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Abstract .  In this paper, the desingularization problem for an absolutely isolated 
singularity of a n-dimensional holomorphic vector field is solved. Also, we exhibit 
final forms under blowing-up for this type of singularities. 

0. Introduction 
In this paper we solve the desingularization problem for an absolutely 

isolated singularity of a n-dimensional holomorphic vector field. More- 

over, we exhibit final forms under blowing-up for this type of singulari- 

ties with algebraic multiplicity one. 

Let us give the precise s ta tement  of these results. Let Ad n be a 

n-dimensional complex manifold. Let us consider a singular analytic 

foliation by curves on 3,t n. By this we mean tha t  at any point p E A/i n 

the foliation is generated by the holomorphic vector field 

n (:9 , 
Z =  ~ Ai~ii  Ai E On,p; l < i < n g.c.d.(A1,.. .  ,An) = l 

i=1 

where (gn,p is the ring of germs in p of analytic functions. In what  

follows we denote such a foliation by 5Cz and the functions Ai are called 

components of Z. 

The algebraic multiplicity mp(~z) (or rap(Z)), of 5Cz at the point 

p E A/l n, is the minimum of the orders ordp(Ai) (i.e., the order of the zero 

of Ai at p). We shall say tha t  p is a singular point of 5rz if rap(Z) >_ 1. 
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212 RENATO MARIO BENAZIC TOME 

The  set of such points  will be called Sing(Uz). A singular point  p E JM n 

is called reduced if r a p ( Z )  = 1 and the  linear par t  of Z at p has at least 

one nonzero eigenvalue. 

Let E: fi4 n --+ A4 n be the blowing-up wi th  center at the point  p E 

Sing(Sz). Then  there exists a unique way of extending E*(.Tz - {p}) 

to a singular analytic foliation ~'z on a ne ighborhood of the projective 

space C P ( n  - 1) = E - l ( p )  C fi4 ~, wi th  singular set of codimension _> 2. 

In this case we say tha t  ~ z  is the strict transform of 5Cz by E. We shall 

say tha t  p is a non-dicritical singularity of 5Cz, when E - l ( p )  is invariant 

for 5~z, i.e., it is the union of leaves and singularities of 5~z. Otherwise 

p is called a dicritical singularity. 

The  desingularization problem for an isolated singulari ty p E 3,t n 

(dicritical or not) of 5cz consists of proving the  existence of a proper  

holomorphic  map  r f4*  --+ M ~ of a n-dimensional  complex manifold 

rid* such that :  
N 

a) r  = I.J Di; is a union of codimension one compact  complex 
i = 1  

submanifolds with normal  crossings. 

b) The  pull-back foliation r (Sz  [~n_(p)) extends to a singular foliation 

of A4* wi th  singular set of codimension >_ 2 and such tha t  all singular 

points  are reduced. 

A first step towards the solution of the desingularization problem is 

to assume tha t  the codimension of the singular set of the lifted foliation 

is n. This  motivates  the  following: 

Defini t ion 1. Let ~ z  be an analytic foliation by curves on the n-dimen- 

sional complex manifold All n. We say that p E Sing(Srz) is a absolutely 

isolated singularity (A.LS.)  of Uz  if  and only if  the following properties 

are verified: 

a) p is an isolated singularity of S z ,  

b) let us denote p = PO, M ~ = M ~ ,  Uz  = ~o, f 4~ = 3A~, ~ z  = .T1, 

E1 = E.  I f  we consider an arbitrary sequence of blowing-up's 

. . .  ~ N  

where the center of each Ei is a point Pi-1 E Sing(SO/_1) (here ~ j  
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A RESOLUTION THEOREM FOR ABSOLUTELu SINGULARITIES 213 

denotes the strict transform of Sj_ 1 by Ej, 1 < i, j < N), then 

# Sing(YN) < oo. 

Observe tha t  our definition of an absolutely isolated singulari ty is 

more general t han  the  one given in [C-C-S] (this last will be called non- 

dieritieal absolutely isolated singularity), in the sense tha t  we are not 

excluding the case of dieritical singularities appear ing in some step of 

the blowing-up process. 

In this paper  we prove the following desingularization result: 

T h e o r e m A .  Assume p E Ad s is an absolutely isolated singularity of ~z .  

Denote p = P0, j~4n = A/I~, brz = SO, E1 = E. Then there exists a 

finite sequence of blowing-up's: 

yl E2 <uN 

satisfying the following properties: 

i) The center of each Ei is a point Pi-1 E Sing(~i_l),  where S j  is the 

strict transform of the foliation ~rj_ 1 by Ej, (1 < i, j < N) ,  

ii) i)q E Sing(b~N), then q is reduced. 

The  main  tool for proving this theorem is to use a formula relat- 

ing the algebraic mult ipl ici ty of the  original singularity to the Milnor 

numbers  of the singularities which appear  after a blowing-up. Observe 

tha t  this p rogram works at least when the  set of the singularities at the 

projective space is isolated. 

In dimension n = 2, it is well known tha t  after finitely many  0 of 

blowing-ups at singular points,  the foliation brz is t ransformed into a 

foliation b r}  with a finite number  of singularities, all of t h e m  simple or 

irreducible and lying in the divisor (see [C-L-S], [S]). This  means tha t  if 

p* E Sing(be}) then  5 r} is locally generated by a vector field Z* having 

a linear par t  with  eigenvalues 1 and ~, where A ~ Q+ (Q+: strictly 

positive rat ional  numbers) .  

