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Stable Complete Surfaces with
Constant Mean Curvature

Katia Rosenvald Frensel

Abstract. Let z: M? — N3 be a stable immersion with constant mean curvature
H of a complete orientable surface M2 into a complete oriented three dimensional
Riemannian manifold N3, In this paper we prove that, if M? is compact and H? >
—-é— inf 7 Ricey, then M2 has genus g < 3, here Riccy is the Ricci curvature of N2,
We also prove that, if M? is complete non compact and N? has bounded geometry, the
area of M? is infinite in the metric induced by z. In this case, if H® > —:-_I; inf 5y Ricepy
then z is umbilic and the equality holds.

1. Introduction
The goal of this paper is to present some results on the stability of
immersions z : M? — N3 with constant mean curvature H.

We first consider the case where M2 is compact, orientable, and
prove the following result.

”Let M? have genus g. If x : M2 —s N3 is stable and
H?> o inf Ricepy,
2 M
then g < 3. Here Riccy is the Ricci curvature of N7”.

This is related to Fischer-Colbrie and Schoen (9] where it was proved
that if z is minimal and stable, and N3 has nonnegative Ricci curvature,
then g < 1. A similar result was also obtained by El Soufi and S. Ilias
6].

It was proved in [2] that if M? is a compact, stable surface with

constant mean curvature H in the three dimensional simply-connected,
complete Riemannian manifold Q2 with constant sectional curvature &
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130 KATIA ROSENVALD FRENSE],

then M2 ¢ Qf is a geodesic sphere and (H? + ¢)A = 4w, where A is the
area of M2. It is a surprising fact that this equality becomes a sharp
inequality in the case that the ambient space N3 is arbitrary.

”Let M? be compact, orientable and assume that x : M2 — N3 is q
stable surface with constant mean curvature H. Let A be the areq of M2
and ¢ = § infy; Ricey. Then

(H? + 0)A < 4

and equality holds if and only if M? has genus g =0, = is umbilic, and
the sectional curvature Ky = ¢ in M7,

We next consider the case where M2 is complete noncompact. For
that case, we will need that the area of M2 is infinite in the metric
induced by x : M? — N3, This will be seen to be the case if N3 has
bounded geometry (i.e., it has sectional curvature bounded above and
injectivity radius bounded below). More generally, we will prove in an
Appendix to this paper the following result.

"Let M™ be a complete, noncompact manifold and let x - M™ —s N7
be an immersion with mean curvature vector field bounded in norm.
Assume that N has bounded geometry. Then the volume of M™ in the
induced metric is infinite”.

Now we can present our results on stability.

"Let M? be a complete, noncompact, orientable surface and let
T : M2 — N3 be an immersion with constant mean curvature H.
Assume that N3 has bounded geometry and that H? > —31; infpr S where
S s the scalar curvature of N3. If M? has finite index, then H? =
—% infyr S,

From this theorem we obtain that, if H is nonzero and N3 has
nonnegative scalar curvature, then M? has finite index if and only if
M? s compact.

Our final theorem generalizes results of Fischer-Colbrie and R. Scho-
en [9] for stable minimal surfaces and of A.M. Silveira [12] for stable
surfaces with constant mean curvature in Q2.

"Let M? be a complete, noncompact, orientable surface and let
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STABLE COMPLETE SURFACES WITH CONSTANT MEAN CURVATURE 131

z : M? — N3 be an immersion with constant mean curvature H.
Assume that N3 has bounded geometry and that H? > —% inf 5 Riceyy .
If x is stable, then

1
H? = —;)infM Ricey

and x is umbilic. Furthermore, M? is conformally equivalent to the
plane or to a cylinder. If M? is a cylinder, then M? is flat”

The results of this paper are part of my Doctoral Dissertation at
IMPA, as were announced in [10]. Personal problems prevented its pub-
lication at the proper time. I want to thank to M. do Carmo for his

orientation.

