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Abstract. In this article we consider two kinds of complex singular cycles arising 
for vector fields defined on three-dimensional manifolds. We prove that ,  under some 
generic conditions, any one parameter  family of vector fields passing through these 
cycles has the following property : Hyperbolicity is a prevalent phenomena. 

1. Introduct ion  

Let M be a C ~ ,  n-dimensional, compact,  connected, boundaryless, rie- 

mannian manifold. Let X E 9U(M) be a C~-vector field on M. 

Definition. A cycle for the vector field X is a compact,  invariant set 

F C M formed by: 

(i) a finite number of singularities and periodic orbits 

r0 = {G0,... 
(ii) the complement F1 = ( r \ r 0 )  is a set of regular trajectories of the 

vector field X tha t  satisfies: 

(CC)l for any t ra jectory  T C El, there exists 0 < i < n such that  

w(T) C a(i+l)mod(n+l ) and a(T)  C ~i; 
(cc)2 given 0 < i < n there exists a t ra jectory  T C 1"1 such tha t  

w(T) C o(i+l)mod(~+l ) and ~(T) C a i .  
Here w(T) (respectively ~(T)) denotes the w-limit  set (respectively 

the s-l imit  set) of the t ra jectory  T. 
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344 R. LABARCA AND B. SAN MARTIN 

A cycle will be called s ingular  if it contains a singularity; hyperbo l ic  

if all critical elements in r are hyperbolic. 

In this article we will deal wi th  two kind of 3-dimensional, hyperbolic,  

singular cycle, F C M 3, defined in the  following way : 

The  first one contains a unique singularity, ao(X),  a periodic orbit  

(rl(X) and trajectories (see figure 1): 

T ( X )  C W U ( o - o ( X ) )  N W S ( o l ( X ) ) ,  O ( X )  C W U ( c r l ( X ) ) A  W S ( c r o ( X ) ) .  

o ( x )  

-y(x) 

Figure 1. 

(X) 

Figure 2. 

The  second one contains a unique singularity, ~0(X), and a trajec- 

tory (see figure 2) 

T(X) c a WS( o(X)) . 

Let L/x C3U(M 3) be a small ne ighborhood of X in Y~(M3), with  the 

usual C~-topology, r _> 3. In the first case we will assume the following 

regulari ty conditions : 
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PREVALENCE OF HYPERBOLICITY FOR COMPLEX SINGULAR CYCLES 345 

1. r = {a0(X), T(X),  (rl(X), @(X)} where W~ = W~(crl(X)) intersects 

transversally W~ = Ws(~7o(X)) along the orbit O(X); 

2. The eigenvalues of 

DX(ao(X))  : Tc~o(x)(M3) ---+ T~,o(x)(M3) 

are a + ib, and c where a _< 0, b r 0 and c _> 0, and satisfy a 

k-Sternberg condition, k big enough to guarantee tha t  we have C 2- 

linearizing coordinates at cr0(Y), all Y E b/x, which depends C 2 on 

Y. 

3. Let P(Y)  denote t h e  Poincar5 map associated to or1 at 

ql(Y) E a l (Y) .  We suppose tha t  the eigenvalues of DPI(ql(Y)) 
are real numbers and satisfy a k-Sternberg condition, k big enough 

to guarantee tha t  we have C 2- linearizing coordinates which depends 

C 2 on Y E b/x, in a neighborhood of ql (Y). 

In the second case we will assume condition 2 above. In this situation 

interesting dynamics occurs only for 

a(X) 
c(X) 

In the sequel we will assume that  we have this condition. A cycle as 

above is called a eomplez ezpanding singular cycle. 
Given a neighborhood U D r in M 3, let us F(Y, U) denote the set 

{x E N tYt(U) : x is a chain recurrent point }, for ! / C  Ux. 

Comment .  It is clear tha t  these cycles persists in a codimension-1 sub- 

manifold H C ~ ( M 3 ) .  

Let {X,}  C b/x be a one-parameter  family of vector fields such tha t  

X = X0 E H and {X,}  is transversal to Af at # = 0. We can assume , 

for # _< 0, tha t  T (X , )  is a wandering orbit. 

