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Abstract. Let  V be  a germ at  0 C C n , n  _> 3, of hypersur face  w i th  an  isola ted 
s ingula r i ty  at  0. In th i s  p a p e r  we prove t h a t  the  m a x i m a l  n u m b e r  of germs of vec tor  
fields in V* - V - 0 / w h i c h  are l inear ly  i n d e p e n d e n t  in all po in t s  of V* is two. In the  
cases n -- 3, 4 and  of quasi  homogeneous  hypersur faces  (Vn _> 3), we prove t h a t  th i s  
n u m b e r  is one. 

K e y w o r d s :  Hypersurfaces ,  Rank ,  Vector  fields. 

1. Introduction 

In this paper we consider the problem of finding the maximal number  

of holomorphic vector fields in a singular hypersurface with isolated 

singularity, which are linearly independent  in all points. 

Let M be a complex manifold of dimension m and X 1 , . . .  , Xk be 

holomorphic vector fields in M. We say tha t  they are linearly inde- 

pendent  (briefly 1.i.) if for all p~M the vectors X I ( p ) , . . .  ,X~(p) are 

linearly independent.  The rank of M (denoted by Rank(M)) is the max- 

imum number of holomorphic 1.i. vector fields in M. So, for instance 

Rank(M) _> 1, if there exists a holomorphic vector field in M without  

singularities.More specifically we will consider a germ at 0 E C n + l  of a 

analytic subset. 

Definition 1. Let V be a germ at 0 E C ~+1 of a hypersurface with 

an isolated singularity at O. Let V(U) be a representative of V in a 
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146 A. LINS NETO 

neighborhood U of O. We denote by V*(U) the set of smooth points of 

V(U) (in our case V*(U) = V ( U ) - { O } ) .  The rank of V at 0 is by 

definition 

Rank(V) = max{Rank(V*(U)); V(U) is a representative of V} 

Our main results are the following: 

Theorem 1. Let V be a germ at 0 C C n+l of hypersurface with an 

isolated singularity at 0. Then 1 _< Rank(V) _< 2. I f  V is quasi homoge- 

neous, or if  n < 3 then.Rank(V) = 1. 

We would like to observe tha t  recently J. Seade proved that  V* 

admits n C ~ vector fields which are linearly independent (over C) in all 

points of V* ([Se]). 

One of the main tools in the proof of Theorem 1 is the following: 

Theorem 2. Let X 1 , . . .  , Xk be holomorphic vector fields in a complex 

manifold M of dimension m >_ k, and let D ( X 1 , . . .  ,Xk)  = D = {p E 

M; X I ( p ) , . . .  ,Xk(p) are linearly dependent}.If D is not empty, then ev- 

ery irreducible component of D has dimension >_ k - 1. 

In w we will prove Theorem 2 and in w Theorem 1. 

Theorem 1 motivates the following problems: 

Problem 1. Generalize theorem 1, or give a counter example, for n >>_ 4. 

Problem 2. Calculate the rank of germs of analytic sets of codimen- 

sion bigger than one, with an isolated singularity. The same for sets of 

codimension one, but with non isolated singular set. 

I would like to thank J. Seade ,who motivated me in the subject, for 

helpful conversations: 

2. P r o o f  o f  T h e o r e m  2 

Let X I , . . .  , Xk be holomorphic vector fields in M and 

D = D ( X 1 , . . .  ,Xk)  = {p E M ; X I ( p ) , . . .  ,Xk(p) are 1.d.}, 

(where i.d. means "linearly dependent") .  

Suppose D ~ ~ and let us prove that  all components of D have 

dimension _> k - 1. It is enough to prove that  for any p E D there 
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HOLOMORPHIC RANK OF HYPERSURFACES 147 

exists a ne ighborhood  V of p such t h a t  dim(D • V) _> k - 1. Fix  p E D. 

By  tak ing  a holomorphic  coord ina te  sys tem a round  p, we can suppose 

t h a t  p = 0 ~ C "~ and  t h a t  X 1 , . . .  , Xk are holomorphic  vector  fields in 

a ne ighborhood  of O. 

Since XI (O) , . . .  ,Xk(O) are 1.d., the  subspace of C m genera ted  by 

them,  

(x l (0 ) , . . .  ,x~(0)) c ( e l , . . .  ,ek 1)= E, 

where { e l , . . .  , e,~} is a basis of C ' L  Let  r dim(X1(0),.  �9 , Xk(0)). 

1 s t  c a s e :  r = 'k - 1 

In this  case we can suppose t h a t  ( X I ( 0 ) , . . .  , X~ 1(0)) = E ,  so t h a t  for 

z in a ne ighborhood  V of 0 the  set { X l ( z ) , . . .  , X ~ _ l ( z ) , e k , . . .  ,e,~} is 
! H 

a basis of C "~. On the  o ther  hand  we can write Xk(x) = Xk(z)  + X k (z), 
/ H 

where Xk(z  ) C ( X l ( z ) , . . .  ,Xk_ l ( z ) )  and  X k ( x  ) E (ek, . . .  ,e,~). Now, 
H 

observe t h a t  D N V = {z; X~ (x) = 0}. Therefore  D A V is defined by 

rn - k + 1 equat ions,  which implies t h a t  dim(D N V) _> k - 1. 