The  simple singularities may  be thought  of a final forms in the sense 

tha t  they  are persistent  under  new blowing-ups. The  local topological 

s t ruc ture  of these singularities has been s tudied by several authors  (see 

[C], [M-N]). 
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In [C-C-S], the authors extend the concept of simple singularity (or 

irreducible singularity) to n-dimensional case, provided that  the singu- 

larity is absolutely isolated non-dicritical (i.e., do not appear dicritical 

singularities in the blowing-up process). Here, we will prove that  if p is 

a reduced non-dicritical singularity of the foliation 5rz such that  p is an 

A.I.S. then p is an absolutely isolated non-dicritical singularity, and so 

we can apply the results in [C-C-S]. 

It must be mentioned that  final forms for a three-dimensional vector 

field were given by Cano in [Call. 

The desingularization problem, when n = 2, was studied by I. Ben- 

dixson [B] and by H. Dulac [D] at the beginning of this century. It was 

solved by A. Seidenberg IS] in the sixties. Another proof was given by 

A. Ven Den Essen IV], his arguments use the concept of multiplicity of 

intersection between analytic curves. A strategy for the general three- 

dimensional case was developed by F. Cano [Ca2]; however a definite 

result is still missing. 

We have to mention that,  in the n-dimensional case, the unique 

known result was obtained by C. Camacho, F. Cano and P. Sad [C-C-S]. 

In this reference, the authors assume that  p is a non-dicritical absolutely 

isolated singularity generalizing the methods given by C. Camacho and 

P. Sad in [C-S] when n = 2. 

This paper is organized as follows: In section 1, we recall some ele- 

mentary properties about blowing-up's and we prove a formula relating 

the Milnor number of a dicritical singularity with the algebraic multi- 

plicity of the singularity and the Milnor numbers of the singularities of 

the strict transform. The section 2 is devoted to solve the desingulariza- 

tion problem for an A.I.S. Finally, in section 3 we study the final forms 

for reduced and absolutely isolated singularity of a foliation by curves. 

I would like to thank Cesar Camacho, Manuel Carnicer, Alcides Lins 

Nero and Paulo Sad for the helpful conversation about this work. 

1. T h e  M i l n o r  N u m b e r  o f  an I s o l a t e d  Dicri t ical  S ingulari ty  

Let On, p be the ring of germs at p E U C C n of holomorphic functions 
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A RESOLUTION THEOREM FOR ABSOLUTELYISOLATED SINGULARITIES 215 

and let I [A1 , . . .  , An] a On,p be the ideal generated by the components  

of a holomorphic  vector field Z. We define the  Milnor number #p(Z) of 

Z at p, as 

( ) 
#p(Z) = dime \ I [ A 1 , . . .  , An] (1.1) 

This  number  is finite if and only if p is an isolated singulari ty of Z, 

and #p(Z) = 0 if and only i f p  is a regular point  of Z (see [G-H]). 

The  Milnor number  again can be geometrically interpreted as the 

intersection index io(A1, . . .  ,A~) at p of the n analytic hypersurface 

generated by the  components  of Z (see [Ch]): 

#p(Z) = ip(A1,. .  . , An) (1.2) 

Let p E U be an isolated singularity of the vector field Z, such tha t  

r a p ( Z )  = P and 5Cz the foliation generated by Z. Let 5~z be the strict 

t ransform of 5 z ,  which is generated by Z. When  n = 2, there exists 

a formula relating u to the Milnor number  of Z at p and the  Milnor 

numbers  of the singularities of 2 (see [M-MS: #p(Z) is given by 

l u E m(2), 
q E-l(v) 

if P is a non-dicritical singularity, (1.3) 
UP(Z) = ~,2 + z/--  1 + ~ #q (Z ) ,  

q C E  - 1  (p) 

if p is a dicritical singularity. 

Since # Sing(Z) < ee, the sums in (1.3) are finite. There  exists a 

n-dimensional  generalization of (1.3) in the case tha t  p is an isolated 

non-dicrit ical singulari ty of Z, provided tha t  # Sing($bz) < oc (see [C- 

c-s]): 
Up(Z ) : . n  _ l ,n-1 . . . . .  p - 1 + ~ #q(Z) ( 1 . 4 )  qeE-x (p) 

This section is devoted to the proof  of an analogous formula to (1.4) 

in the case tha t  p is an isolated dicritical singulari ty of Z such tha t  

# Sing(~z) < oo. Before proving this formula, let us recall some ele- 

men ta ry  facts about  blowing-up's.  

Let Ad n be a n-dimensional  complex manifold and let us consider 

an analytic foliation by curves 5Cz on A,t n. Suppose tha t  p E A4 n is 
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216 RENATO MARIO BENAZIC TOME 

an isolated singularity of 5Cz. Let z = ( z l , . . .  , z~) be local coordinates 

of a neighborhood U of p in A4 n such that  p = (0, . . .  ,0) E C n. In 

these coordinates, 5Cz is generated by the holomorphic vector field Z = 
7~ 

A i ~ ,  and if mo(Z ) = u(u r Z+),  then the components Ai of Z have 
i=1 
a Taylor development at 0 E C n 

X (1.5) = k, l < i < n  
k>_u 

where each A~ are homogeneous polynomials of degree k. 