2. Stability of Compact Surfaces with Constant Mean Curvature.

Let M? be a complete orientable surface and let N3 be a three dimen-
sional complete oriented Riemannian manifold. Let z : M2 — N3
be an isometric immersion with constant mean curvature H. We know
that such surfaces are critical points of the area function for compactly
supported variation that preserve volume. We say that the immersion
is stable if the second variation of the area function is nonnegative, i.e.,

I(f) = /M[—fAf — (Ricen(e3) + || B||?) f2)dA > 0 (1)

for any piecewise smooth function f: M — R with compact support
and with [, fdA = 0 (see [2]). Here A is the Laplacian in M, e3 is a
unit normal vector field, Riccy(e3) is the Ricci curvature of N in the
direction of eg and || B|| is the norm of the second fundamental form B.
Associated to the quadratic form I we have the operator

L = A + Ricey(es) + “3”2:

called the Jacobi operator.

Let (M?,ds?) be a compact orientable surface of genus g. Then M2
has a Riemman surface structure compatible with the metric ds2.

In the study of stability of a compact surface with constant mean
curvature, it is fundamental to have some way of constructing smooth
functions f: M — R with mean value zero, i.e. Jas fdA = 0. For this,
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132 KATIA ROSENVALD FRENSEL
we will use in this section the following result.

Lemma 1. (see [5], Lemma (2.1).) Let S? ¢ R? be the round sphere
of radius one and let ¢ : M? — S? be a nonconstant meromorphic
function. Then there exists a conformal transformation ¢ : §2 —. §2

such that
/ BidA =0
M

fori=1,2,3, where p = poo) = (¥, @2,53) € R3.

Let e1,es,e3 be a positively oriented orthonormal frame defined lo-
cally on M with eq and e tangent to M, and e3 the unit normal vector
field. Let by; = (V,e3,€;), 1 <4,5 <2, be the coeficients of the second
fundamental form B, where V is the Riemannian connection of N.

By the Gauss formula, we have

K = K13 + b11bgg — bi,

where K is the Gaussian curvature of M and Kj; is the sectional cur-
vature of N for the plane determined by e; and e;.

Therefore,
. b11 + baa)? B|?
QH? — K 4 Ky = ¢ 112 22) — bribag + big? = | 2” 2)
and

)2

by — b
HZ—K+K12=(—1~1732_+&%220. (3)

We now prove the results about stability of compact surfaces with
constant mean curvature mentioned in the introduction.

Theorem 2. Let (M?, ds®) be a compact orientable surface of genus g,
and let x : M2 —s N3 pe an isometric immersion with constant mean
curvature H. If x is stable and H? > —%; infps Ricey, where Ricey is the
Ricci curvature of N, then g < 3.

Proof. Suppose that g > 4. Then there exists a nonconstant meromor-
phic function ¢ : M2 — §2 of degree less or equal than (39 +1)/4 (see
[7], pg. 118). So, by Lemma 1, there exists a nonconstant meromorphic
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STABLE COMPLETE SURFACES WITH CONSTANT MEAN CURVATURE 133

function 1 : M2 — S? of degree less or equal to (3¢ + 1) /4 such that

/ asz = 01
M

for i = 1,2, 3, where 1) = (11, %9,%3). Since z is stable, we have
/b lgrad, 2dA > ﬁ (2K + 4H? + 2K} + Ricen (e3))0;- dA,
1 =1,2,3, where grad denotes the gradient in M.
By summing up in 4, i = 1,2,3 and by using that [¢)|? = i@f =1
we obtain that =
/ﬁ V5 > A (2K +4H? + 2Kz + Ricen(eg)dA, (4
3
where | V|2 = Z|gmd@z-|2. By using that [,, KdA = 47 (1 — g), that
i=1

| IV9PaA = s(degree (9),
M

and that
2K19 + Ricey(e3) = Ricen(ey) + Ricey(eg) > —4e,
we obtain
87 (degree (¥)) + 8m(1 — g) > 4(H? — ¢)A, (5)
where A is the area of M2 and ¢ = _% inf pr Ricc;\lr.