Now we define a relative neighborhood, U~, associated to the cy- 

cle. In the first case U, is formed by: a linearizing neighborhood, U0, 

of the singularity; a neighborhood, U1, of the periodic orbit generated 

by a transversal section where there are linearizing coordinates for the 

Poincar6 map; a neighborhood of a compact part  of the orbit O(X) 

joining U0 with U1, and a neighborhood of a compact  part  of T(X),  V,, 
whose points are located at a distance at most K#,  K _> 0, from the 
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346 R. LABARCA AND B. SAN MARTIN 

stable manifold of the periodic orbit. In the second case we choose a 

linearizing neighborhood U0 of the singularity, and a neighborhood of 

a compact part of T~, V, ,formed by the points that are located at a 

distance at most K#  from the stable manifold of the singularity. 

Let H~ = { - #  _< u _< #, F(X~, U~) is a hyperbolic set}, under the 

previous conditions we have the following 

Theorem. 

lira m(Hv) _ 1 
#-~0 # 

that is: prevalence of hyperbolicity in a relative neighborhood of a com- 

plex singular cycle. 

We remark that this is a surprising result since all the evidence 

(see [PRV],[CL],[G]) indicated that, in this situation, the non-hyperbolic 

systems were prevalent. The important point here is that we restrict the 

dynamic to a relative neighborhood of the cycle. 

We point out that San Martin in [SM] introduces some basic tech- 

niques that we use here. 

Acknowledgements. We are grateful to the kind hospitality of the 

Instituto de Matem~tica Pura e Aplicada (IMPA), while preparing part 

of this paper. 

2. P r o o f  o f  the T h e o r e m  

2.1. Geometry of  the first return map 

In the sequel we will give a proof of the Theorem in the first case. The 

second case follows in a similar way. 

Let X E Y~(M 3) be a C~-vector field having a complex singular cycle 

and 5/:( C Yr(M3) be a small neighborhood of X. 

Note. After a linear change of coordinates, we obtain b(Y) > O. 

Let (zl, x2, x3) be C2-1inearizing coordinates, for the vector field Y E 

/~/x, in a neighborhood of the singularity ao(Y). In these coordinates Y 
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has the following form: 

Xl = a ( Y ) x l  - b(Y)x2 

(Y) := 22 b(Y)x l  + a(Y)x2 VI(Xl,X2, X3) I ~_ 2. 
23 c(Y)x3 

Let us consider the Poincar6 maps  defined by the Y-flow on the 

sections 

E0 = {(0, x2,x3);0 H x2 H 1, Ix31H 1} 

and 

E1 = {(Xl,X2,1);IXl [ H 1; Ix21 _< 1}. 

7rL,y:Ho = {(0, x2, x3) C E0; 0 <  x 2 H 1, Ix31H or(Y) -1}--+ E0 

and 

7r0, Y : H i -- {(0, x2, x3) E E0; 0 < x 2 H 1, o-(Y) -1  ~ x 3_~ 1}--+ E 1 

given by the equations: 

7 r L , y ( X 2 ,  X3) ---- (,~(Y)x2, cr(Y)x3) 

and 
a ( Y )  b(Y)  a (Y )  b(Y) 

7co,y(x2 ' x3 ) = (_x3 c(Y) x2 sin(ln(x 3 c(Y) )), x3 c(Y) x2 cos(ln(x 3 c(Y) ))); 

where 
,~ a (Y )  ,~ c (Y)  

)t(Y) = e~b~Y~ and ~r(Y) = e~b-~5. 

Let Q1 c M 3 be a transversal  section at q l (X)  c oh(X),  and  let 

(x,y); Ix] H 2, lYl -< 2 be C2-1inearizing coordinates for the Poincar~ 

map  P ( Y )  associated to the periodic orbit,  i.e. 

P(Y) ( x ,  y) = (p(Y)x,  ~(Y)y). 

We may suppose tha t  0 < p(Y)  < 1 and ~(Y) > 1. We will define 

p(Y) = (x(T), y(T)) T(Y) Q1 

(resp. q(Y) = (O,y(O)) E O(Y) A Q1 ), 

the  first (resp. the  last) intersection such tha t  x(T) < 1 (resp. y(O) H 1). 