For each j = 1 , . . .  ,n  we define Uj = {(Zl , . . .  , zn) E Cn: zj r 0} and 

(Jj = E-I[Uj], where E is the blowing-up with center at 0 E C n. In 

~rj we introduce coordinates y = (Yl,- . .  , Y~) and E has the following 

expression: 

E ( y l , . . . , y n )  = (Z l , . . . ,Zn ) ;  wherey j  = zj andy i  = zi/zj  i f / r  j (1.6) 

and 

E - l ( 0 )  [B g j  = { ( Y l , . - .  , Y n )  C ( f j : y j  = 0 }  

In this chart, the pull-back of Z by E is generated by: 

E*Z = Aj o E -0  
Oy3 

From (1.5) and (1.8): 

(1.7) 

~ ( A i o E - y ~ A j o E )  0 
+ - -  (1.8) 

i=1 YJ Oyi 
iT=j 

E * Z ( v )  = vj.Ak(v) 
\k>_u Oyj 

(1.9) 
+ ~  k-1 i ^ 0 

\k>_ YJ [Ak(Y) - yiAJk(~])] 
Oy~ 

i~=j 

The following result shows that  the condition of 5Cz has a dicritical 

singularity in 0 E C n can be characterized in terms of the polynomials 

A/,(1 < i < n), i.e., of J~(Z):  the jet of order u of Z at the origin. 

Proposition 1. With the above notations, the following assertions are 
equivalent: 
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a) 0 E C ~ is a dicritical s ingulari ty  of  ,~z.  

b) zjAu. i _ z i A  j = 0; Vl _< i < j _< n. 
n 

o is the radial vector field and c) J ~ (Z )  = P u _ I R ,  where R = E zis~i 
i = 1  

Pv-1  is a homogeneous  polynomial  of  degree u - 1. 

The proof of Proposition 1 is not difficult and it is left to the reader. 

Remark.  I fp  is a dicritical singularity of ~-z and Pu-1 is the polynomial 

of Proposition 1, then we can define the following algebraic hypersurface 

on C P ( n -  1) 

S = { [ z l ; . . .  e C P ( n  - 1): = 0} 

It is not difficult to see that  Sing(SE-z) _C S and if t3 E S - Sing(5~'z) then 

the leaf of ~ z  through ;b is tangent  to the projective space E- l (0 ) .  

Returning to the initial problem, we have the following result: 

T h e o r e m  1. Let  Z be a holomorphic  vector field with isolated singulari ty  

at 0 E C n such that Z has isolated singularities.  I f  0 c C ~ is a dicritical 

s ingulari ty  and too(Z)  = u, then 

#0(Z) = g(u + 1) + E #q(2) ,  
qcE-l(0) 

where g(u) = u ~ - u ~-1 . . . . .  u - 1. 
n 

Proof .  Let Z = ~ Zk where Z~ = P~-I ~ z i ~ .  We consider the 
k>_u i = 1  

vector field Z , + I  + R (with R = ~ Z~) and we suppose that:  
k > u + 2  

a) Z~+I + R has isolated singularity at 0 E C ~ and 

b) the strict t ransform 2~+1 + R has isolated singularities at the divisor 

It is easy to see that  0 E C n is a non-dicritical isolated singularity of 

the vector field Z~+I + R, thus from (1.4) we have that:  

#0(Z~+I + R) = g(u + 1) + ~ #~(Z~+I +/~)  (1.10) 
gee 1(0) 

where g(u) = u~ - u~-I  . . . . .  u - 1. 
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From the hypothesis b) we can suppose, without loss of generality, 

that the singularities of 2~_1 +/~ are in the chart U1 of ~n. Therefore 

E*[Z~,+I+R](y) ( ~ k 1 ^ )  O =  YlAk(y) 
k_>u+l OYl 

+ Yl [Ak(y)-yiAI(Y)] Oyi 
i=2  \k_>u+l  

where y = (Yl,... ,Yn) and 9 = (1, y2,. . .  ,y~). Thus, E*[Z,+I +R] is 
divisible by y[ and we have that: 

2~,+1(y) + R(y) 1 ~ 0 
= YlA'+I(Y) Oyl 

1 ^ 0 (1�9 

i=2  

We conclude that the singularities of Z.+I + /~  are the points ~j = 

(0,y~;,..  �9 ,y~),  1 < 5 _< x ,  where  y~ , � 9149  ,y~ sat is~es  the fol lowing con- 
ditions: 

i j 
A~+l(1, Y2,.. ,yj) j 1 j �9 - yiA~,+l(1, y2,... ,yJ) 

(1.12) 
=0,  2 < i < n ,  i<_j<N 

For c > 0, we consider the perturbation Z~ = eZv+Z,+l +R. Clearly 

0 E C" is a dicritical isolated singularity of Z~ and E*(Ze) is divisible 

by y]'. We have that 

2~(y) = ePu_l(~)~y 1 + Zu+l(y) +/~(y) (1.13) 

or equivalently: 

0 
Zc(y) = [ePu_l@)+ ylAI+I(~/)] Oyl 

' ~  ~ ~ (9)") o (1 . t4)  + E ( A u + I ( Y ) -  1 yiA~,+l ~ + yl]~(~r 
i=2  

Then, we have two kinds of singularities of 2e: 
�9 Singularities inside the divisor; 
�9 Singularities outside the divisor�9 
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Singularities inside the divisor are the points 

= 0 J I'5 ( ,Y2,"" ,Y~) 

where y~, . . .  ,yJ satisfy the conditions (1.12) and 

P~_l(1,v~,... ,v'n)=0. 
Then there exists 0 <_ Ni < N such that/hi = g/j, V 1 _< j _< N1. Observe 

that  these points are also singularities of 2. 

