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On the generators of subgroups of unit groups
of group rings

Ashwani K. Bhandari

Abstract. In this paper we find the generators of a subgroup of finite index in the unit group
of the integral group ring of the metacyclic group of order pq given by

1 f)

I zaz” =a

G=(a,z:a’ =1=3 ,

where p is an odd prime, ¢ > 2 a divisor of p — 1, and f belongs to the exponent ¢ modulo
D

Results

Let U = Uy (ZG) be the group of units, having augmentation one, of the integral
group ring ZG of a finite group G. It is a difficult problem to find generators of
U. It might be easier to do the same for a subgroup of finite index. This note is a
contribution towards the latter problem when G is the metacyclic group of order
pq given by
G={(a,z:a? =1=12, zaz~! = af),

where p is an odd prime, ¢ > 2 a divisor of p — 1 and where f belongs to the
exponent ¢ mod p.

Let k = Q(¢) with ¢ = €™/, and let ko be the fixed field of the automor-
phism ¢ : ¢ — ¢/ of k. We denote by 0 and 0¢ the rings of integers of k and kg
respectively. Let IT = ¢ — 1 be the prime in 0 above the rational prime p. The
prime in 0g above pis o = (¢ — 1)(¢/ — 1)...(¢/*" = 1). We recall that
O/H 0= Z/pZ = Oo/Hooo.

We 3shall write elements of ZG as

m = m(a, z) = my(a) + ma(a)z + - -+ + my(a)2z?!

Received 15 Mav 1988



88 ASHWANI K. BHANDARI

where m;(T') are polynomials with rational integral coefficients. It is clear that
the numbers m; (1) and m;(¢) depend only on m and that two elements m and n
of ZG are equal if and only if m;(1) = n;(1) and m;(¢) = ni(¢) for 1 <4 < q.

Let C denote the cyclic group generated by z and let N be the kemel of the
homomorphism U;(ZG) — U3(ZC) which maps the unit m(a,z) to m(1,z);
an element m of U1(ZG) is in N if and only if

my(1) =1, my(1) =0, ..., my(1) =0.
It is clear that Uy (ZG) is the semidirect product of N and Uy (ZC).

We put
1 In st

1 ¢(I) ... (Y

1 ¢ 1(I) ... ¢r(IIeY)

Let X denote the subgroup of GLg(0o) consisting of matrices X which
satisfy the congruence

X= mod Il
* 1

If aj,as,... a4 are elements of k, we put
oy o ... Og
$(ag)  ¢la) ... ¢(ag-1)
circg(ay, @z, ..., 0q) =
¢ Haz) ¢ (es) ... 477 ()
As shown in [3], Lemma 1.4, the mapping
Y:m— P! circy(mi(¢), mz(¢),...,mq(s))P

is an isomorphism of N with X.

For 1 < ¢ < g— 1, we shall denote by S;(t1.ta..... t._1) the 1th symmetric
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function in 21,22, ...,t,_1, and we put So(t1,ts,...,t-1) = 1. We put

g-1
§(T)=[I(T - M) =T+ 86T+ + 6,4

1=1
A . g-1 .
with & = (-1)'S;(4(I1), 4*(IT), ... ¢?1(I1)), and let § = J] (IT — ¢*(IT)).
One checks easily that the matrix P has the inverse =

5-1/8 $(6-1/8) .. $71(5,-1/5)
bg-2/8 $(6-2/8) ... $7N(8-2/5)

6o/5  $(8/6) ... #1(60/6)
here, for the sake of symmetry, we have put 6 = 1.

For an algebraic number field L with ring of integers oy, we denote by
S Ln(0r) the subgroup of GL,(0L) consisting of all matrices with determinant
1. For an ideal @ of o, we denote by E,,(Q) the subgroup of S L,(0y) generated
by all Q-elementary matrices I + ae;;, a € Q, § # 7, and €;; a matrix unit, and
by E.(Q) its normal closure in SL,(0L). We need the following result due to
Bass [2] and Vaserstein [7] and [8] (see also [6] and [5]).

Lemma 1.

() If n > 3, then E,(Q?) c E(Q), in particular [SLy(01) : En(Q)] < oo.

(i) If n = 2 and if L is not rational or imaginary quadratic field, then
[SLz(OL) : Eg(Q)] < oo.

We put
=
W={u,2<p< ”—2—},
with

1—p?

—1
uy=(1+a+---+a )P 14 5 (1+a+---+af}).

If p =3, we put Wi = {1}. For any divisor d > 2 of ¢, fix an element
zq €< z > of order d. Let

d
W2'd = {vd,“lz < p< ;)(“7 d) = 1})
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with
- 1 - peld) -
viy=(1+za+ - +zh 1)“’(")4————5 (1+zd+---+a:§ b,

where ¢ is the Euler o-function and let Wy = U Wea If ¢ < 3, we put

dlq
d>2

= {1}.

Let R = {1,2,...,p— 1} be the reduced residue system modulo p, and
let Ry = {F1,72,...,7p_1/q} be the coset representatives in R of the group
generated by f. Let R = {0 =ro,71,72,. .. s Fo—Ela}-

We denote by o the automorphism of the cyclic group (a) givenby o(a) = af.