If g = 4, degree (¥) < 13/4. So degree () < 3, and by (5), 4(H? —
c)A <0, which is a contradiction. Now suppose that g > 5. By (5),

YH? A< a2t

/

+8m(l—g) <2m(—g+5) <0,

which is again a contradiction. It follows that g < 3 and the theorem is
proved. OJ

Corollary 3. There is no compact orientable stable surface of genus
g =2 4 with constant mean curvature in a three-dimensional manifold
with positive Ricci curvature.
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134 KATIA ROSENVALD FRENSFL

Remark 4 . Corollary 3 also holds if the ambient space has nonnegative
Ricci curvature and the compact surface has nonzero constant mean

curvature.

Remark 5. M. Ross proved in [14] that the classical Schwarz P-minimal
surface of genus three in the flat three torus is a stable constant mean
curvature surface. He also mentions ([14], p. 193) that the constant
ean curvature companions of the Schwarz P-minimal surface that are
close enough to it are stable. Thus, the result of Theorem 2 is sharp.

Remark 6 . It follows from the above Remark that it 1s unlikely that
an explicit description for stable surface can be found even in the flat
3-torus. However, M. Ritoré and A. Ros proved in [13] that if M2 is a
stable compact orientable surface with nonzero constant mean curvature
in the real projective space RP3, then either M2 is a geodesic sphere
(g =0) or is an embedded flat torus (9 =1) of radius r, with 7/6 < r <
7/3, about a geodesic. If H = 0, they also proved that M? is a two fold
covering of a real projective plane (g = 0).

Theorem 7. Let M? be g compact, orientable surface, and let
T : M2 > N3 bean wsometric immersion with constant mean curva-
ture H. If x is stable, then

(H? + c)A < 4,

where ¢ = %infM Ricey and A = area(M). Furthermore, the equality
holds if and only if M? has genus zero, x 1s umbilic and Ky = ¢ in M?2.

Proof. Let g be the genus of M. From the Riemann-Roch Theorem,
there exists a finite number of points py,. .., px, called Weierstrass points
of M, such that, ifp € M—{p,,. .. , Dk }, then there exists a meromorphic
function ¥ : M — $2 such that ¥ is holomorphic in M — {p}, and p
is a pole of order g + 1 of ¥. Then degreey = g+ 1. By Lemma 1, we
obtain a conformal transformation ¢ : 5% — $? such that

/Maszzo
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STABLE COMPLETE SURFACES WITH CONSTANT MEAN CURVATURE 135

where ¥ = ¢ 0 7). Then, by (4),
/ V5|2dA > / (=2K + 4H? + 2K} + Ricen(e3))dA.
M M
since z is stable. Using the facts that

/ |V;p'_|2dA =8m(g + 1), / KdA = 4n(1 — g),
M M
and Ricey > 2¢ in M, we obtain

87(g +1) > —8m(1 — g) + 4(H? + ¢)A.

Thus (H? + ¢)A < 47. Now we suppose that (H?2 + ¢)A = 4m. Then
Ky = cin M, and equality holds in (4). Therefore,

AY + (2K + 4H? + 4¢)ip = 0 in M. (6)
In the other hand, since 1) is a meromorphic function we have
AY +|VY|%) =0 in M. (7)
Equalities (6) and (7) imply that
IVY12(q) = (—2K + 4H? + 4¢)(q),
for any point ¢ € M.

If ¢ > 0, ]Vi_j;]Q(p) = 0, since p is a pole of order (g+1) > 2.
Then K(p) = 2(H? + ¢). Because this equality holds for every point
P € M —{py,...,px} we obtain that K = 2(H? + ¢) in M. Since
H?2 K4 K12 > 0, we have that H? + ¢ < 0, wich is a contradiction.
Then g = 0.

Moreover, since ]]BI|2+Rich(63) = —K+3H?+3c+(H? - K+ Kj9),
and the equality holds in (4), we have

/ (V|2 + K —3H? — 3¢ — (H? — K + Ky9)|dA = 0.
M

By using that [, ||V%|?dA = 8, that Sy KdA = 4x, and that
(H? + ¢)A = 47, we conclude that Ju(H? — K + K12)dA = 0. Then, by
(3), H2 -~ K + K13 =01in M, i.e., z is umbilic.