Singularities outside the divisor are the points 

= �9 yn()) 

with y~(e) # 0. From (1.13), it follows that 

}imo[Ok(c) =Clj, V k �9 Ij, V 1 < j < N; 

where Ij is a finite set of indices. 

For each singularity J3k =/3k(e) of Zc outside the divisor, we denote 

Pk = E(ibk) and so: 

#pk(Z~) = #~k(2c) (1.15) 

If e is small enough, it follows that: 

{#b 
. (Ze+ E #5k(Ze)' i f l _ < j _ < N 1  

J ~• (1.16) 
p=, (2,+1a. +/~) = E Pbk(2e), if N1 + 1 _< j _< N 

k e I j  

and 
N 

P0(Z,+l  + R) = #0(Z~) + ~ ~ #p~(Z~) (1.17) 
j = l k e I j  

From (1.10), (1.15), (1.16) and (1.17), we have that: 

N N 

g(. + 1)+ ~ .~j(2.+1 + [{)= ,o(Z~) + ~ ~ #~ (s = 
j = l  j = l  kEI j  

N N1 
= ,o(Zc) + ~ ~j(2~+~ + ~) - ~ ~5  (2~) 

j = l  j = l  
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Thus: 

#0(Ze) = g ( .  + 1) + E #%(2e) (1.]8) 

Now, we assert that  #0(Z) = #0(Z~) and #~j (2) = #}j (2~), 1 _< j _< 

N~. In fact, since Z,(O) = 0, there exists r > 0 such tha t  

I l Z l l  < ~" :=> I I Z ( z )  - z ~ ( z ) l l  = ( ]  - ~ ) l l Z~ , (~ ) l l  < 2. 

Let 0 < r l  < r and consider the homotopy G: [0, 1] • $2~ -1 --+ S 2n-1 

given by 
t z~(z)  + (1 - t )Z ( z )  

G(t , z )  = iltZ~(z) + (1 - t ) Z ( z ) l  ] ' 

then G(0, z) = Z(z)/llZ(z)ll and G(1, z) = Z~(z)/llZ~(z)ll, hence #0(Z) = 

~0(z~). 
Let/3j = (0, y~ , . . .  , y J) (1 _< j _< N1) a singularity of 2~ (it is also 

singularity of 2),  then P,_l (1 ,  yJ2,... ,yJ) = 0. It follows that  there 

exists 5 > 0 such that  

2 
I I (y2 , . . - ,yn)  - (y~, . . .  ,y~)ll < ~ ~ I r , - l ( 1 ,y2 ,  . . .  ,y~)l < 1 ~ "  

Thus from (1.14), we have tha t  

IlY - [gjil < ~ ~ ItZ(y) - 2~(y)ll = (t - e) IP ._ l (1 ,y2 , . . .  ,yr~)[ < 2. 

$ 2 n - 1  , -  , s 2 n - 1  Let 0 < r l  < r and consider the homotopy G: [0, 1] x r l  [PJ) ---+ ' 
2 n - 1  - 

(S n (Pj) = {IlY -/hjl l  = ~1}) given by 

O(t,  y) = t2~(y) + (1 - t )2 (v )  

Ilt2~(y) + (1 - -  t )2 (y) l  I ' 

then then G(O,y) = 2(y ) / l lZ (y ) l  I and G(1, z) = 2~(z)/ll2~(z)ll,  hence 

#hj (2) =/~hj (2e), V 1 < j _< N1, and so the assertion is proved. 

From (1.18) it follows that  

/t0(Z ) = g(u + 1) + ~ #~(2) (1.19) 
~eE-l(o) 

In the case that  0 E C n is not isolated singularity of Zu+ 1 + R, we 

consider the per turbat ion Z6 = Z .  + Z .+ I  + 6Y.+l + R where Y.+I is a 

homogeneous vector field of degree u + 1 such that  0 E C ~ is an isolated 
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s ingular i ty  of Zu+l  + (SYu+l. Observe tha t  if 5 > 0 is small  enough then  

0 E C ~ is an  isolated s ingular i ty  of Z~. In fact,  since t h a t  Y~+l(0) = 0, 

there  exists r > 0 s u c h t h a t  Ilzll < r ~ IIYv+l(Z)ll < 1. As 0 E C n is 

an  isolated s ingular i ty  of Z,  t hen  we define m = inf{llZ(z)ll: IIz]] = r '},  

where 0 < r '  < r.  Thus  IlZ6(z)]] > I l Z ( z ) l ] -  5llYu+l(Z)l I > m -  5. 