2 n d c a s e :  r < k - 1  

We can suppose t h a t  

( X l ( 0 ) , . . .  , X k ( 0 ) )  = ( X l ( 0 ) , . . .  , X r ( 0 ) )  = ( e l , . . .  , e r ) .  

Observe t h a t  for A ~ 0 the  vectors 

x l ( 0 ) , . . .  ,Xr(0),Xr+l(0) + A.e ,+l , . . .  ,X~ 1(0) + ~.ek_~ 

are 15., whereas the  vectors 

x l ( 0 ) , . . . ,  x~(0), x ,+ l (0)  + ~.e~+l, �9 �9 �9 Xk_l(0) + ~.ek_l, Xk(0) 

are 1.d.. Let  V be a ne ighborhood  of 0 and  e > 0 be such t h a t  for z C V 

and  0 <l A 1< c, the  vectors 

X l ( z ) ,  �9 �9 �9 , X r ( z ) ,  X r + l ( z  ) -}- , ~ . e r + l , . . .  , X k _ l ( ; C )  + / ~ . e k - 1  

are 1.i.. Let  

D(A) = {x E V; X l ( ; e ) , . . .  ,Xr(x),Xr+t(x ) +/~.er+l,... , 

Xk_l(Z)  + A.ek_l ,Xk(x)  are 1.d. }. 
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148 A. LINS NETO 

It follows f rom the  first case t h a t  all c o m p o n e n t s  of D(A) have di- 

mens ion  > k - 1 for 0 < A < e. By  a classical resul t  on h y p e rp l an e  

sections,  we must  have d im(D N V) _> k - 1. [] 

3. P r o o f  o f  T h e o r e m  1 

3.1 - Preliminary results. 

Let  V be a germ at 0 E C n+l  of hype r su r f ace  wi th  an isolated s ingular i ty  

at  0. Le t  f be a germ at  0 C C n+l  of ho lomorph ic  func t ion  wi th  an 

isolated s ingular i ty  at  0 such t h a t  V = f - 1  (0). We will use the  following 

nota t ions :  

1 f j  for the  par t i a l  der ivat ive  Of/Oxj ,  j = 1 , . . .  , n + 1. 

2 ej for the  vec tor  O/Oxj, j = 1 , . . .  , n + 1, where  ( x l , . .  �9 , x~+ l )  is a 

fixed coord ina t e  sys t em a round  0 C C n+l .  

3 - A for the  ex te r io r  p r o d u c t  of forms or vectors .  

Le t  us fix represen ta t ives  of V and  f in a polydisc  pn+l  P a ro u n d  

0, which we will call still V and  f. We will use the  no ta t ions  V* = V \ { 0 } ,  

P* = P \ {0}, O(V*) for the  ring of ho lomorph ic  func t ions  on  V* and  

x(V*)  for the  set of ho lomorph ic  vec tor  fields on V*. 

Lemma 1. If  n > 2, then any vector field X E x(V*) can be extended to 

a holornorphic vector field ~2 on P. The vector field 52 must satisfy the 

following relations: 

a) f f ( f )  = g. f ,  where g is holornorphic on P. 

b) 2 ( 0 )  = 0. 

Proof.  I t  is well known t h a t  any  h r (_9(V*) can be e x t e n d e d  to  a 

ho lomorph ic  func t ion  h on P (cf. [G]). Deno te  by x = ( xx , . . . ,Xn+: )  a 

coord ina t e  sys tem in C n+l  and  set 

Xj  = X ( x j  I v*)cO(V*) ,  j = l , . . . , n + l  

Let  hj C O( f )  be a ho lomorph ic  ex tens ion  of Xj ,  j = 1 , . . .  n + 1. It  

is not  difficult to  see t h a t  t he  vec tor  field X v ' n + l  = z_,j=l hj.ej is a holomor-  

phic  ex tens ion  of X. 

Le t  us prove  a). Observe  first t h a t  52 is t an g en t  to  V*. This  implies 
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H O L O M O R P H I C  RANK OF HYPERSURFACES 149  

= v ,n+l  f j .h j  vanishes on V*. Since f is tha t  the function h = J r ( f )  ~ j = l  

irreducible we must have X(f) = g . f  for some gc  �9 

Let us prove b). Suppose by contradiction that  X(0) r 0. In this 

case, after a change of variables near 0 we can suppose that  X- el. 

From a) we get Of /Ox l  = g.f .  As the reader can check easily, this 

implies that  the xl-axis is contained in the singular set of V (unless 0 is 

not a singular point of V), which is a contradiction. [] 

Corollary 1. Let V C C n+l,  be as above, where n >_ 2. Then Rank(V) _< 

2. 