Now suppose that M2 is an umbilic sphere in N3 and Ky =cin M.
Then

P / KdA = / (H? + ¢)dA = (H2 + o)A,
M M
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136 KATIA ROSENVALD FRENSEL

and this completes the proof of the theorem. [

3. Stability of Complete Noncompact Surfaces with Constant Mean
Curvature.
Let M2 be a complete orientable surface and let 7" = A+q be an operator
in M, where ¢ : M — R is a smooth function. Let I) be a relatively
compact domain in M, with smooth boundary. The indez of T in D,
denoted by Indp(D), is the number of negative eigenvalues of 7" with
Dirichlet boundary condition. We define the indez of T' in M by

Indp(M) = sup Indy(D),

DcM

where D is any relatively compact domain in M.

When T is the Jacobi operator L, the index of T in M is called the
index of M, and is denoted by Ind(M). One can prove (see [13]) that if
the immersion x : M2 — N3 is stable with constant mean curvature
then Ind(M) is at most one. For minimal surfaces, we know that the
condition I(f) > 0 for all compactly supported function f is a necessary
and sufficient condition for stability. Thus, a minimal immersion is
stable if and only if Ind(M) = 0.

To prove our results we will need the following theorems:

Theorem 1. (A.M. da Silveira [15], pg.630.) Let (M2, ds?) be a com-
plete surface and let T = A — K + q be an operator as above, where K
is the Gaussian curvature of M. Assume that the operator has finite
indez and that the function q is nonnegative. Then M? is conformally
equivalent to a compact Riemannian surface minus a finite number of

points. Furthermore,
/ gdA < oo,
M

where dA is the area element in the metric ds?.

Theorem 2. (A.M. da Silveira [15], Pg- 630.) Let (M2, ds%) be a com-
plete surface conformally equivalent to a compact Riemann minus a fi-
nite number of points, and let T — A+q. Assume that q is nonnegative,
q # 0, and that the area of M is infinite. Then there exists a piecewise
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smooth function f: M — R with compact support such that

—fT(f)dA <0, and / fdA=o.
M M

Now we will give the proof of the theorems mentioned in the intro-
duction.

Theorem 3. Let M2 be a complete, noncompact, orientable surface, and

let x : M? — N3 be an isometric tmmersion with constant mean cur-

vature H. Assume that N® has bounded geometry and H? > —% infps S,

where S is the scalar curvature of N3. If M? has finite indexz, then

H?=—1infyS.

Proof. By (2) Jacobi’s operator may be rewritten in the form
L=A-K+gq,

where ¢ = 4H? — K + K + S, and S is the scalar curvature of N given
by S = Kjg + K13 + Kag = K12 + Ricen(e3). Since 3H? + infy S >0
and H? - K + K12 > 0, we obtain that ¢ > 3H? + infy; S > 0. Because
the operator L has finite index, we obtain by Theorem 1 that
/ (3H? +inf S)dA < / qdA < 0.
M M M

On the other hand, since N has bounded geometry, we have that M
has infinite area (see Theorem 1 in the Appendix). So H? = —% infys S,
and this completes the proof. 0

Corollary 4.  Let M? be a complete orientable surface, and let
x: M? — N3 be an isometric immersion with constant nonzero mean
curvature H. Assume that N3 has bounded geometry and nonnegative
scalar curvature. Then M? has finite index if and only if M? is compact.

Proof. Suppose that M is compact. Since L is an elliptic operator, the
index of L in M is finite.

If M has finite index and it is noncompact, we obtain, by Theorem
3, that H = 0. So M is compact. 0O

It should be remarked that when the immersion is minimal the above
situation changes. In fact, it has been proved in (8] and [11] that if M? is
a minimal surface in R3, then Ind(M) < oo if and only if Jy(=K)dA <
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o0. Thus, there exist several examples of noncompact minimal surfaces
in R3, with finite index.
Corollary 5. If M? is q complete surface in the hyperbolic three-space
of sectional curvature —1, with constant mean curvature H > 1, then
Ind(M) < oo if and only if M is compact.