Clearly we have defined a Poincar~ map  7h,y : ~1 ---+ Q1 which 

is a C2-diffeomorphism. Obviously 7rl(0,0) = p(T). Moreover, we 
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have defined a C 2 Poinca% map r : R(Y)  c Q1 -+ 20; 7r2,y = 

( C(Y, x, y), D(Y, x, y) ), where R(Y)  is an horizontal  strip containing the 

connected component  of WS(cro(Y)) A Q1 tha t  contains q(Y). Here a 

horizontal strip is a closed set, R C Q1, bounded  (in Q1) by two dis- 

joint  continuous curves connect ing the vertical lines {( -1 ,  y); lYl -< 1} 

and {(1, y); lyl-< 1}. 
Changing,  if necessary, linearizing coordinates we can assume that:  

i. 7rl,y(xl, x2) = (A(Y, xl ,  x2), B(Y, xl ,  x2)); where 

OB 
O B ( y , o , o ) = o  and ~ ( Y ,  0 , 0 ) < 0 .  
Ox2 

Therefore, 
OA 
0 22 (Y, 0, 0) r 0. 

ii. A(Y,O,O) = x(T) = cO,p(Y) < co < 1, q(Y) = (0, y(O)) = (0, 1) and 

7C2,y(q(Y)) = (C(Y, q(Y)), D(Y, q(Y))) = (Cl, 0), A(Y) < Cl < 1. 

iii. The  transversali ty condit ion implies tha t  

OD 
~yy (Y; x, y) r O, (x, y) E R(Y),  Y E blx. 

Withou t  loss we will assume tha t  OD(y,x,y) > 0 and that ,  if 

necessary changing 7r2,g by a composi t ion 7r2,yOTr3L,y s o m e  j > 0,the 

image of the  connected component  of W~(al(Y))  • Q1 tha t  contains 

q(Y) is a nearly vertical line. 

iv. We can take the curves tha t  define the  vertical strip ,R(Y) ,by the 

implicit equations D(Y, x, y) = 0 and D(Y, x, y) = d. 

The Implicit  Funct ion Theorem on Banach spaces implies tha t  the 

condit ion x(T) = 0 defines a C 2 codimension-one submanifold,  which is 

just Af C b/x. 

We observe tha t  Y E b/x implies tha t  oh(Y) has homoclinic orbits 

and therefore Y does not  have simple dynamics.  

Let U D F be a neighborhood of the complex singular cycle r .  Since 

F(Y, U) is the sa tura t ion of F(Y, U) A Q1 by the  flow Yt, and F(Y, U) • Q1 

is the chain recurrent  set of the  first re turn  map  Fy associated to the 

section Q1, it is necessary to describe the dynamics  of F y  to unders tand  

the dynamics  of Y on F(Y, U) (see figure 3 ). 
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, Z 
i 0 I 

~ ' / / / / / / / / / / / / ~ / / / / 2  R(7) 

V 

Figure 3: The  g e o m e t r y  o f  the first return map.  

Let define 

and 

v = { (x ,  y) c Q1; Ix - col _< D }  

R j ( Y )  = P ( Y ) - J ( R ( Y ) )  A V. 

Let #o > 0 be a small number  and, V.o C Q1 be the relative neighbor- 

hood given by: 

V~o = { (x ,  v) ~ Qt  : Ix - col <_ ~ ; ly l  <- ~o }. 

Let mo E N be the greatest integer such that  ~ -too(Y) > Po. 

It is clear tha t  a first re turn map is defined on Uj_>mo Rj (Y) .  In fact, 

given (x, y) E R j ( Y )  we have 

P(Y)J(x ,  y) E R(Y); rC2,y(P(Y)J(x, y)) C E0, 

there exist n E N such tha t  

7r~,y(Tr2,y(P(Y)J(x, y))) E HI; 

7rO,y(Tr~,y(Tr2,y(P(Y)J(x, y)))) E El; 

rcl,g(rrO,z(rc~,,z(rr2,y-(P(Y)J(x, y))))) E Q1. 

Tha t  is : for (x,y)  E R j ( Y )  the first re turn map, F y  , is given by : 

n P (Y)J (x, y) Fy(x ,  y) = 7rl, Y o 7c0, Y o 7rL, Y o 7r2, Y o 
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3 5 0  R. LABARCA AND B. SAN MARTIN 

In the sequel we will deal with a C ~ one-parameter  family of vector 

fields {Xu} c Hx  such that  X = X0 and {X~} is transversal to Af 

at X.  We change the Y- dependence notations for U. After a new 

parameterizat ion we have that  7rl,u(0~ 0) = P(U) = (Au(0, 0), Bu(0, 0)) = 

(co, u). 

2.2. B o u n d s  for the locus  o f  the chain recurrent set 

Let # be a parameter  value such that  [#[ _< #0 , #0 fixed. Denote  by 

Vul 0 (#) the preimage rc;,l(vu0). Wi thout  loss we will assume that  

~1,~({(o, x); Ixl _< 1} c {(x, u); o < x < 1 }. 