Proof .  Let X1, X2, X3 be vector fields in x(V*). It follows from Lemma 

1 that  they can be extended to holomorphic vector fields on P, which 

we call still X 1 , X 2 , X 3 ,  and such that  Xj(O) = O, j 1,2,3. Since 0 c 

D(X1,  X2, X3) we get tha t  dim(D(X1, X2, X3) ) _> 2, so tha t  dim(D(X1, 

X2 ,X3)  N V) _> 1, because dim(V) n. This implies tha t  the vector 

fields cannot be 1.i. on V*. [] o 

Now we consider the case of vector fields which have f as first inte- 

gral. 

Definition 2. We say that X is a first integral for f i f  X ( f )  = O. We 

will set 

Z(V) = {Y E x(V*) ;Y can be extended to a first integral }> of f } 

Corollary 2. Let X, Y~ Z(V) .  Then X and Y are not I.i. on V*. 

Proof.  Let X and ]> be extensions of X and Y respectively, which are 

first integrals of f. Since X ( f )  = ]>(f) = 0, X and Y are tangent  to the 

level hypersurfaces of f, f - l (c)  , c E C, small. 

Since 0 E D(X,]>), we get that  D(X,]>)  contains a non constant 

holomorphic curve O~ such that  ~(0) = 0. If ~ C V we are done. Sup- 

pose ~ g: V. In this case ~/ cuts the hypersurfaces f l(c) for small 

] c i> 0. Since X and ]> are both tangent  to these hypersurfaces we get 

that  dim(D(X, Y) N f - l ( c ) )  _> 1, for small I c I > 0. This implies tha t  

dim(D(X, I?)) _> 2. Therefore dim(D(X, I>) NV) _> 1, which implies the 

Corollary. [] 
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Lemma 2. Rank(V) _> 1. 

Proof.  Let  us suppose first t h a t  n is odd,  so t h a t  n + l = 2 k .  In this  case 

the  vector field X on P defined by 

k 

X = f2 .e l  - f l  .e2 + - "  + f21r 1 - f2k-1 .e2k = ~ (f2j .e2j-1 - f2 j -1  .e2j) 
j = l  

is t angen t  to  V (because X( f )=0)  and  in some ne ighborhood  U of 0 it  

vanishes only  at  0. This  proves the  l emma  in this  case. 

Let  us suppose now t h a t  n is even, so t h a t  n + 1 = 2k + 1. It is well 

known t h a t  there  exists a hyperp lane  E th rough  0 E C n+l  such t h a t  0 

is an isolated s ingular i ty  of the  restr ic t ion f IPnE. After  a linear change 

of variables we can suppose t h a t  E = {x2k+l = 0}. Consider  the  vector 

field 
k 

x = Z(f2j. 2j- - f2j-l. 2j) 
j = l  

Since X ( f )  = O, X is t angen t  to  V. It  is enough to prove t h a t  for 

some ne ighborhood  U of 0 we have Sing(X)NVK/U = {0}. Suppose by 

cont radic t ion  t h a t  X vanishes in points  of V* arb i t ra r i ly  near  0. This  

implies t h a t  V • Sing(X) contains  a non cons tan t  holomorphic  curve 

7(t) = (Xl ( t ) , . . .  , x2k+l(t))  such t h a t  7(0) = 0. Now, X(7( t ) )  = 0 implies 

t h a t  Of/Ozj(~/(t))  ~ 0 for all j = 1 , . . .  , 2k. Since f(~/(t))  =- 0 we get 

2k+1 
o - = 

j = l  

This  implies t h a t  x~k+l( t  ) - 0, because 0 is an isolated s ingular i ty  for 

f. I t  follows t h a t  the  curve 7 is conta ined  in the  hyperp lane  {x2k+l = 

0} = E ,  which is a contradic t ion,  because 0 is an isolated s ingular i ty  for 

f [EnP and  f l , . . -  , f2k vanish along 7- D 

In the  next  results  we will use the  so called "De R h a m ' s  division 

theo rem" ,  which we s ta te  bellow (cf. [M]). 

De Rham's division theorem. Let 0 E P be a polydisk in C m and ca 

be a holomorphie  1- form with an isolated singularity at 0. I f  ~] is a 
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HOLOMORPHIC RANK OF HYPERSURFACES 151 

holomorphic p- form in P, 1 <_ p < m - 1, such that 

c z a r / = 0  

then there exists a holomorphic (p - 1)-form/3 such that 

rl = co A /3 

As a consequence  we ob ta in  the  following: 

Lemma-3 .  Let V C P C C ~+1 and f be as before and rl be a holomorphic 

p-form on P, where 1 <_ p <_ n - 1. Then r] Iv. = 0 if, and only if, 

rl = df A O + f . #  

where 0 is a holomorphic (p - 1)-form and # is a holomorphic p-form. 

P r o o f .  It  is not  difficult to  see t h a t  r 1 = d f A O + f . #  implies t h a t  r / Iv .  = 0. 

We leave the  p roo f  for the  reader .  