If H = 1, M. do Carmo and A.M. Silveira proved in [4] that Ind(M) <
o0 if and only if [,,(—K)dA < co. Thus there are examples of noncom-
pact surfaces with H = 1 in the hyperbolic space with finite index.

Corollary 6. There is no complete, noncompact surface with constant
mean curvature and finite index in a three-dimensional compact Rie-
mannian manifold with positive scalar curvature.

Theorem 7. Let M? be q complete, noncompact surface with constant
mean curvature and let x : M2 —s N3 be an isometric wnmmersion with
constant mean curvature H. Assume that N3 has bounded geometry.
If H? > —%Ricc;\;, where Ricey is the Ricci curvature of N, and =
is stable, then H? = —% infps Ricey = —-% Riccy(e3) and z is umbilic.
Furthermore, M? is conformally equivalent to the complex plane or the
cylinder. If M? is a cylinder, then M? is flat. '

Proof. Since z is stable and H? > —% Ricey > —rl)r infys S, we have, by
Theorem 3 that H?2 — —31{ infyr S = ~% inf s Ricey. From Theorem 1
we also have that M2 is conformally equivalent to a compact Riemann
surface minus a finite number of points.

The Jacobi operator L can be rewritten in the form I, — A+q, where
g= 2(H2—K+K12)+2H2+Rich(€3). Since z is stable, H2—K+K12 >0
and 2H?+Ricen (e3) > 0, we obtain by Theorem 2 that H2— K+ K15 = 0
and H? = —% Riccy(e3) on M2. So, the immersion z is umbilic.

On the other hand, since

—3H? S =I5 Riccy(e3) = K19 — 2H2,

we have that K = K19 + H2 > 0. Tt follows that the operator A — K is
positive semidefinite. So, there is a smooth positive function f: M —
R that satisfies Af — K f =0 on M2 (see Theorem 1 in [9]). Therefore,
by Theorem 2 in [9], we know that the universal covering of M? is
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conformally equivalent to the complex plane. So, M?2 is conformally
equivalent to the complex plane or the cylinder. If M? is conformally
equivalent to the cylinder we have by the Cohn-Vossen inequality, that
Jy KdA < 0. Since K > 0, it follows that K = 0. This completes the
proof. OJ

Remark 8 . If N3 has nonnegative Ricci curvature, the theorem above

extends to surfaces with constant mean curvature the result obtained
by F. Colbrie and R. Schoen in [9].

Remark 9. If N3 = Q3(c), ¢ = —1,0,1, the theorem above yields the
results proved by A.M da Silveira in [15].

Appendix

Let N™ be a complete Riemannian manifold of dimension n. We de-
note by iy(p) the injectivity radius of N in p and by Ky the sectional
curvature of N. As mentioned in the introduction, a manifold N™ has
bounded geometry if there exist positive real numbers § and ) such that
Ky < 6% and iy = Aon N™.

The purpose of this section is to prove the following result.

Theorem 1. Let M™ be a complete, noncompact manifold, and let x -
M™ — N™ be an isometric immersion with mean curvature vector field
bounded in norm. If N™ has bounded geometry, the volume of M™ is
infinite.

Remark 2 . In the case that N has nonpositive sectional curvature, the
result above has been proved by D. Hoffman and R. Schoen (personal
communication).

In the proof of Theorem 1 we will use the following result which
gives us a bound from below to the volume of a geodesic ball in M. We
denote by B, (p) the geodesic ball in M™ with radius x and center p,
and by wy, the volume of the unit ball in R™.

Theorem 3. Let x : M™ — N™ be an isometric immersion with mean
curvature vector field H bounded in norm. Assume that N™ has sectional
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curvature Ky < 62, where § is a positive real number. Then
Vol (Bu(p)) > 6 ™ wy (sin ud)™eHok (1)

where p < min{ s, in(p)} and |H| < Hy.
Remark 4. When N has nonpositive sectional curvature we obtain, by
letting ¢ tend to zero,

Vol (BL(p)) > wmpu™eHok,

where p < iy(p).

For the proof of theorem 3 we will use the two lemmas below. First
we give the following definitions.