Foreachr € Randfor 1 < 1,7 < gq, t # 7, 1 < w < g, we define the
elements A( ) of the group ring Z(a) by

A= (- 1)q-fq§a‘(a')-( II I:I(a’(a)—a”‘(a))) .

x (a—1)"18,_;(c“(a) — 1, o*t(a) - 1,... ,ovt17%(a) - 1).

Afu;)r(g) we shall mean the complex number obtained on replacing a by

¢ in the expression (as a polynomial in a) for A' i r(a)

We have

Theorem 2. Let W = Wy U W U Ws, where W1 and W, are as defined above
and where

W3 = {uf,j,rll S ".) .7 <g, 17,:.71 re R}:
with

Uijiri= 1+ At] r(a) i Z A:] r(a)xw 1
w=2
and where AS“;-), are defined as above. Then the group generated by Wisa
subgroup of finite index in Uy(ZG).

Proof. The main observation in the proof of the theorem is that the images (under
1) of elements of W3 in X are elementary matrices, which, in view of Lemma 1,

el A v AP CRNE IR ARG WA Y
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Foreachr € R and for 1 < 1,5 < q, 1 # 7, let X;;, = I + b,e;; be the
elementary matrix with b, = Trk|k0 (g')Nrklko(ci) € 0p and €5 the matrix unit.
Then each X; ;, € X. Since 4 : N — X is an isomorphism, there exist a unit
ngjr € N such that d)(n.-,j,,) = X,"j’, and

Miir = nigp(a) +n{), (@) + -+ 0T, (a)at 1,
2
with n{) (1) = 1, o) (1) = 0,...,n{? (1) = 0. Also, by the definition of

the map 1 it follows that n; w) (g) 1 < w < g, is the wth element of the first
row of the matrix PX, ; ,P~1

Now, observe that

PX;; P! (i Xq: dJ’\_l(H“_l)e,\,‘) (I'*'breij)(zz ¢“"1(5q_€/6)ew)

I+Zb ¢ (I Vexr)( ZZ¢“’ H(6g-c/8)ecu)
aA=1

q q
=1+ ) b HIT )¢ (6, 5/8)eru

A=1w=1
Thus

map () = 14+ B IT 28, _1/6 = 14 Trigi, (¢") - Nrage, (5)T1 26,5/

and for 2 < w < gq.
n() (6) = b1 1471 (8, /8) = Trajiy (™) Nrijeo ()T 141 (8,/6).

It follows from the above that 1 + A (= n,(lj)r(g) and for 2 < w < g,

1,7,r

(:‘;)r(g) = nf“;)r( ). Moreover, Af“;)r(l) =0 for 1 < w < g and for each 1,5
and r. Thus, for each r € R and for 1 < 1,5 < ¢,¢ # J, uij, = n;;, are
elements of N and 1/)(u.-,j,,) = X.',]',,- =1+ b,e.-j.

Since the Z-linear combinations of b,,r € R form an ideal Q of 0y, it follows
that the elements of W3 generate a subgroup of N which is isomorphic to E,(Q),
the subgroup of SL4(00) generated by all Q-elementary matrices. We observe

that in case ¢ = 2, ko is the maximal real subfield of k = Q(¢). Hence, by
Lemma 1. [SL.(0n)N X : E.(O)] < o0.
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The centre Z(X) of X consists of all matrices of the type

Uo 0 0
0 uy ... O
0 0 ... u

where ug is a unit of 0g and up = 1 ( mod Ilp). Hence Z(X) is isomorphic
to the group U;(0o) consisting of those units which are congruent to 1 module
Ip. Also, it follows (from the isomorphism ) that Z(X) C Uy(Z(a)). Since
by [1], Theorem 4, (or see [4], page 156) the elements of W; generate a subgroup
of finite index in Uy(Z(a)), the group generated by W; contains a subgroup
isomorphic under 1 to a subgroup of finite index in Z (X). Also, [X : (SLg(00)N
X)Z(X)] < oo, as the determinant map induces an embedding X /(S Ly(00) N
X)Z(X) — U1(00)/(U1(00))?, we get that W1 U W3 generate a subgroup of
finite index in N. Finally, since W, generate a subgroup of finite index in Uy (ZC')
([1], Theorem 4), and since N is a normal subgroup of Uy(ZC), therefore, the
group generated by W = W; U Wa U W3 is of finite index in U(ZG). O

Example 3. Let G be the group of order 21 given by

G={(a,z:a" =1=123 zaz™! =a?).

Then Ws consists of 18 elements given for 1 <1,7 <3, 1+ #3; r =0,1,3, by
Ui jr = 14 (=1)7 (" +a¥ +a*")(a= 1) [((a* - a*) (a* — a) (a* —a)
x (a* — a?)S5_;(a® — 1,a* — 1) + (a — a®)(a — a*)(a* - a)(a* - a?)x
x S3_j(a* - 1,a— 1)z + (a — a®)(a - a)(a? — a*)(a® — a)x

x S3_j(a —1,a® — 1)z?.
W; consists of 2 elements
up=01+a)f-91+a+--+a
= —8 — 3a + 6a% + 11a® + 6a* — 3a° — 84°

and
uz=(14+a+a?)f-104(1+a+---+a°)
= 23 — 8a — 33a® — 33a® — 8a* + 23a° + 374°,

and Ul cancicte nf the element 1 Thece 71 elements oenerate a subheroun of finite
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index in Uy(ZG).
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