Le t  us suppose  t h a t  ~ Iv* = 0.Fix x E V*. It  follows f rom r/ Iv . - -  0 

t h a t  dfx A ~x = 0, so t h a t  df A ~ = f . a ,  for some ( p + l ) - f o r m  a.  Th is  

implies t h a t  df A a = 0, and  so by  De R h a m ' s  T h e o r e m  we have t h a t  

a = df A ~, for some p- form /3, because  p + 1 _< n. F ro m  this we get 

d f A ( r l - f . / 3  ) = 0. Again  by  De R h a m ' s  T h e o r e m  we get r / =  dfAO+f . /3 ,  

for some ( p -  1)-form 0. [] 

Corol lary .  Let V C P and f be as before. Let X and Y be holomorphic 

vector fields on P, tangent to V*, and ft = dx l  A . . .  A dxn+ 1. Then 

i x  iy  (~) = df A O +. f .#  

where 0 is a (n-2i- form and # a (n-1)-form. 

P r o o f .  I m m e d i a t e  f rom the  fact  t ha t  i x  i y  (9) Iv, = 0 [] 

L e m m a 4 .  Let O c V c P c C n+l  and V* be as before. I f  n > 3 then 

H I(V*, O) = O. 

P r o o f .  Le t  Uj {x  E P; f j ( x )  ~ 0} and  Vj = Uj N V*, l << j <_ n + l 

and  consider  the  coverings b / =  (Uj)l<_j<n+l and  F = (Vj)I<j_<~+I of P* 

and V* respect ively.  Since the  Uj,s and  Vj,s are Stein H and  ]2 are Le ray  

coverings,  and  so it is enough  to prove t h a t  H i ( F ,  (_9) = 0. We will set 

Vij = Vi N Vj, Vij~ = Vi f-l l / j  N V~, Uij = Ui N Uj and  Uijk = Ui N Uj N Uk. 
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Let ~-=(gij)Vij be a cocycle in C1(]2, O). Since the  Uj,s are Stein 

we can ex tend  g# to gij E O(Uij) (cf.[G]). Consider  the  c o b o u n d a r y  

~=(g i jk  = [~ij + [~jk + gki)uij k in C2(b/, (_9). Now, gijk ]v~jk= 0, so tha t  

gi j~=f.hijk,  where  7-{=(hijk)uij k is a coeycle in HS(b/,  O). Since n _> 3 we 

have H 2 ( p  *, �9 0 (cf.[F]), and so ~ = 5(/C) for some K; q Cl(b/ ,  O),  

which means  tha t  h i j k  = Icij + ]cjk + lgki , l~ij E ( -9(g i j ) .  This  implies tha t  

s = (lij = 9ij - f.]qj)vij is a cocycle  in C1(5/, (_9). On  the  o ther  hand,  

H I ( P  *, O) = 0, and so s = ~(A4), for some 3// (mj)uj  c C~ 0) .  If 

we set A / =  (nj = mj}vj)vj ,  then  it is not  difficult to  see tha t  ~ = (5(H). 

This  proves L e m m a  4. [] 

L e m m a  5. Let V and V* be as before. I f  n >_ 2 then there exists a 

holomorphie n-form u on V* such that up ~ 0 Vp E V*. 

Remark .  It  is possible  to prove tha t  u ex tends  to P if, and  only if, 0 is 

a s m o o t h  poin t  of V. 

P r o o f  o f  L e m m a  5. Let  us consider  the  coverings L/ = {Uj; j = 

1 , . . .  , n + l }  and V = {Vj; j = 1 , . . .  , n + l } ,  used in the  p roof  of 

L e m m a  4. Let  uj be  the  n-form in Uj defined by  uj = ( f j ) - i  i~j(f~), 

where  t2 = dxl  A . . .  A dXn+l. We have, 

f~ = f ] - l . d x l  A . . .  A dxy_ l  A df  A . . .  A dx,~+l = df  A uy 

From the  above re la t ion we get  t ha t  df A (ui - uj) = 0 on Ui ~ Uj, 

and so ui Iwinvj~- uj [vinv0.. This  implies t ha t  we can define a n-form 

u on V* such t ha t  u I ~ =  uj. We leave for the  reader  the  p roof  tha t  u 

does not  vanishes on V*. [] 

Corol lary.  Let X ,  Y C x(P)  be tangent to V and 0,# be such that 

i x  i y  (~) = df  A e + f ~ 

where ~ = dxl  A . . .  A dXn+l.. Then 

(9 IV.= i x  i y  (11') 

where u is as in Lemma 5. 
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P r o o f .  Since X and Y are tangent to V we have X( f )=g . f  and Y(f)=h. f ,  

g,hE O(P).  Now for j = 1 , . . .  , n + 1 we have f~ = df A uj (see the proof 

of Lemma 5), so that  

i z  (9.) = h.f.uj - df A (iz uj) 

i x  i y  ( f~ )  = h.f.(ix uj) - g.f.(iy uj) + dfA ( ix  i y  uj) 

This implies tha t  on V we have 

df A O = df A ( ix  i y  uj) ~ d f A ( 0  - i x  iy(uj))  = 0 

Since u Ivj= ~j, it follows from the above relation that  0 Iv .=  

i x  i y  (u), as we wished. [] 

3 .2  - P r o o f  o f  T h e o r e m  1 in  t h e  c a s e s  n = 2  a n d  n = 3  

3 .2 .1  - P r o o f  o f  T h e o r e m  1 in  t h e  c a s e  n--2.  

