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Abstract. In this paper we first give an overview of the methods of analysis of time
series in terms of correlation integrals, which were developed for time series generated
by deterministic systems. From the extremal value theory one obtains asymptotic
information on the behaviour of the correlation integrals of time series generated by
non-deterministic (mixing) systems. This leads to an analysis in terms of correlation
integrals which is complementary to the estimation of dimension and entropy.
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1. Introduction
Correlation integrals were originally introduced in order to analyse time
series generated by nonlinear deterministic dynamical systems. It was
proved in [T,1981], [GP,1983], [T,1983] that some dynamical character-
istics, like dimension and entropy of the relevant attractor, can be de-
fined in terms of these correlation integrals. So the estimation of these
characteristics can be done in terms of estimates of the correlation inte-
grals. If the estimates of dimension and entropy do not ‘converge’, this
is an indication that the time series is not generated by a deterministic
dynamical system, at least not by such a system with sufficiently low
dimension and entropy. For the precise meaning of ‘converge’, in this
context, and other notions, see the next section.

Apart from this, the correlation integrals of a time series contain
information about the predictability by nonlinear methods, compara-
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ble with the information contained in the autocorrelations about the
predictability by linear methods. This means that the correlation inte-
grals are relevant, independent of the fact whether we have a time series
which is generated by a deterministic system or not. This is important
because real and experimental systems are never strictly deterministic.
In the deterministic case, there is a considerable redundancy in the val-
ues of the correlation integrals: the values of dimension and entropy
contain in a concise form the most important (asymptotic) information
about these correlation integrals. It is the purpose of the present paper
to obtain an analogous reduction of the information for a large class of
time series which are generated by stochastic systems. Such a reduction
will be obtained by using ideas from extremal value theory. With this
method we succeeded to interpret the estimated correlation integrals of
time series from fluid bed reactors generated at the Technical University
of Delft. The analysis of these time series was the starting point of the
research reported in this paper.

2. Correlation integrals

In this section we give a review of the use of correlation integrals in the
analysis of time series. We illustrate these with two examples, one from
a (stochastic) autoregressive system and one from the (deterministic)
Hénon-system.

2.1 Time series, stationarity, reconstruction distributions and order

Time series. In what follows we consider real valued time series. One can
consider these as (potentially infinite) sequences of measurements which
we denote by {z;};>1. In probability theory it is often convenient to
consider an observed time series as a realization of some random process
(in the case of a deterministic system, the only ‘randomness’ consists of
the choice of the initial state, which determines the entire realization) in
which case we write {z;(w)};>1, where w is an element of the probability
space (Q, ) of all possible realizations. For a discussion of these two
approaches, see e.g. [B,1981] section 2.11. These two approaches are
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essentially (i.e. under some further hypotheses, the most important of
which is stationarity, see below) equivalent, but notationally one or the
other is more convenient, depending on the situation.

Stationarity and reconstruction distributions. We always assume that we
deal with stationary time series. The definition of this notion is different
in the two approaches mentioned above. In the formalism of ‘realiza-
tions’ we have the finite dimensional distributions of (z;, (w), -+ , z;, (w))
induced by the probability measure p on Q. Stationarity, or stationarity
in the strict sense, means that these probability distributions are in-
variant under translations of time, i.e. that the distribution of the vec-
tors (z;, (w), - - -, x4, (w)) 1s the same as the distribution of (z;)+s(w), -,
iy +s(w)) for any s. Without loss of generality we may restrict our-
selves, in this definition of stationarity, to the distributions of the vec-
tors of the form (x;(w),x;+1(W),  ,245-1(w)). For stationary time
series, the whole probabilistic structure is given by the distributions of
the vectors (z1(w), zo(w), - ,Zk(w)). These distributions are called the
k-dimensional reconstruction distributions and are denoted by pi. This
terminology is used because the vectors (z,(w), -+ ,Tp4x_1) are often
called reconstruction vectors because of their role in the reconstruction
theorem [T,1981], [SYC,1991], which was the original motivation to
study these probability distributions in the theory of nonlinear systems.
Often one only needs to consider the reconstruction distributions py for
low values of k, see the discussion of the order of a time series below.