Therefore,  if (5 < m then  IIZe(z)ll > 0, Vllzll = r ' ,  hence 0 ~ C n is 

isolated s ingular i ty  of Z~. Therefore,  the  vector  field Z5 has dicri t ical  

isolated s ingular i ty  in 0 E C ~, and  satisfies the  condi t ions  a), b) above. 

From (1.19): 

#0(Zs) = 9(u + 1) + E /z%(25) (1.20) 
~ - ~ ( 0 )  

As before, we can to prove t h a t  #0(Z) = #0(Z~) and  # 5 ( ) )  = #5()5).  

This  finishes the  proof  of Theo rem 1. 

2. The Theorem of Desingularization 
This section is devoted to the proof of Theorem A. Notice that, by 

Theorem I and the formula (1.4), for p singularity of the vector field Z 

with rnp(Z) = u, we can write 

 p(z) : +  q(2) (2.1) 
~E- l (p )  

where g(cr) = cr n - a ~ - I  . . . . .  c~ - 1, wi th  a = u if p is a non-dicr i t ical  

s ingular i ty  of Z and  ~ = u + 1, otherwise.  It is not  difficult to  see t h a t  

the  funct ion g is an  increasing funct ion for all cr _> 2. 

TheorelnA. Assume p E M ~ is an absolutely isolated singularity of  Uz .  

Denote p = PO, M ~ = M ~ ,  .Tz = ?o,  E1 = E.  Then there ezists a 

finite sequence of blowing-up's: 

M I  E l  �9 �9 *----EN 34 v 

satisfying the following properties: 

i) The center of each Ei is a point Pi-1 E Sing(~/_l) ,  where o<j is the 

strict transform of the foliation Uj-1 by Ej ,  (1 _< i , j  < N) ;  

ii) i f  q E Sing(ioN), then q is reduced. 
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Proof .  Suppose that  rap(Z)  = u > 1. Since p is an A.I.S. of 5Cz, from 

(2.1), we obtain that  

< v E-l(p) .  

Since #p(Z )  > rap(Z) ,  Vp; after a finite number  of successive blowing- 

up's E1 = E ,  E2,  �9 �9 �9 , E N  with centers at singular points, we will obtain 

only points with algebraic multiplicity _< 1. 

We define r = E N  o E N - 1  o . . .  o E ,  it follows that  r M~v ~ M ~  is 

a proper holomorphic map and the pull-back r (5% [z4n-{p}) extends to 

a singular foliation ~N on Ad~v with singular set of codimension n. 

Thus, if q C S ing( ioN)  then mq(.~N) = 1. The Theorem A is a 

consequence of the following: 

L e m m a  1. Let  p E A d n ( n  >_ 3) be a s ingular po in t  o f  U z  such that  

m p ( Z )  = 1 and p is not  reduced. Then  p is not  an A . L S .  

P r o o f  o f  L e m m a  1. Let z = (Zl, �9 �9 �9 , z~) be local coordinates of a neigh- 

borhood of p in All n such that  p = (0 , . . .  , 0) E C n. In these coordinates, 
n 

5 z  is generated by the holomorphic vector field Z = ~ A . ~  where 
i=1  ~ Ozi ' 

Ai = ~ A~ and A~ are homogeneous polynomials of degree k. Since p 
k Z u  

is not a reduced singular point, by the Jordan canonical form we have 

that  

Z(z) = (z2+ ~ Al(z))~lZl+(eiz{+1 + ~ A~(z)) + A~(z) 
k_>2 k>_2 ~ \k_>2 OZn 

where ej C {0,1}, Y j  = 1 , . . .  , n - 1 .  In the chart of the blowing-up 

Yl = z l , y i  = z i / z l ( 2  < i < n), we have that  the strict t ransform 5~z is 
n 

- 0 generated by 2 = ~ A~0~y/, where: 
i=1  

A I ( y )  Y l Y 2  -t- E 1 ^ k = A k ( y ) y  1 
k>_2 

~li(y) eiYi+l Y2Yi + E [ A ~ ( 9 )  A 1 ^ k-1 = - - Y i  k(Y)]Yl , 2 < i < n - 1  
k_>2 

= _ ynAk(y ) ]y  1 
kZ2 
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with  ~) = (1, Y2, . . .  , Yn)- Thus  

n-1 0 
2(0, y2 , . . . ,  w)  = ~ ( ~ w + l  - y2y~)~ 

i = 2  Yi  

Now, we consider two cases: 

Case  1: There  exists i0 E 

n - - 1  

2(0, y2 , . . - ,  y~) = ~ (~yi+l - y2y~)~ 
i = 2  Y i  

i T=i o 

0 
- -  - -  Y 2 Y n  O y n "  

{2,... , n - I} such that % = O. In this case: 

0 0 
- -  -- Y2Yi~ oOyi-- -- Y2Yn Oy~ 

It  is easy to see t h a t  Z ( 0 , . . .  , 0 ~ Y i 0 + l , 0 , . . .  ,0) = 0, V Yio+l E C,  there-  

fore ~r Sing(~z)  = ec, and  so p is no t  an  A.I.S. 