Let X,  Y E x(V*) and suppose by contradiction that  they are 1.i. on V*. 

It follows from Lemma 1 that  X and Y extend to holomorphic vector 

fields on P, which we call still X and Y. Since X(0)=Y(0)=0 ,  we get tha t  

0 E D ( X ,  Y) ,  and so D ( X ,  Y)  contains some non constant  holomorphic 

curve "/(t) such that  ~/(0) = 0. Observe that  the curve ~ r V. 

Now consider the l-form i x  i y  (f~) where f~ = dxl  A dx2 A dx3. It 

follows from the Corollary of Lemma 3 tha t  there exists a holomorphic 

function g and a l-form # such that  

i x  i z  (~) = g .  df + f . #  (1) 

Assertion- g(0) ~ 0 - In fact, it follows from the Corollary of Lemma 

5 that  g Iv ,=  i x  i y  (u), where u is as in Lemma 5. This implies that  

Vx E V* we have g(x) ~ 0, because X and Y are 1.i. on V*. It follows 

that  g(0) ~ 0, because 9(0) = 0 would imply that  g 1(0) N V* ~ ;~. 

Now, X and Y are i.d. along % and so (1) implies that  

g~, " df~ + f~#7 = ix~ i y  7 a = 0 (2) 

If we set F(t)  - f(7( t)) ,  G(t) = g(~/(t)), we get from (2) that ,  

G(t) F'(t) = G(t) df~(t ) . 7'(t) = -F( t )#~( t )  ' 7'(t) = F(t)  k(t) (3) 
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Since G(0) r 0 we can divide both  members  of (3) by G(t)  (for 

I t  l< e, e small),  getting F'(t) = h(t) F(t), where h(t) = k(t)/G(t). It 

follows that  
t f 

F(t) = F(0) cxp(J0 h(8) ds)  = o 

so that  the curve 7 C V, which is a contradiction. [] 

3 . 2 . 2  - P r o o f  o f  T h e o r e m  1 in  t h e  c a s e  n = 3 .  

Let X, Y E x(V*) and suppose by contradiction that  they are 1.i. on 

V*.The idea is to prove that  there exists Z E x(P) such that  Z(f)  = 

l+g.f ,  where gE O(P) ,  which is not possible if 0 is singular point of f. 

As before consider the 1-form ix  iy (f~) where f~ = dxl A dx2 A 

dx3Adx4. Let 0 and # be such that  ix  iy (~) = d f A O + f . # .  Set 
4 

0 = ~ i=10i .dx i ,  and for p E P ,  Kp = ker(Op). 

A s s e r t i o n  1. Vp E V* we have Op • 0 and Kp• (where 2_ means 

transversal) ,  so that  dip A Op r 0 

Proof .  It follows from the Corollary of Lemma 5 that  0 Iv*= ix  iy (u). 

Since X and Y are 1.i. on V* this implies that  Vp E V* we have Op r 0 

and that  Kp (~ TpV* is the subspace of TpV* generated by X(p) and 

Y(p). Therefore Kp• as we wished. 

A s s e r t i o n  2. There exist functions Z 1 , . . .  , Z4 E O(V*) such that  

4 4 
fi.Zi = i  and ~ 04.Zi =0 

4=1 4=1 

This means in other words that  the vector field Z defined along V* 
4 by Z = ~4=1 Zi.ei satisfies the following relations 

iz (df) = 1  and iz O =0 

This will imply the result, because if we extend the functions Z4,s to 
4 functions h i , . . .  , h4 E O(P) then we get a vector field W = ~ 4 = l  hi.ei 

on P such that  i w ( d f ) = l + g . f ,  as desired. 

P r o o f  o f  assertion 2. For all p E Vj we have dfp A Op r O. This implies 

locally the existence of the vector field Z, so that  there is a covering 
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142 = {Wa; ct E A} of V* by open sets and  a collection {Z~}o<A of 

vector  fields such t h a t  for alI a C A 

i z~ (df) = 1  and  i z ~ ( O ) = O  

Let  a , /3  E A be such t h a t  W~,Z = W~ C-/WZ r 2~ and  consider 

Z~,8 = ZZ - Z~. We have i z~ , sd f=0  and  so Z~,8 E x(W~,8 ), t h a t  is, 

it is t angen t  to  V*. Since izc~,Z 0 = 0 and  0 Iv .=  i x  i y  (z/) we get t h a t  

Z~,Z = 9~,8 .X  + h~ ,8 .Y  ,where g~,8 and: h~, 8 E O(W~,8 ) 

Now, since X and  Y are 1.i., the  collections { 9 ~ , 8 } w ~ , y : ~  and 

{h~,8}w~,8~2 ~ are cocycles in CI(I/V, (9). Hence by L e m m a  4 they  are 

coboundar ies ,  and  so there  exist collections {go~}wc~ and {hc~}Wc~ where 

gc~, hc~ E (.9(W~) such t h a t  

g~,8 = 98 - ga and  h~,8 = g8 - g~ 

This  implies t h a t  Z~ - ga " X - ha .  Y = Z 8 - 98" X - hfi . Y on Wc~,8, 

so t h a t  we can define Z along V* by 

Z ]wo~ = Zc~ - g ~ . X  h ~ . Y  

It is not  difficult to see t h a t  i z  (dr) = 1 and  iz(O) = O, which prcves 

assert ion 2. [] 

R e m a r k .  The  above a rgumen t  could be applied in the  general  case, 

n >_ 4,if we could ob ta in  the  form 0 in such a way t h a t  for any  p E V* 

the  equat ions  iz(p) (df) 1 and iz(p) (0) = 0 were solvables,for some 

Z(p)  E TpV*. In this  point  we have used t h a t  0 is a 1-form if n = 3. 