Denote by Vd(U) the image 7r2,u(R(u)) . It is clear that  : 

vd(u) c {(o, x2, x3 ) : Ix2 - cl I -< K ;o _< x3 _< d.} 

_ n 1 Let nl  E N be the first integer such that: cr~ 1 _< cr u d < 1. An easy 

computat ion will show the following result. 

Lemma  1. The set Dn(u) = {(I~ x2,  x3 ) E HO} such that 

] x 2 - c 1 [  <_K ;and 
a(~) b(~) 

- 2 C u o  _< - x  3 c(,) .~  x2 sin(ln(x 3 ~(") )) _< 2Cuo 

is contained in 
1 1 

{(A~x2,x3) ;x3 ~ [ ~ 1 , ~  + 0 u ~ ]  u [~;~ - Ou~,~; ~ + 0u~]u 

u [ ~ -  cu~,~]},  

for  n l  <_ n <_ n2 - 1. Here n2 is the greatest integer which satisfies 

A~nuo <- U~; C is some positive constant and 0 < 7 < 1. For n >_ n2 

we have 

D ~ ( u )  c { ( ~ x 2 , x 3 ) ; l x 2  - C l l _ < K , ~ ;  ~ _< x3_< 1}. 

Now, let 

C~(U) = 7rL,~(Dn(u)) N [c 1 -- K,  c I + K] • [0, d] 

for n l  _<n < n 2  - 1 and 

co(u) : [~1 - K, ~ + K] • [o, ~F~:I. 
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It easy to see tha t  given e > O, the set 

n2-1 

U cn( ) u Co( ) 
n = n  I 

is recovered by 
L n 6  

( nl + 2) 
L n a u  

boxes of the type [cl - K, Cl + K] x [xa - e, x3 + e] where x3 is some 

point of the sequence 

{ O-;n,  O-;n~/V~pl  } n > n l  . 

Er~(#) denote the preimage rc~,l(Cn(#)). For j _> n 0  we Let let 

E { ( # )  denote the set P ] 3 ( E n ( # ) )  n V~, o. Define y(# ,  n) and y�89 n) by 

- o . - n  ~ T . l  the equations D ( f , O , y ( # , n ) )  = cr, n and D(p,O,  Y�89 = ~ V ~  ' 

respectively. 

Now we establishes a result tha t  we will use in the sequel : 

Lelnma 2. Let  7- : [ - c ,  e ] ---~1 O, 1 I be a lipchitz map.  Given X E] O, 1 [ 

there exists eo > 0 and no E N such that �9 For any # ; 1 # 1  < eo 

a n d n  E N such that n > no we h a v e :  I t ( p )  n - 7(0) n I < (r(0)) nx I#1. 

Proof.  See appendix. 
m0 Let m o =  m ( # o )  be defined by the relations ~ 1  < ~,0 #0 < 1. Using 

lemma 2 and the previous remark a straightforward computat ion will 

show that  : 

L e m m a 3 .  Given ~ > 0 and smal l  #o > 0 . For any I#] <- #0 we 
Lne ' '  ~l I~e-I EJ(#)  U E~(#)) is covered by (--Lncrl~ have that <Jj>mo\<.~n=n 1 n l  + 

2) ( -  Lne + K1) boxes of  the type [co - 5, co + 5] • [y - e#0, y + e#0], where Ln~p. 

y { oJy(0, n), oJyl(0, );n >_ n l , J  -> n0}. 

2.3. One-dimensional analysis 

Let us now consider the maps fn,mx2, f;*,x2 : [cru 1, 1] --+ R; 

1 B fn,u,x2(X3) = ~ [  /. o rr0,.(A~x2,x3) - #] 

and 
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Since: 

where  

we have: 

f#,x 2 (X3) = --OXlB#(O, O)X3a/cx2 sin(ln(x3b/c) ). 

