.{"q.L')L . !qi n;/3 [qi ]ni/3lq |
Pived o p b ek then |# | > as Z+o and by the
Y o 9 (Ls0a;)

Riemann-Lebesgue Lemma hk are not the Fourier coefficients of a

continuous function. Assume |aj| <elon: 1ad,d- £ Py

2.7 Let ¢ and ¢ be.c%-maps, s > 1, from ¥ 1into ¥ that
leave a foliation F ‘invariant. According to [4,11] ¢ and
are said to be integrably homotopic if there exists a Cs—map

H: (M x R, FxR) ~ (M,F) taking leaves of F x B into leaves of
F and such that #( ,¢) = ¢ for ¢ <0 and H( ,t) = ¥ for

t > 1. It is shown there, that ¢ and ¢ induce the same
homomorphism in the goliated cohomology.

2.8 Lemma., Let w =a, da+,, .+ apdﬁydxp+], fay 80 e A Tingarly

independent over @, be a Liouville type form on TP+]

sy o LE
p:7P*1 , pPH]

is a Cl«diffeomorphism preserving the foliation F
given by w, then

by ¢ is Cl—homotopic either to the identity or the map 4nv,
induced by - T.

ii) ¢ 1Ts integrably homotopic either to a translation T or to

Todlnv.

Proof. To simplify, we give the proof in 7° for w = a,dx, +
+ a,dz, + de,. By hypothesis ¢*w = gw for some continuous func-
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tion g. Since . v and ¢*w define transversal measures
invariant by the holonomy pseudogroup of F and the space of
such measures is one-dimensional [2;2.2.6] then g 1is a
constant . Any lifting of ¢ to R has the form 4 + B
with 4 € SL(3,2) and B 3-periodic with periods in 2°.
Since ¢ s Cl—homotopic to the diffeomorphism of 7° induced
by 4, the map o* :H . (T°) > E,.(T'), in the canonical

base, 1is represented by the matrix tA-] = D@i]. From
v*[w] = c[w] one gets the equations

i’ .

IN

Q

IA
N

2.8.] bj]a] + bj2a2+ bj3 = eca
2.8.3 b31a] + b32a2 + b33 = e

Since a = (al,az) is Liouville, then it follows from 2.8.3
that ¢ 1is either a Liouville number or a rational and as ¢
is an eigenvalue of the integer matrix B = tA'1, then e  is
an algebraic number. Therefore ¢ 1is rational Since {a,,a,,1}
is linearly independent over ¢, then it follows from 2,8.1,
2.48..2 saaind 2.2 B3 Sitihatte i R = ic e iaindiia seardetinns =Sl theniic.= ]
and A4 = *7. This shows part i). Denote with the same letters
the 1ifting of objects from r® to R’. Assume for example
that ¢ 1is homotopic to the identity, then b(2y,T,0%,) =

(€7 + By» T2+Bp, x3+B,). Since ¢ preserves the foliation s
¢, ,E, and ¢,E, are tangent to F, where E; = 3/3x,-a 3/3z,

and g = 3/, ~ a3/ dxa el SR RtheltEunetions)  Cl g 62 and
B4 satisfy
2.8.4 Ej(alBl +1a,8,:% B,) =.0sinforgcdusols 2.

The leaves of F are dense, so 2.8.4 implies that G, By +ay B+
+ B3 = ¢, for some constant ¢. 1In other words,
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¢(x1,x2,x3) = (xl B 82, z, + C - (alsl + aZBZ)).

3 3
Define H: T xR +T by

H(z,,z,,x,,t) = (z,+18,, z,#AB2,x, + C - A(alB1 + a,B,))

where X: R > R is a C ~function with A(t) =0 for t <0 and
A(t) =1 for ¢t >1. It is clear that H gives an integrable

3
homotopy between the translation of T induced by

(xl,xz,xa) > (xl.xz,x3+0) and ¢,

2. . =
9 Theorem. Let a de. + ...+ apdxp + dxp+],

linearly independent over @, be a Liouville type form and F
the foliation on Tp+] defined by w. There are infinitely
many cl—conjugation classes 1in 4"(RP.TP+1,F).

{1,a1....,ap}

- . > 3
Proof. To simplify we give a proof in T . By 2.6 i) the co-
frames {un,ez} are dF-closed and thus define an infinite se-
quence of actions & in 4 (RZ,TS,F). We show that any two
actions F. and Ej’ i <4 are not Cl—conjugated. In fact, if
a ¢ -diffeomorphism conjugates Ei and gf, then

2.9.1 GXu, 2ipu s ey
2 d

and by 2.8.3 ¢ is integrably homotopic to a translation t or
To inv. Let H be an integrable homotopy between ¢ and the
translation 1, for example. A§ ¢ conjugates the C*® actions

* A
r. and E, then & n, is a ¢ 1-form along T(FxR). By [4,II]
we have

2.9.2 ¢*ui & T*pi = J:(H*pi) & Jt(y*ui)

3 3
where J.:T" + T xR, Ji(x) = (x,2), 2= 0,1 are the inclusion
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maps. If %k is the homotopy operator for the foliated cohomology,
then

* *
2.9.3 1 s wde o KN Keden
From 2.9.1, 2.9.2 and 2.9.3 we get
.buj ffeg s T*ll'_z: = dFk(H*ui)

. 1 e sk e
where & = K(H*ui) is a ¢ -function, contradicting 2.6 ii).
Thus F. is not c'-conjugated to Es.

2.10 Remark. Let F be the linear foliation on TP+] defined by

the 1-form o = oldz, + [, 9 apdxp + dxp+]. I§ w 4 diophantine

type then the foliated cohomology group Hl(Tp+],F) A8 Ls0morphic
to R®., In fact, let. pog. Pylam Fonsd flep be a dr-closed c” 1-form
along ..E. .:Thus E’ifJ = Ejf$ for alily Wisse il S542a Gonsnder

the {linean d=form se=c fe st . 4 cpep _where c. s the
constant term of the Fourier series of fJ for 1 gmiasop .. he
same arguments used in the proof of 2.3 can be adapted to show
that there exists a C -function % on rP+] such that

JLE S T th, o SN TN Ejh = fj - cj, I, & whnslf, Tuw s
Liouville type then the cohomology classes of the sequence (w,,)
constructed in 2.6 are linearly independent in HI(TP+],F),
showing that if w 4s Liouville type, then & (TP*1,F) has
Ainginite dimension.
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