Case  2 : e 2  . . . . .  ~n-1 = 1. In this  case it is no t  difficult to  see 

t h a t  0 E C ~ in the  char t  Yl = Zl, Yi = z i / z2(  2 < i < n), is the  unique 

s ingular i ty  of 5Cz, moreover: 

00 01) o~ 2 0 1 . . .  0 

DZ(0)  = " " " " (2.2) 

O t n _  1 0 0 . . �9 0 

o~n 0 0 . . .  0 

where a i  = A ~ ( 1 , 0 , . . .  ,0) ,2 < i < n. 

The  character is t ic  po lynomia l  of DZ(0)  is A(t) = t n. In order  to  ob- 

t a in  the  J o rda n  canonical  form of DZ(0) ,  we shall compu te  the  m i n i m u m  

polynomia l  re(t) of DZ(0) .  Observe tha t :  

M = D 2 ( O ) =  p R~_1(1) 

where  0 E C 1• ~ C, 0 = [0. . .0]  c C l• ,-~ C n - l ,  p t  = [c~2...oL~] E 

c l x ( n - l )  ~ C n-1 and  Rr~_l(1) E C (n-1)x(n-1) is the  upper  t r i angu la r  

ma t r ix  of order  one. (Here C ~•  denotes  the  ma t r ix  space of n rows and  

m columns).  We will denote  R~_l (k)  = [R,~_I(1)] k, V k E Z +. Under  

these nota t ions ,  it is not  difficult to  prove tha t :  

( 0 O ) Z+  (2.4) 
M k  = R n _ l ( k -  1)P R ~ _ l ( k )  V k E 
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Since Rn_l(k)  = 0 if and  only  if k > n - 1 we have  t h a t  ~rk  r 0, 

V1 < k < n - 2. Obse rve  t h a t  

0 . . .  0 
3}/~-1 = 0 . . .  0 

0 . . .  0 

thus ,  we have  two possibil i t ies:  

i) I f  an = 0 t h e n  M n-1 = 0, a n d  so re(t) = t n-1 .  T h e r e f o r e  DZ(O) has  

.Jordan canon ica l  f o r m  (4.13) w i th  e 2 . . . . .  en-2 = 1 a n d  en-1 = 0. 

T h u s  0 is not  an  A.I .S.  of  5Cz. 

ii) I f  a n  r 0 t h e n  we aff i rm t h a t  t he r e  exis ts  a l inear  change  of coor-  

d ina te s  7: such t h a t  7:*Z satisfies the  condi t ions  in Case  2-0) .  In  

fact ,  we define t he  l inear  m a p s  7: = (7 :1 , . . .  , g n )  :Cn  -+ C n and  

~b = (%hi,. �9 �9 , %bn): C n --+ C ~, where:  

] (~i-i 
~ l ( x )  = - - z ~ ,  ~2(x)  = x l  a n d  ~{(x) = z{_l x~ (3 < i < n) 

O~ n O~ n 

gh(Y) = Y2, g)i(Y) = criyl + Yi+l (2 < i < n - 1) and  Cn(Y) = O~nyl. 

I t  is c lear  t h a t  r = ~o -1 .  Now, we define X = 7:*2 = % 0 2 o ~ .  I f  
n 

we deno t e  X = ~ B{ o t h e n  B I  = A 2 ~  B{ = ~ i A l ~  
i = 1  ~ / / ~  

7:(2 < i < n -- 1) and  Bn = a n v i l  o qo. Since DX(O) = r  an  

ea sy  c o m p u t a t i o n  shows t h a t  DX(O) = Rn(1),  moreove r ,  in t he  cha r t  

Ul = x l ,  ui = x i / x l (2  < i < n); we have  t h a t  D2(O) is like (2.3) wi th  

p t  = [/32.-./3hi, where  r = B~(1, O,.. .  ,0), 2 < i < n. Note  tha t :  

02 Bn 02 241 "0 
~ n : B ~ ( 1 , 0 , . . .  , 0 ) -  Ox 2 (0, . . .  ,0) : O Z n ~ . 2  ~ , . . .  ,0) : 0 .  

oY 2 

T h u s  0 is no t  an  A.I .S.  of  X = ~*Z .  Th i s  f inishes t he  p r o o f  of  L e m m a  1. 

3. Reduction of  Singularities With Multiplicity One 
Let  p in AA n a r educed  po in t  of  the  fo l ia t ion ~ z .  I f  p is a d icr i t ica l  po in t  

t h e n  its b lowing-up  is non-s ingula r ,  t hus  we shall  cons ider  the  case p is 

non-dicr i t ica l .  Le t  A 1 , . . .  , A8 be  the  e igenvalues  of  the  l inear  p a r t  of  
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DZ(p), then the characteristic polynomial  of M = DZ(p) is 
8 

8 

where ~ r k = n .  
k = l  

zx(t) : I] ( t -  ak)~k 
k = l  

(3.1) 

Thus, there exists z = (z l , . .  �9 , Zn) local coordinates of a neighbor- 

hood of p in Ad ~ such that  p = ( 0 , . . . , 0 )  E C n and M has Jordan 

canonical form: 

M : diag[M1.. .  Ms] (3.2) 

where M~ E Crk• is the Jordan block belonging to the eigenvalue ~k 

, ~  ~[k) o . . .  o o 

0 Ik c(f ) '  . . .  0 0 / 
0 0 0 

tsJ 

o o o . . .  o ~k / 

i.e.: 

Mk = (3.3) 

}k) { 0 , 1 } , 1 < i <  1 and 1 < k < s .  wheree .  E r k -  _ _ 

A necessary and sufficient condition for 5rz has isolated singularities 

is that  e. = 1, Vl < i < rk -- 1 and 1 _< k _< s. More specifically, we 

have the following result: 

Proposi t ion  2. Let p E 2t4 n be a non-dicritical, reduced singular point of 

the foliation ~ z .  The following assertions are equivalent: 

a)• Sing(Fz) < oo. 
(3.4) 

b)DZ(O) = diag[M(A1). . .  M(As)] 

where M( lk )  = AkI + R~k(1 ), Vk = 1, . . .  ,s. (Here I E C~k• is the 

identity matrix and R%(1) E C rkxrk i8 the upper triangular matrix of 

order one). 