3.3 - P r o o f  o f  T h e o r e m  1 in the  quas i  h o m o g e n e o u s  case  

In this  section we will suppose t h a t  V is quasi homogeneous ,  t h a t  is 

V = f 1(0), where f is quasi homogeneous.  We say t h a t  f : C  m -+ C is 

quasi  homogeneous  if there  are kl ,  . . .  , k~ ,  k E N such t h a t  g t  E C and  

g ( X l , . . .  ,Xm) E C m we have 

f ( t  k a . x l , . . .  , tkm-xm) = t k . f ( X l , . . .  ,X~)  (1) 
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It is not difficult to see tha t  a function f which satisfies condition (1) 

must be a polynomial. The following result,due to K. Saito, is known: 

Saito's Theorem (of. [S]). Let f be a germ at 0 E C ~ of holomorphic 

function, with an isolated singularity at O. Then the following are equiv- 

aleut: 

(a) There exists a coordinate system ( x l , . . .  ,x,~) around O, such that f 

in this coordinate system is a germ of a quasi homogeneous polyno- 

mial. 

(b) There exists a germ of holomorphic vector field Z such that Z ( f )  = f . 

Moreover the coordinate system in (a) can be chosen in such a way 

that the vector field Z is linear and diagonal with all eigenvaIues rational 

and positive. 

For instance if f satisfies a relation like in (1) then the vector field 

Z can be chosen a s  }-~.irn--1/~j.xj.ej where )~j = k j /k .  Observe tha t  if 

Z'  = Z + X, where X is a first integral of f, then Z ' ( f )  = f .  

From now we fix the quasi homogeneous polynomial f in C m, where 

m = n + 1, with an isolated singularity at 0. 

Given a neighborhood U of 0 and two holomorphic vector fields 

X,  Y E x (U N V*) we will say tha t  they are 1.d., if D(X,  Y)  contains 

a non constant holomorphic curve 7 C V such tha t  7(0) = 0. Two 

germs X and Y of holomorphic vector fields at 0 C V will be 1.d. if they 

have representatives X,  ]Y E X(U A V) which are 1.d. (for some U). If 

they have representatives X,  ]Y E x(U N V) which are 1.i. in U N V* then 

we will say tha t  they are 1.i. on V. 

We will use the following notations: 

)l~ = the set of germs of holomorphic vector fields at0 E C "~ 

Xv * - the set of germs of holomorphic vector fields at0 E V 

D(V) = { X  E Xv.  ;VY E Xv. then X and Y are I.d.} 

Lemrna 6. Let X ,  Y, A and B be germs of holomorphic vector fields at 

0 E V,  such that X and Y are 1.i. on V.  There exists e > 0 such that if  

] s [,1 t I < e, then X + s.A and Y + t . B  are 1.i. on V. 

Proof.  Let us consider representatives 52, 12, ~1 and /) of the germs 
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defined in a ball U = /?(0, r) a round  0, in such a way t h a t  X and  

1~ are 1.i. on U N V*. Consider  extensions of these vector fields to a 

ne ighborhood  U of 0 c C n+ l ,  which we call again X,  ]7, A and  B.  Set 

Xs  = X + s .A,  Yt = Y + t . B  and  D(s ,  t) = D ( X s ,  Yt). Observe t h a t  

A = { ( p , s , t )  E U x C2; p c D ( s , t ) }  is an ana ly t ic  subset  of U x C 2. 

Since X and  Y are 1.i. on V, D(0, 0) is a curve passing th rough  0 and  

such t h a t  D(0,0) N V* = 25. On the  other  hand ,  if the  L e m m a  was 

false, there  would exist sequences (r~ = (s~, tn))~ and  (p~).,  such t h a t  

l imn rn - O, Pn E V * N D ( r ~ )  and I Pn I = e for some small  e > 0. We can 

assume t h a t  (Pn)n converges to some p E V*. By  continuity,  it follows 

t h a t  p C D(0, 0) N V*, which is a contradic t ion.  [] 

L e m m a 7 .  Let f be as before and Z E X,~ be such that Z ( f )  = u . f ,  

where u is a unity (that is u(O) r O) The  Z Iv*  

Proof .  Dividing Z by u if necessary, we can suppose t h a t  u = l .  Let  

5/ E Xv. and  let us prove t h a t  X and  Z are 1.d.. Le t  us consider 

representat ives  of J ;  and  Z , which we call still X and  Z, in a polydisk  

P a round  0 and  a holomorphic  extension X of f ( .  From L e m m a  1 we 

have X ( f )  - g . f  for some holomorphic  funct ion g. Let  Y = X - g . Z .  It  

is no t  difficult to prove the  following facts: 

i) X and  Z are 1.d. on V if, and  only if, Z and  Y are 1.d. on V. 

ii) Y ( f )  = 0, so t h a t  Y is a first integral  of f .  