If we have only one time series, the reconstruction distributions, if
they exist, are defined differently: We say that a time series {;};>1
has a k-dimensional reconstruction distribution pg if for each positive
continuous function f : RF — R we have:

1 n
A~ > (@ Tig1, S Tige 1) = /fduk
i=1
(here we also speak of equality if both the left and right side diverge).

In this case, where we have only one realization, we call the time series
stationary if the reconstruction distributions exist in the above sense.

Order of dynamical systems. We say that a time series has order n if,
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when predicting a new (future) element of the time series on the basis
of the most recent values, with the knowledge of the general statistical
properties of the time series (i.e. with the knowledge of the reconstruc-
tion distributions), one obtains an optimal results using the last n values
in the sense that less than n values give in general a worse prediction
and that more than n values don’t help to improve the prediction. In
order to make this more formal we have to introduce some notions.

For a probability distribution wx on R' we define its projection 7y on
R by

(mi(w)(A) = p{(@1, - 2)|(z2, -+, 71) € A}),

for arbitrary measurable subsets A C R, The projection 7 is simi-
larly defined, interchanging the roles of the first and the I-th coordinates.

If we consider a stationary time series with reconstruction distribu-
tions py, these distributions satisfy 71 (ux) = me(pr) = pr-1. Now we
consider a fixed k and observe that there is a unique probability dis-
tribution ;. ¢ on R¥*1 such that for any three subsets A, B C R and
C c R¥! we have that

, pie(A x C)pe(C' X B)
AxCxB)= ,
Mk+1( ) 1n1(0)

where of course py_1 = m1(ug) = 7 (k).

Then our time series has order n if for all & > n we have, in the
above notation, u 1 = p 1. We should note that it is very common
for stationary time seties that, for k sufficiently big, 113 1 and g4 are
at least very close. This means that it is not a severe restriction to
require that a time series has finite order. For estimation of the order
of (nonlinear) time series see [CT,1992] and [T,1996].

Mixing. There are various definitions of mixing for dynamical systems
and time series. Here we consider the strong mizing as introduced by
Rosenblatt [R,1956]. We say that a stationary time series with re-
construction distributions g is strongly mixing if there is a function
g : N — R, such that g(n) converges to zero for n — oo, and such that
for each [, n, and m and measurable subsets A C R’ and B C R™, we
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have:
ltt14nm(A x R" x B) — u(A)pm(B)| < g(n).

So the function values g(n) can be considered as a measure for the
coherence of the behaviour of the time series during time intervals which
are at least n units apart. Mixing means that this coherence disappears
if the time distance increases.

Note that a time series which is generated by a deterministic system
is (usually) not mixing, even if the dynamical system is mixing in the
sense of ergodic theory.

2.2 Definition of correlation integral

Let X be a set in which there are defined a probability distribution u
and a metric p. We define the correlation integral at distance e, P(¢), as
the probability that two independently chosen p-random elements of X
are within distance . (We shall disregard the possibility that the dis-
tribution of distances, or other distributions have points with positive
probability, i.e., we tacitly assume that all our probability distributions
are non-atomic, so that we don’t care to distinguish between the strict
and the non-strict inequality when defining distribution functions.) Ap-
plying this notion to the reconstruction distributions of a time series we
obtain the correlation integrals of the time series:

Let {z;(w)};>1 be a stationary time series with reconstruction dis-
tributions pug. Then the k-dimensional correlation integral of this time
series at distance £, P*(g), is defined as the correlation integral at dis-
tance ¢ in the above sense of R® with the reconstruction distribution uyg
and metric pr((21,- -+, Zk), (Y1, > Vb)) = MaX;—1 ..k |Ti — Yil-

It is clear that if we have a finite segment of (one representative of) a
stationary time series {xz}fvzl we can estimate the correlation integral
Pk(e) as

. 2

o o
P = s r s e S i <i SN ke

and pp((Zi, - s Tig-1), (T4, -+, 1)) < €},

where # stands for ‘the number of elements of’. Though this methods of
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estimation is correct in the sense that for N — oo the estimate converges
to the correct value, there are refinements which are useful in case of
limited values of N, see [T,1990].