Proof .  

a) ~ b) In the chart z = ( Z l , . . .  , Zn) above, 5rz is generated by the 

vector field 

Z = A~ Ozi 
i = 1  
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By (3.2) and  (3.3) we have tha t :  

= ~ z i  + ~!0~_ Z i + l , ~  h - 1  + 1 < i < h - 1, 1 < l < s A~(z) 
(3.5) 

A~(z) = )~lZtl, 1 < l < s 

where t0 = 0 and  
l 

h =  ~-~ r~, l  < l < s. 
k = l  

Suppose by cont rad ic t ion  t h a t  there  exists i0 E ( 1 , . . .  , r l  - 1} such 

t h a t  e}o 1)'- = 0. In the  char t  Yl = 21, Yi = zi/z2(2 < i < n), we have tha t :  

0 
2(0, Y2, �9 �9 �9 , Y~) = ~ [ A ] ( $ )  - yiAi(~))] Oyi 

i = 2  

r l -1  ~ 0 

= ~ [A~(~)) - yiA~(~))] " + [All (Y) - YrlAI(~I)]Oyrl 
i = 2  

+ ~ = 2 { i = ~ + I [ A i l @ ) - Y i A ~ ( Y ) ] ~  

where 9 = (1, Y2, . . .  , Y~). F rom (3.5): 

~1-1 0 0 
Z(0, Y2, . . .  ,Yn)= Z [e} 1)yi+1 -e~l)Y2Yi]Oy i -[c~I)Y2Yrl]O 

y~ 
i = 2  1 

s t l-1 

[ (" )L(AI--AI--eI1)y2"Yi+ i-t l- lY'+ JOyi + Z  
l = 2  i=t l_ l§  

s ~(1) ~ 0 
+ ~ [ ~ z  - ~1 - 1 v21ytz ~ , -  

l = 2  ~ 

It follows t h a t  Z ( 0 , . . .  , 0, Y%+1, 0 , . . .  , 0) = 0, thus  # Sing(-Fz) = oc, 

which is a contradic t ion.  We conclude t h a t  e. = 1, V1 < i < r l  - 1 

and  so M 1 = M(A1) = A I / +  -~r  1 (1).  

For proving t h a t  Me = Ag(,kl) = AtI + P~rl(1),(l = 2 , . . .  ,s);  we 

consider the  char t  yj = zj,Yi = z i /z j ( i  = 1 , . . .  , n , i  r j)  where j = 
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t l -1  + 1 and we proceed as above. 

b) ~ a) By hypotheses and (3.5), we have that: 

A ] ( z )  = Atzi + z i+l ,  t l - l  + l < i < h - 1 ,  l < l < s 

A ~ ( z )  = ~tzt l ,  l < l < s 

In the chart Yl = zl, Yi = z i / z l ( 2  < i < n) ,  from (3.6) we obtain: 

r 1 1 0 0 

2 ( 0 ,  y 2 , . . .  ,YTz) = E [Yi-~-J. -- Y2Yi]o-y i Y2Yr 1 0 Y r l  
i = 2  

s ( t l - 1  

+ Z ~  ~ [(.kl- )~1- Y2)Yi + Yi+l] ~@,. 
l=2ki=t  l 1-t-1 

- )~1 - Y2]Yt 1 0 + 
Oyt l J 

(3.6) 

(3.7) 

and 

respectively 

Y0 = (Yl,--- ,Yio-t,0, Yio+l , . . .  ,yn) 

~) = (Yl , . . .  ,Yio-1, 1, Yio+l, . . .  ,Yn) 

Y0 = (Y l , . - - ,Yr l - l , 0 ,  y r l + l , ' "  ,Yn 

9 = (Yl , . . .  ,Y~1-1, 1, y r l + l , . . .  ,Y~), 
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and 

It follows that  (0 , . . .  , 0) is the unique singularity of Fz  in this chart. 