We need a Lemma.  [] 

L e m m a 8 .  For 1 < i , j  <_ m set Yi,j f j . e i -  f i . e j .  

integral of f .  Then there exists a ant isymetr ic  matr ix  

, , l < j < m  
A = (ai,j)l<i< m , where ai,j E (Qm 

such that 

Let Y be a first 

Y = E a i , j ' Y i , J  
i , j  

Proof .  Let  ~2 = d x l A ' " A d x m  and consider the  n = m - 1  form 

w = iy (~ ) .  We have df A w = d f ( Y ) . ~  = O, and so De R h a m ' s  Th e o r e m 
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implies t h a t  w = d f  A O, where  0 is a n - 1 form. Set 

i,j =m 
0 = E a i , j ' c t i , J  ' 

i , j = l  

where o~i, j = iej ie  i(f~) and  ai,j = - a j , i .  Pro m  d f / k  f~ = 0 it is possible to  

prove t h a t  

d f  A Zr ) = iy. . (f~) 

so t h a t  

i v ( u )  = d f  A 0 = 
i , j  z,3 

which implies the  Lemma.  [] 

End of  the proof  o f  Lemma 7. Let  Z,Y be  such t h a t  Z ( f )  = f ,  Y ( f )  = O, 
. l < j < m  

and Y = ~i , j  ai,j.Yi,j, where  A = [ai,j)l<i~ m. We will consider  two 

cases. 

1st case: m = n + 1 is even. Suppose  first t h a t  the  m a t r i x  A(0) = 
/ - . . l < j < m  (ai,jkO))l<i<m is non  singular.  In this  case 0 is an isolated s ingular i ty  

for Y. 

In fact  
77Z 

Y = } iYi.e~ = 
i = 1  

m 

i , j  j = l  

Since A(0) is non  singular,  t h e n  A(p)  is non  singular  for p in a neigh- 

b o r h o o d  B of 0. This  implies t h a t  if p C B is a s ingular i ty  of Y, t h e n  

f l  (P) . . . . .  fro(P) = 0, and  so p = 0. 

Now, it follows f rom T h e o r e m  2 t h a t  D ( Y ,  Z)  conta ins  a non  cons tan t  

ho lomorph ic  curve  7 such t h a t  7(0) = 0. It  is enough  to  prove t h a t  

7 c V. Le t  us prove this  fact.  

Since "7 c D ( Y ,  Z)  and  0 is an isolated s ingular i ty  for Y, we have 

t h a t  for a small  fixed t ~ 0 the re  exists c E C such tha t :  

Z~(t) = c.Y, fft) ~ f tT t~) )  = df,~(t).Z,~(t) = c.df~/(t).Y,~(t) = O 

so t h a t  7 C V,as we wished. 

Now suppose  t h a t  A(O) is singular.  Suppose  by  con t r ad i c t i on  t h a t  Y 

and  Z are 1.i. on V. Since m is even the re  exists  a an t i symet r i c  m a t r i x  
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(k ~ l<j<ra 
K = ~ i,j)l<i<ra such t h a t  for small  s r 0 the  ma t r ix  A(0) + s . K  is non 

singular.  We leave the  proof  of this  fact for the  reader. Set 

Y8 = + = y + s . W  

i,j 

It follows f rom L e m m a  6 t h a t  if s is small  enough then  Z and  Ys are 

1.i. on V. On the  other  h a n d  this cont radic ts  the  fact  t h a t  A(0) + s . K  

is non singular for s r 0. This  cont radic t ion  implies t h a t  Z and  Y are 

1.d. on V. 

2 n d  case :  m = n + 1 is odd,  say m = 2k + 1 . In this  case A(0) is 

s ingular  because it is ant i symetr ic .  Let  us suppose first t h a t  A(0) has 

rank  m - 1 = 2k. F ix  a ne ighborhood  B of 0 such t h a t  A(p)  has rank  

2k for any  p E t3. 

Consider  the  2-vector 6) = ~ , j  ai , j .ei  A e d. Since A(p) has r ank  2k 

for any  p E B,  the  2k-vector O k does not  vanishes on B. It  follows t h a t  

there  exists a l - fo rm a~ = ~ c~i dxi  such t h a t  

m 

(2) @/~ = Z ( - - 1 )  i+1 w i . e l A . . . A e i _ l A e i + l A . . . A e m  = i ~ ( e l A . . . A e m )  
i=1 

where c~ does not  vanishes on B.  

Observe t h a t  co and  @ sat isfy the  following properties:  

(a)i~(O) - ~ i , j  ai,j(aJi.ej -a~j .e~)  = 2 ~ i , j  a~,j.aJi.ej = O. 

( b ) i y ( c o )  = 0. 