B.(zl ,  x2) = B.(o, o) + O~IB.(o, o)za + O~2B.(o, 0)x2+ 
1 2 1 

q- ~ 0 X l x l B # ( 0  , 0)Xl ~- ~0XlX2B#(0, 0)XlX2+ 

1 2 
+ ~Oz2x2B#(O, 0)x2 + r3,u(Xl, x2), 

lim r3,~(Xl, x2)  _ 0; 
(Xl,X2)---+(0,0) I I(x~,  x2) l l  2 - 

a b a b B# n _ - ~  n - -  o 7rO,t~ (A.x2, x3) - B .  ( - x  3 A.x2 sin(ln(x 3 c)), x3 c A~x2 cos(ln(x 3 c))) = 

= It -- OXlB#(O , '~" - a / c . n  uax a ~.x2 sin(ln(x2b/c))+ 

+ ~OXlX, B.(o, O)(*;a/cA;x2 sin(ln(x~b/~))) 2 

10xxx~S.(O, O)(07~a/~A;*2) 2 sin(ln(07~b/~)) cos(an(07~b/~)) 2 
q- ~Ox2x2B#(O, O)(073a/CApx2 cos(]n(073b/c) ) ) 2 @ ~'3,/z (Tr0,#(A~x2,073)). 

Hence:  

1 B n fn,mx2 (x3) = ~ [  . o ~ro,.(A#x2, x3) - #] = 

= -OxIB~(O, 0)072a/%2 sin0n(072b/~))+ 
A ~ 

+ "'#20xlxl B.(O,  O)(x3a/ex2 sin(ln(x3b/c)) 2 -  

An 
2 ~t OXlX2 B#(O, O)(x3a/Cx2) 2 sin(ln(x3b/c)) cos(ln(x3b/c))+ 

-~- ~Ox2x2B#(O,  O)(x3a/Cx2 cos(ln(073b/c) )2 + 

1 n + ~3, .(~o, . (A.x2,  ~3)); 

since crfi I < x3 _< 1 we have 1 _< x 3  b/c < o-~/~ and  cr~/c <_ x 3  a/~ < 1. 

Thus,  we obtain:  

Ifn,#,x2(x3) - ft~,x2(x3)l <_ CIA~ ,  ~51 <_ x3 <_ 1. 
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In a similar way we get: 

and 

] t X I f ~ , . , x 2 ( X 3 )  - f~,x2( 3)] _< C2A. 

any cr~ 1 < x3 _< 1. 

So, we proved: 

L e m m a  4. IIfn,u,x2(')- fu,x2(')][c2 _< C4A~, any n E N; any # C 
[-#0,/tO], #0 small and any Ix2 - c l l  _< K. 

Remark  3. 

1. The critical points of the map fa,x2('), xl(#) and x~(#) respectively, 

do not depends on the x2- variable and satisfy ~ f ~ l  < xl(#) < 1 

tt X i ( s e e  and x~(#) = x l ( # ) ~  1. Moreover f ; ,xz (3(#) )  =/ 0 , i  : 1,2 

figure 4). 

2. For the critical values we have: 

x i  i __a b fu,x2(3(/t)) =-0xlB#(0~ 0)(x3(#)) cx2 sin(ln((x~(#))-c)); i = 1, 2. 

a-1 / 1 12 1 

Figure 4: Critical points of the map f#,x 2 ('). 

2.4.  Relat ive  n e i g h b o r h o o d s  and  critical po in t s  

Let us now compute the critical points of the maps Bu o :r0,~(Anx2, x3); 

~-1 ~ x3 ~ l, x 2 fixed. 

Since B#oTr0,~(A~x2, x3) = A~fn,p,x2 (x3)+p, we have that  the critical 

points of the map B~ o 7r0(A~x2,-) are the same as for the map fn,#,x2 ('). 

Bol. Soc. Bras. Mat., Vol. 28, N. 2, 1997 



354  R. LABARCA AND B. SAN MARTIN 

Let x~(n,#) ,  i = 1,2 be  the  cri t ical  points  of the  ma p  fn,t~,x2(') ( they  

are independen t  of x2). 

Since 

fn' (X i (n _ , i C4)~,  #2 , , '  3, ,#) )  f'~,xe(X3(n,#))l < 

e' ~x i rn C 4 ~ .  we have tha t  ~,,~2v 3V ,#))l --< 

F rom the  o ther  side, the  equal i ty  : 

' - ' = [/;,x2( 3)1 I x ~ ( n , # ) -  xi 

implies : 

~ t t  ( ,~ i  \ " i , n -xa( , ) l  I&~(x~(~,,))l_< c 4 ~ ,  

t ha t  is: 

Since 

Ix~(n, ~) - _< C5 ~. x~( , ) l  ~" 

we get: 

- fu,x2 (x3(#))l -< If~,u,~ex~3( n, #) - fu,x2X~3( n, #)l 

+ I f , , x e X ~ ( n , # ) -  f,,xe(X~3)l 

< K ~  + If;,~2(~a)llx~(n,,)' - x3(,)li 

= CTA~ 

t ha t  is: 