Now, for i0 E { 2 , . . . , r l  - 1} (respectively i0 = r l ) ,  we consider the 

chart Yio = zi0, Yi = z i / z i  o, 1 < i < n, i r io (respectively Yr~ = zrl, 

Yi = Zi/Zr 1, 1 < i < n, i ~ r l ) .  
Denoting 
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from (1.9) and (3.r) ,  we have that :  

Z(yo) = ~ [A](,)) - yiA~~ 
i=1 i 
i T:i o 
r 1-1 

0 
= Z [Yi+I - -  YiYio+l]~y i 

i=1 
ig=io-1 

o o (a.8) 
+ [1 - yio_lYio+l ] OYio_l Yio+lY~s Oyrl 

0 
+ [(.kl -- ~1 - Yio+l)Yi + Yi+l] Oyi i= 1 

4-[)~l - - ,~ l - -Yio+l]Yt lo~l  } 

(respectively) 

0 
Z(yo) = ~ [A] ([1) - YiA[ 1 (9)10yi 

i=1 
i7=r 1 

r l.__,-1 0 0 
= ~ Y i + l - - -  + - -  

i=1 z"~ OYi OYr 1-1 
i~rl  (3.9) 

tl-1 

q- ~ E [(/~l - /~l)Yi q- Yi+l] O~yi 
/=2 i=tl_l q-1 

s 0 
+ E [ A I  -- )~l]Ytl 

/=2 ' Oytz 

From (3.8) and (3.9), it follows tha t  9~z has not  singulari t ies in these 

charts. 

Similarly, we can prove that Sing(J~z) = {Pl,- �9 �9 , Ps}, where ~St is the 

zero at the chart yj = zj, Yi = zi/zj, i = i,... ,n, i ~ j, 1 < l < s and 

j = tl_ 1 + i. This finishes the proof of Proposition 2. 

Remark. The points Pl,... ,Ps above are non-dicritical singularities of 
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Now, we consider  the  linear pa r t  of Z at each non-dicr i t ical  s ingular  

p o i n t / 5 1 , . . .  ,/Ss. In the  char t  Yl = Zl, Yi = z i / z l ( 2  < i < n),  it is not  

difficult to  see that :  

/M~ o . . .  e \ 

D Z ( 0 )  = [ f ) l  M ( A  2 . - A 1 )  . . .  O ) 
Ps:- 1 e . . .  M(As - A1) 

(3.1o) 

where  M1 ~ C r l •  , M ( A I - / ~ I )  ~ C rl• and Pl-1 E C~z• = 2 , . . .  , s )  

are defined as / 00 
oz 2 0 1 . . .  o~tl 1+  2 0 . . .  

M 1  = " " " P ~ - i  = . ( 3 . 1 1 )  

O@1_ 1 0 0 . . . 
O:r I 0 0 . . . \ O~tl 0 �9 . . 

and  M ( A I - A 1 )  = ( A 1 - A 1 ) I + R r ~ ( 1 ) .  (Here c~i = A ~ ( 1 , 0 , . . .  ,0), 2 < i < 

n.) Not ice  tha t  we have three  possibil i t ies for character is t ic  po lynomia l  

s of ~ /=  DZ(0): 
a) If  A1 = 0 then  

8 

/~(t) = t ~1 I I ( t  - At) ~l (3.12) 
l=2 

b) If Al ~ 2A1, Vl = 2 , . . .  , s  then  

8 

A( t )  = t r l - l ( t  - A1) 1-I(t  - Al + A1) ~l (3.13) 
/=2 

c) If  there  exists  10 C { 2 , . . .  , s} such tha t  A1 = 2At then  we can  suppose ,  

w i thou t  loss of generali ty,  t han  lo = 2 and so 

2x(t) = t r l - l ( t  - A1) r2+1 l ~ ( t  - At + A1) ~t (3.14) 
/=3 

Now, if we will suppose  tha t  /51 satisfies # Sing(hC(z 2)) < cx) where  

5 (2) = E ~ - z  and  E2 is the  b lowing-up wi th  center  at  i51, then  _~r is a 

ma t r ix  of t y p e  (3.4). More  specifically, denot ing:  

[A1, �9 �9 �9 , As; r l , .  �9 �9 , %] = diag[M(A1) �9 �9 �9 M(As)] (3.15) 

we have the  following: 
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Proposition 3. Let Pl E Sing(SCz) such that # Sing(~ (2)) < c~, then 

[0,/~2,... , A s ; r l , r 2 , . . .  ,rs], 

irA1 = 0  

2~ = [0,/~1,/~2 --/~1, �9 �9 �9 ,/~s -- )`1; r l  -- 1, 1, r2,. �9 �9 , rs], 
if )`1 ~ 0 and At ~ 2)~1 

[0, A1,)`3 - ),1_,... ,)`s - A1;rl - 1, r2 + 1, r 3 , . . .  ,rs], 
if i~1 ~ 0 and A2 = 2)`1 

Proof .  By hypotheses and Proposition 2, the minimum polynomial rh(t) 

of _~/is ~ ( t )  = Zx(t). Now, considering the cases a), b) and c) above, 

the proof it follows. 

Remark.  A similar result is obtained for the other singular points 

Now, we can assert tha t  if p ~ ~d n is a reduced, non-dicritical singu- 

lar points of the foliation ~'z such that  p is an A.I.S., then do not appear 

dicritical points in the blowing-up process. In fact, by Proposition 2, 

any point of Sing(~-z) is a non-dicritical point and by Proposition 3, the 

linear part  of 2 is similar to the linear part  of Z. So, the proof it follows 

by induction. 

In [C-C-S], the authors s tudy the final forms of an absolutely isolated 

non-dicritical singularity. Since, if p E M n is a reduced, non-dieritical 

singular point of the foliation ~-z such that  p is an A.I.S., then p is an 

absolutely isolated non-dicritical singularity of the foliation ~'z, and so, 

we can apply the results in [C-C-S]. 
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