2.3 Estimation of dimension and entropy

Dimension. If X is again a set with a probability distribution p and a
metric p, then we define its correlation dimension as
D(X) = lim w
e=0 In(e)
If the limit does not exist, then the correlation dimension is not defined
(some authors define in that case an upper and lower correlation dimen-
sion by using limsup and liminf). For a stationary time series, we use
this same definition and obtain D¥, the dimension of the k-dimensional
reconstruction distribution ug. From the definition it is clear that this
dimension can be estimated from the estimates of the correlation inte-
grals. However, according to the definition we have to take the limit for
e — 0, and, for small values of ¢, P*(¢) becomes extremely small, and
hence the estimate P¥(¢) becomes very inaccurate in the sense that the
relative estimation error will be large. For this reason we introduce the
notion of the dimension D*(g) at a fixed length-scale ¢:
Diey — AnPHE)
Oln(e)
which can be estimated as:
In(P*(ae)) — In(P*(e))
In(a) ’

where « is some constant (in our numerical calculations we used o = .9).

DFe) =

If these estimated values ﬁk(g) are approximately independent of &
for low values of ¢, then we can use these estimates as an estimate of the
dimension D* of the k-dimensional correlation distribution of the time
series. In principle there may be no convergence of D¥(¢) (or Dk(e)) for
decreasing values of g, but this is very rare.

If we now consider a time series which is generated by a determinis-
tic system in the sense of [T,1981] or [SYC,1991], then it follows that
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the dimensions D*, for increasing values of k, become constant, i.e. in-
dependent of k. If for a given time series the dimensions D, as far as
they can be estimated, converge, for increasing k, to a constant, then
this constant is called the dimension of the time series. For a motivation
of this definition we also refer to the above mentioned papers [T,1981]
and [SYC,1991]. In the case that these estimated dimensions D* do
not tend to a constant, we say that the dimension estimation does not
converge.

The typical situation for time series of a non-deterministic system
is that for ¢ — 0, D*(¢), and also Dk(e), converges to k for € — 0, and
hence the values of D* = k diverge for increasing k.

Entropy. Next we come to the estimation of the entropy of a time
series. This notion is derived from the notion of (Kolmogorov) entropy
for dynamical systems. For a discussion of the various types of entropy
of dynamical systems and their estimation from time series we refer to
[KS,1997], Chapter 11, Section 4, and to [GP,1983] and [T,1983]. Here
we only define the notion for (stationary) time series in terms of the
correlation integrals. As in the case of dimensions, it is possible that for
a time series the entropy is not defined and/or that the estimation of the
entropy does not ‘converge’. First the formal definition. The entropy of
a time series with correlation integrals P*(e) is defined as

whenever this limit converges. As in the case of dimension estimation
the estimation of entropy is done in two steps in which intermediate
quantities are estimated. We first define the entropy at embedding di-
mension k and at length scale ¢ as

H:(g) = —In(P*T1(e)) + In(P" ().

It is clear that we estimate this quantity by replacing in the definition
the correlation integrals by their estimates, so

H*(2) = —In(P*T(e)) + m(P*(e)).
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If H”(¢) converges to a constant for k — oo, then this constant equals
| —In(P*(e
H(e) = klim (~ln(Pk+1(£)) +In(P*(e))) = klim _n(k—()

In principle there may be no convergence at this point, but that is very
rare. The estimation of H(e) is usually done by visual inspection of the
graph of H k(e) as function of k. Some refinements are possible here
but, as far as I know a systematic way of estimating H (¢) has not been
published.