- f~#u(X3(/~))l _ CTA~. IA,,,x2 (x~ (n, ~)) i 

From the  equali ty:  

we obtain:  

n n i IB,  o ~0,~(A~x2, x~(n, ~)) - ~ - ~f~,x2(Xa(~)) l  -< 
X i 2 n  <- A~]f,~,#,x2(Xi3(n,#)) - fu,x2( 3(#))[-< C7A# . 

i X Let  Yn(#, 2) = Bu o rr0,u(A~x2, x~(n, #)), we have proved.  
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Lemma 5. There are constants C5, C7 > 0 such that 

Ix~(n, ~) - <_ C~A., 

and 

355 

(3) 

n i 2 n  lye(#, x2) - (# + AJ,,x2(X3(#)))] <_ C7A, (4). 

f o r i  = 1,2. 
Let us now define: i n i )in(P, x2) = # + A~f,,x2 (x3(#))- Since A = A, and 

i fu,xz (x3 (#)) = -Ox2 Bt~ (0, O)(x~3 (#)) -~/c sin(ln(x~ (#) )-b/c) )X2 = ti (#)x2, 

we have: X~(P, x2) = p + A~x2ti(p), t l (p)  > 0 and t2(#) < 0. 

Applying lemma 2 to the map  ~-(p) = Au we obtain: 

therefore, using lemma 5 

L e m m a 6 .  Given 1 >  X > O, there are no E N and constants C7, C9, 

C10 > 0 such that for all small #0 > O, 

lye(u, x2) - ( .  + :~t~(o)~a)l < c 7 ~  n + ~ 6 9 ~ o  + c l o ~ 1 ~ 2  - ~11 

any n _> no, i = 1, 2, and t#[ - < #0. That is: the critical values y~(#,i x2) 

are in the ( C7 A~ n + A~xC9#o + C10 A~[x2 - Cl[)-neighborhood of the points 

+ ~t~(0)e~. 

2.5. P r o o f  o f  the Theorem 

Let #0 > 0 be a small parameter  value and Vu0 C Q be the relative 

neighborhood given by 

V.o = {(~,y)e Q;Ix-~ol _<~, Ivl _<~o}. 

Let ]#] < #0 be a parameter value. 

Let ( xo, Yo ) E Vuo • F( Xu, Uuo ) and (x, y ) E Vuo N P(Xu, Uuo ) 

be two points related by the equation : 

m (xo, y o ) =  F u ( x , Y ) = 7 ~ l , u  ~ ~ o ~-2,, o P~ (x  , y);  
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where n > n l , m > _ m o .  

Clearly, for any n > n l  such that  A s > 3#0, the angle, V ,  between 

the images of nearly vertical lines t rough ( x ,  y ) and the horizontal line 

t rough (x0 ,Y0 ) is bigger than a constant C > >  0 ( see figure 5 ), 

/t 

A 

(Xo,Vo) 

Figure 5: The angle ~7. 

Let n > nl  be an integer such tha t  A~ < 3#0. 

In this situation, given e > 0 we will choose parameter  values in such 

a way tha t  V > C(e) > 0. 

First, we give a precise bound for the locus of the critical values in 

Lemma 6. In fact, we have lx - cl] < Cll#~ where 

0 < a < rain{ Ln(o-•) Ln(p , )  }. 
L n ( A , ) '  Ln(~u) 

Hence, 

l y / ( L t ,  X2) --  (~t + A ~ i ( O ) c 1 )  I _~ C12/~0 l + t  , i - -  O, 1 

and t = rain{a, X }. 

Let 

C(#O) = {(Ao)nto(O)Cl, (Ao)ntl(O)Cl;anynsuch that(Ao) ~ < 3#o } 

and 

E(#0) = {(~0)-Jy(0, n) , (~o)-JY�89 (O, n) ; n > n I , j >_ mo }. 
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Denote by  C~(#o) and E~(#o) the epo-neighborhood of the sets C(#O) 

and E(#O) , respectively. 

Let H~o(r ) = {# E [ - # 0 ,  #0]; d(Cc(#o) + # ,  E~(#o)) >_ c#o }. 

Lemma 7.For any #0 > 0 small enough we have 

m ( [ - # o ,  #0] - Huo(e)) < g(e)#o 

here g(e) satisfies 9(e) --+ 0 as ~ --+ O. 