Let 2 : M™ — N™ be an isometric immersion. Given a vector field
V:M — TN, its gradient VV : TM —s TN is the map w — V,V,
where V is the covariant differentiation on N. The divergence of V on
M, denoted by divyV, is the trace of VV on TM. If e1,..., e, is an
orthonormal frame of T, M, then

m
divpV(p) = 3 (Ve V. €:)(p).
i=1
Lemma 5. (see [12], pg. 719.) IfV : M — T'N is a vector field on M,
then
divp VT = divyV + (V, H), (2)
where VT denote the projection of V onto TM.

Lemma 6. (see [12], pg. 721.) Let z : M™ — N™ be an isometric
immersion, pg € M™ and r(-) = dn(-,pg). where dy is the geodesic
distance in N™. Let V = rgradr be the radial vector field centered at
po, where grad is the gradient in N™. If N™ has sectional curvature
Ky < 62,6 >0, then

divyrV (p) > mér(p) cot(6r(p)),

for any point p € M such that r(p) < min{m/é, in(pg)}.

Remark. In the case that N™ has nonpositive sectional curvature, we
have
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for any point p € M such that r(p) < in(pg). For this, we let § tend to

zero and observe that s - cot(s) — 1 as s tend to zero.

Proof of Theorem 3. Let py be a point in M, r(p) = dy(p,pg) and
V(p) = r(p) gradr(p). Let p be the function r restricted to M. Since
gradyp = (gradr)T, we obtain by (2) that

App*(p) = 2divpr(p(gradr)T)(p)
= 2divy VT (p) = 2(divV + (V, H))(p)
> 2(mép cot(6p) — pHy)(p),

for any point p € B, (py), where A); is the Laplacian on M and p <
min{7 /0, ix(po)}. By integrating the above expression,

f Anip*dA > 2mC () — 2H, / pdA, (3)
Bu(pg) Bu(po)

where C'(u) = fBu(po) pcot(6p)dA. On the other hand, by using Stokes
theorem, we obtain

/ AprpPdA = gradyp® 77 ds,
By (po) dBu(po

where 7" is the exterior normal vector field to B,.(pg) on 0B, (pg). So,
since [gradyp| < 1 and p(p) < das(p, po), we obtain

/ AnpPdA < 2uAw), (4)
Bu(Po)

where A(u) = voly,_1(0B,(pp))-
Moreover, since p(p) < p < m/26 and p € By(po),

p(p) = p(p) cot(6p)(p) tan(6p)(p) < p(p) cot(8p)(p) tan(Sp). (5)
By (3), (4) and (5),
pA(p) = (md — Hy tan pé)C(p). (6)

From the formula co-area formula (see [3] pag. 80), we obtain

dC
dn > peot(6p) A(p), (7)

Bol. Soc. Bras. Mat., Vol. 27, N. 2, 1996




149 KATIA ROSENVALD FRENSEL

since the function s +— s - cot(s) is decreasing in [0,7/2] and p(p) <
dr(p, po)- So by (6) and (7),
%(C(#)(Sm )Ly (sin p28) ™" (6 cos pé — Hy sin ub)C'(pu). (8)
Therefore,
45 (C () (sin )~ +1)
C(p)(sin pd)—m+1
By integrating the above expression from ¢ to /t, we obtain

” (C(ﬂ-)(sin po)m
s C(€)(sin €)™

> 6 cot uéd — Hy.

) > —Hp(p — e).
It follows that
C(u)(sin 6)™™ > C(€)(sin e8) "™ e Holu—e),

We now consider the function p(p) = dy(p, pp) and the function

el = /B E(m)pcon("pé)m.

Since C(€) > C/(e) and

li T(e)(sin(e6)) ™™ = 8™,

we obtain
Clp) > 6 ™ Ly, sin(us)™e=Hor,

On the other hand, since the function s — s - cot(s) is decreasing and
§-cot(s) — 1, as s tend to 0, we have

volm (Bu(po)) > 6C ().
Then

Vol (B (po)) > 6~ ™ wpy, (sin ub)™ e Hok,
and this completes the proof of Theorem 3. [J

Proof of Theorem 1. Let A > 0 be a real number such that iy(q) > A
for any point ¢ € N, and let y = min{7/26, \}. Then, by (1),

volm(Byo(p) > L > 0, (9)
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for any point p € M™, where
L = § ™ wy, (sin pgd)™eHoto,

Since M™ is complete and noncompact, it has a geodesic ray
7 :[0,00) — M™. Consider the sequence of points Pj =¥(3710), 7 > 0.
Then, if j £ k,
By (Pj) N Byy(pk) = 2.