(c ) ids(6) )  = - Y  

In fact,  (c) follows from Y = E i , j  ai , j .Yi , j .  Let  us prove (a). For 

any  fixed p E B there  is a base F = ( v l , . . .  ,v2k+l) of C ~ such t h a t  

O = VlAV2+. .  "+v2k_lAV2k .  Let (c~1,... , ~2k+1) be the  dual  basis o f F .  

We have O k = k!.Vl A . . .  Av2k. Since Vl A . . .  A v 2 k + l  = )~.e 1 A . . .  A e2/~+1, 

where ~ ~ 0 we get from (2) t h a t  cop = c.oz2k+l , where c 7~ 0. This  

implies (a). I t  is easy to see t h a t  (a) implies (b). We leave the  proof  of 

this  fact for the  reader. 

Now, since w0 r 0 there 'ex is t s  a vector e E C m such t h a t  cJo.e r 0. 

By  taking  a smaller  B,  if necessary, we can suppose t h a t  c~p.e r 0 for all 
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p E B.  Cons ider  the  ana ly t ic  sets 

E =  { p E  B ; Z(p)  A Y ( p ) / ~ e = O }  and F = { p E B ;  a~p.Z(p)=O} 

Observe  t h a t  F has cod imens ion  one, E has d imens ion  _> 2 ( T h e o r e m  

2) and  0 E E M F .  Th is  implies t h a t  2 = E V/F has d imens ion  _> 1, and  

0 E 2. The re fo re  2 conta ins  a non  cons tan t  ho lomorph ic  curve  - / s u c h  

t h a t  7(0) = 0. T h e  following asser t ion  will finish the  proof:  

A s s e r t i o n - 2  C V A D ( K Z )  

P r o o f .  Le t  p E 2. Since Z(p)  A Y ( p )  A e = 0, it follows t h a t  the re  are 

a, b, e E C, not  all zero, such t h a t  

a.Z(p)  + b.Y(p)  + e.e = 0 ( . )  

Since p C F and  a~p.Y(p) = 0, if we app ly  Wp to  (*) we get e.aJp.e = 

0 ~ e = 0, so t h a t  a . Z ( p ) + b . Y ( p )  = 0, which implies t h a t  p E D ( Y ,  Z) .  

Suppose  first t h a t  a r 0. In this  case if we app ly  dfp to  a . Z ( p ) + b . Y ( p )  = 0 

we get a . f (p )  = a.dfp .Z(p)  = 0, and  so p E V A D(Y ,  Z )  as we wished. 

Le t  us consider  the  case a -- 0. In  this  case we mus t  have Y ( p )  = O. 

On the  o the r  h a n d  (b) implies tha t :  

i~(e l  A . . .  A e~)  = O k ~ idf( iw(el  A . . .  A era)) = - k . Y  A 0 k-1 

T h e  above re la t ion  implies t h a t  if Y ( p ) =  0 t h e n  dfp A CJp = 0, and  

so dfp = e~.a~p. Hence  f ( p )  = dfp.Z(p)  = o~.cJp.Z(p) = 0, because  p E F .  

The re fo re  p E V C~ D ( Y ,  Z) ,  as we wished. 

Le t  us suppose  now t h a t  the  r ank  of A(0) is less t h a n  2k. T h e  

p r oo f  is s imilar  to  t h a t  we have done  in the  case m even. Suppose  by  

con t rad ic t ion  t h a t  Y and  Z are 1.i. on  V. Since m ~is odd  the re  ex i s t s  
(k ~ l< j<m 

a an t i symet r i c  m a t r i x  K = ~ i,JJl~i<~ such t h a t  for small  s ~ 0 the  

m a t r i x  A(0) + s . K  has r ank  2k. We leave the  p roo f  of this  fact  for the  

reader .  Set 

g~ = ~ ( a ~ , j  + s.k~,j).g~,j = Y + s . W  

It  follows f rom L e m m a  6 t h a t  if 8 is small  enough  t h e n  Z and  Y~ are 

1.i. on V. On the  o the r  hand  this  con t rad ic t s  the  fact  t h a t  A(0) + s . K  

has r a nk  2k. This  con t r ad ic t ion  implies t h a t  Z and  Y are 1.'d. on V. 

Th is  ends the  p roo f  of L e m m a  7. 
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End of  the proof of  Theorem 1. 

Let J2, 1 > E Xv. and let us prove tha t  they are i.d. on V. Suppose by 

contradiction tha t  they are 1.i. on V. Consider holomorphic extensions 

X and Y of A7 and 1( respectively. We have X ( f )  = g . f  and Y ( f )  = h . f .  

It follows from Lemma 7 tha t  g(0) = 0 and h(0) = 0. Let Z be such tha t  

Z ( f )  = f .  Lemma 6 implies tha t  there exists e > 0 such tha t  if s < e 

than  Y~ = Y + s . Z  and X are 1.i. on V. On the other hand Ys(f) = u . f  

where u = g + s, so tha t  u(0) = s r 0. Hence Lemma 7 implies tha t  

Y8 E D(V), which is a contradiction. This ends the proof of Theorem 1. 
[] 
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