Proof .  It is easy to see that  C~(#o) can be covered by 

Ln(e) 
91 (e) = ( Ln(Ao~ + C12 ) - interva]s 

whose length is c#0. From Lemma 3 we know that  we can cover E2~(#0) 

with 

Ln(2e) Ln(2e) 
g2( ) : ( n l  + 2 ) (  

Ln(~ru) Ln( ( , )  

whose length is c/~O. 

+ K1 ) - intervals 

Let # E (Huo(e))c. We have that  d(Cc(>o) + >, E~(>O) ) < e>o, tha t  

is, there are x = z + > , z E C~(#o) ; y E Ec(#O) such that  d(x , y) < e#O . 

Hence, x E E~(po) a n d #  E E3~(>0) - C~(>o). As a consequence we 

obtain : 

m((H,o(e))  c) < gl(e) g2(e) 5e#0. 

Taking g(e) = gl(e) g2(e) 5e, we get the result. 

Lemma  8.For any # E H~o(e) the chain recurrent set F(Xu,  Uuo ) is 

hyperbolic. 

Proof .  First we observe that  the distance between the turning points of 

the images of the map F t, and the set E~(#O) is at least e#o. 

Let us consider the map F u. For (x0, Y0) E V,0 n F(Xt, ,  Uuo ) we 

have : 

(XO , YO) = F ~ ( X ,  y )  = 7r 1 o 7r 0 o 7r riLl x o 7r2(pm x ,  ~ m y ) .  

Put t ing  (x2, x3) = ~r2(pr~x, ~r~y) we have: 

n 
F # ( x ,  y)  = 7r 1 o 7c0 ( ) t . x2 ,  O'~X3) = 71-1 o 7r0()~;X2, Z), Z = O-~X 3. 
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A s s u m e  x2 is a fixed value and  consider  the  curve: 

E = { (A .  o 7ro(/~x2, z), B .  o 7c0()~;x2, z)); crt~ 1 < z < 1}. 

This  curve  makes  an  angle ,~,  w i th  the  hor izonta l  fine y = Y0, given by: 

0z(B. o ~o)(~2, z) 
tan(~)  = O~(A. o 7r0)(A~x2, z) ;z  = (~ . ) "x3 .  

Since: 

Oz(A.  o 7ro)(A;x2, z) = Ox~Af(Tro(A'~x2 , z)) . A*~x2. 

�9 ~0 ( - z - a  s in(ln(z-eb)))+ Ox2Aff(Tro(A~x2, z)). 
Oz 

./~;X2" 0 a �9 b ( z - ~  cos(in(z-b)))  ; 

we get: 

{o%(A, o 7r0)(A,~x2, z)] _< C~-31 - A: .  

So, we ob ta in  
I Oz(S.o~o)(~x2,z)l Itan~l _> C13" A ~  = C131f',.,x2(Z)l �9 

Let  us now consider  the  m a p  f~,.,x2 (') (see figure 6) 

M 

5r 1 

We observe t h a t  : 

if M - D is smal l  and  

F i g u r e  6 .  

! Z 

]f ' . ,x2(z)l  _> c ,5  > o 
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otherwise (for instance A~ > 3#0) any z C ]~-1  , 1 [. 

Since # c Huo (e)our possible election ,for the  z-values ,satisfies the 

condit ion tha t  the  minimal  value for M - D  is A~np0e. Thus  we conclude 

that: 

I t~w[ _> C14v/~n~0c _> c15vq �9 

Now we are ready to construct  a cone field 

C.(x ,  y),  (x,y)  E V,o N I" (X. ,  Vuo ) , #  E H.0(e ) 

such tha t  

(i) DFu(C•(x,y)) C Cu(Fu(x,y)); 
(ii) there exists C16 > 1 such that :  

a. I lDF,(x,y)(vl ,v2)l l  >_ c1611(vl,v2)ll, (Vl,V2) E Cu(x,y);  
b .  [ [ D f # ( z , y ) ( v l ,  v2)ll ~ C16111(Vl ,v2)11, any (Vl ,vz) in the com-  

p l e m e n t  of the cone DF~I(F~(x ,  y ) ) (C . (F . ( z ,  y)). 