So, by (9), for any positive integer ,

k

Vol (M) > vol,, (U Buo(p@-)) > (k+1)L.
1=0

Since k is arbitrary, the volume of M™ is infinite, and this completes

the proof of Theorem 1. [

Corollary 8. Let M™ be a complete, noncompact Riemannian manifold,
and let N™ be a compact Riemannian manifold. Let z : M™ —s N™
be an isometric immersion with mean curvature vector field bounded in
norm. Then the volume of M™ is infinite.

References
(1] Barbosa, J.L. & do Carmo, M., Stability of hypersurfaces with constant mean
curvature, Math. Z., 185, 339-353 (1984).

[2] Barbosa, J.L., do Carmo, M. & Eschenburg, J., Stability of hypersurfaces with con-
stant mean curvature in Riemannian manifolds, Math. Z., 197, 123-138 (1988).

(3] Bérard, P.H., Spectral Geometry: Direct and Inverse Problems, Lecture Notes in
Mathematics 1207, Springer Verlag (1986).

(4] do Carmo, M. & da Silveira, A.M., Index and total curvature of surfaces with
constant mean curvature, Proc. AMS, vol. 10, 1009-1015 (1990).

[5] El Soufi, A. & Ilias, S., Le volume conforme et ses applications d’aprés Li et
Yau, Séminaire de Théorie Spectrale et Géométrie, Chambery-Grenoble, VII,
1-15 (1983-1984).

[6] EI Soufi, A. & Ilias, S., Majoration de la seconde valeur propre d’un operateur
de Schrodinger sur une variété compacte et applications, Jour. Funct. Analysis,
103, 294-316 (1992).

[7] Farkas, H.M. & Kra, 1., Riemannian Surfaces, Springer Verlag.

[8] Fischer-Colbrie, D., On complete minimal surfaces with finite index in three-
manifolds, Invent. Math., 82, 121-132 (1985).

Bol. Soc. Bras. Mat., Vol. 27, N. 2, 1996




144 KATIA ROSENVALD FRENSEL

[9] Fischer-Colbrie, D. & Schoen, R., The structure of complete minimal surfaces
i 3-manifolds of nonnegative scalar curvature, Comm. Pure Appl. Math., 33,
199-211 (1980).

[10] Frensel, K.R., Stable Complete Surfaces with Constant Mean Curvature, Anais
da Acad. Bras. de Ciéncias, vol. 60, N° 2, 115-117 (1988).

[11] Gulliver, R., Indez and total curvature of complete minimal surfaces, Proc. Symp.
Pure Math., 44, 207-211 (1986).

(12] Hoffman, D. & Spruck, G., Sobolev and isoperimetric inequalities for Riemannian
submanifolds, Comm. Pure Appl. Math., 27, 715-727 (1974).

[13] Ritoré, M. & Ros, A., Stable constant mean curvature tori and the isoperimetric
problem in three space forms, Comment. Math. Helv., 67, 293-305, (1992).

(14] Ross, M., Stability properties of complete two-dimensional minimal surgaces in
Euclidean space, PhD Thesis, Berkeley, (1989).

(15] Silveira, A.M., Stability of complete noncompact surfaces with constant mean
curvature, Math. Ann., 277, 629-638 (1987).

Katia Rosenvald Frensel
Departamento de Geometria
Instituto de Matematica
Universidade Federal Fluminense
Rua Sao Paulo s/n, Valonguinho
Centro 24040-110, Niteroi, R]
Brazil.

Bol. Soc. Bras. Mat., Vol. 27, N. 2, 199




	Boletim 27 N°2 - 109-173
	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65

	Boletim 27 N°2 - 174-232
	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58