For any (x, y) E Vuo a P ( X . ,  U~0 ) iet C.(x ,  y) be the  cone whose 
c(~) angle with the vertical axis is 00 = 90 2 

For y > 0 there are m _> mo and n _> n I such tha t  

F. (x ,  y) = T~I,. o 7tO, ~ o 7r~ L. o 7r2,. o P 2 ( x ,  y). 

Applying P ~  to the  cone C~(x, y) we have tha t  the angle 0.~, wi th  

the vertical line, satisfy: 

t~ 0.~ = (P') '~ t a n ( 0 0 ) , ~  m _> m0. 

Since 7r2,u is a diffeomorphism which send vertical lines (in (x, y)) 

into nearly vertical lines (in (x2, x3)), we have tha t  the image of this 

cone (by  the  map  D(Ir2,u))is included in a cone whose angle with the 

vertical lines,/30 ,is near the angle, C~m , that  the image of this cone( by 

the map  D(~r2,. o P ~ ) )  makes with the  vertical lines. Here c~m satisfies: 

tan ct m = C17 tan Ore. 

Therefore the  angle,/3~ ,of the image D (7r2,~ o rc2,u o P ~ ) ,  with  the vertical 

lines satisfy 

tma}3n ----(~)n tanfl0. 
(7 
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Now it is not difficult to see that  the map D(Trl,~ o 7c0,u) send this 

cone into one located in the tangent space whose angle is of the or- 

der of A~(number).  If A~ > 3#0 then clearly DFu(x , y )Cu(x , y )  C 

Cu(F~(x ,y) ) .  If A~ < 3#0 then, for small P0 we get the same result. 

This, together with the expansion of the vectors in the cone, completes 

the prove of the first par t  of the proof of the hyperbolicity. The second 

part  follows in a similar way. 

The Theorem in the introduction is a consequence of Lemma 7 and 

Lemma 8. 

3. Appendix 

Here we give a proof of the following result: 

Lemma 2. Let ~- : [-e ,  el -+]0, 1[ be a Lipchitz map. Given X El0, 1[ there 

are co > 0 and mo E N such that: 

For any #; IPl <- co and m E N such that m > m 0 we have: 

IO-(z~)P - O-(o)P[ ~ O-(o)PXl~l. 

Proof. 

I<~-<~)P - <~-(o)PI : O-(o)PI/r~',iT,#,/~ _ 11 
\ ~(o) / 

7(,u) 1 : (7(0)) -IIT(/z) - -  ~-(o) 1 ~ KI/~I ~-(o) - ~-(o) - KI~I.  

(~-( ' ) ' ]~  
( 1  - -  -~I~IP ~ < ~ j  

So, we have : 

< (x + KI~I) ~ 

from this we get 

- \r(o) / 

Let ~/(u) = (1 + / / u )  "~ - 1. We have ~/(0) = 0 and 

1. 

~'(~) km(1+ K.)~-1. 
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B y  t h e  m e a n  va lue  t h e o r e m  we get:  

r/(u) - r/(0) = r/ '(P) �9 u = K r n ( 1  + / s  

Hence, 
(1 + K u )  "~ - 1 = r_grn(1 + R ~ ' )  '~ l y  

P u t t i n g  l(u) = (1 - _~g)rn _ 1, we have  l(0) = 0, l ' (~) = mR(1 - 
R u ) ' ~ - l u  a n d  t hen :  

z ( ~ , )  - l ( o )  = l ' ( ~ )  �9 , , ,  

t h a t  is 
(1 -- K u )  rn -- 1 = - m R ( 1  -- k p ) r n - l z J .  

�9 T h e  s e c o n d  p a r t  fol lows in a s imi la r  way. T a k i n g  u = I#1 we o b t a i n  

( 1  - R I t ,  I) '~ - 1 = - m R ( 1  - R l ~ l ) m - l l ~ l .  

B y  c h o o s i n g  s or  ~ we have:  

-~R(I - RI~Ip-11~I < \ ~ /  

T h a t  is: 

T h e n  

- ] ~ R m ( z  + R l ~ l ) m - l l ~ l  . 

( T(/z)h rn 1 < f ( r n ( 1  + R I ~ I p - 1 1 * * I  . 
- - 

E~- (~ )~  ~ - 1 < K , ~ ( ~ - ( o ) p ( 1  + R I ~ I P I ~ I  (r(~ \ r(0) / 

s ince  r (0 )  E]0, 1[, for  smal l  I~1, we have  7(0)(1 + RI#I) < 1. 

Now,  we choose  n0 E N such  t h a t  

/ (rn(v-(0))rn(1 + R I l l )  ~ _< (~-(0)) ' ~ .  

for  a n y  m _> ra  0. 
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