Next, if H(e), for £ — 0, converges to a constant, then this constant
has to be equal to the entropy as defined before:

—In(P*(e
H = lim Hie) = tim tim —2E)
e—0 e—0k—oo k

At this point there are often problems with the convergence. In fact,
for a stochastic time series, one expects that H(e) tends to oo as € tends
to zero.

2.4 Numerical examples of estimates of correlation integrals and various
derived quantities
For two time series, which were generated numerically, namely one time
series from the Hénon-system and one from an autoregressive system we
estimated the correlation integrals and give a graphical presentation of
the related quantities as introduced above.

The first time series was generated by the rule

Tp=1— 1.43:721_1 +.3Tn_2

and starting with random initial values close to zero. The second time
series was generated by the rule z, = .9z,_1 + ‘noise’ where the noise
is generated by a random generator producing independent realizations
from a normal distribution with average zero and variance one. In both
cases, in order to obtain time series which are practically stationary, we
disregarded the first 100 values. The actual time series consists of the
next 3000 elements. Before further calculations were carried out the
time series were rescaled such that the maximal, respectively minimal,
value equals one, respectively zero.
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For both time series we first estimated the correlation integrals P*(e)
for k =1,---,20 and ¢ = 1,.9,.92,-.-,.999. For each value of k, we
plotted, In(P*(e)) as function of In(g), see figures 1 and 4. Since the
values of P*() and hence the values of In(P*(¢)) decrease for increasing
k, we have from the top to the bottom the values of k increasing from
1 to 20. Since the relative estimation errors of P¥(¢) become large as
P*(¢) becomes low, we omitted those estimates which would have been
based on less than 50 pairs (4, j) as in the formula for the estimation of
correlation integrals.

Already from these graphical representations one gets an idea of the
dimensions and entropies as defined above: the estimated dimensions
are the slopes of the various graphs of In(P*(¢)) as function of In(g); the
estimated entropies are the distances between the graphs of In(P*(¢))
and In(P*t1(¢)) for the various values of k and e.

These estimates of dime@i/ons and entropies as function of In(e) for
various values of k are given'in the figures 2, 3 and 5, 6.

In the case of the time series generated by the Hénon system, we
see that both the estimates of dimension and entropy cluster, for low
values of ¢ (is ‘distance’) around a constant value (the big exception
for the entropy is for & = 1 which we may disregard since we have to
consider the limit for & — 00). The results agree reasonably well with
the estimates reported in the literature: for the dimension around 1.2
and for the entropy around .32.

In the case of the time series generated by the autoregressive system,
we see that for low values of k, the values of ﬁk(s) converge to k ase — 0
— for larger values of k this should also happen, but the estimates stop
because of the low numbers of pairs on which the estimation of the
correlation integrals would have been based. In the estimation of the
entropies we see that there is essentially no dependence on k but that
the values diverge to co as € tends to zero.

3. Extremal value theory

Extremal value theory is concerned with the following situation. Let
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{z;(w)} be a stationary time series (again w is an element of (Q, ), the
probability space of all possible realizations). For such a time series we
define My (w) to be the maximum of z1(w), - , zx(w). The main interest
of extremal value theorie is the study of the distribution of Mj(w) for
large values of k. We denote the distribution function of My(w) by
Mi(z) = P(Mg(w) < z).

One may think of the following example: Let z; be the maximum sea
level in year i (we assume that this is a realization of some stationary
process of which we write the general realization as {z;(w)}). Decisions
on how high dikes have to be will be based on (estimates of) quantities
like the value of x for which Mxggo(z) = .5 (if one accepts a flood about
once every 5000 years).

This example shows that one is interested in asymptotic results
about My(x) for large values of k, and in particular for those values
of x where Mg(z) is bounded away from 0 and 1. This means that one
uses in general a rescaling of the x variable which depends on k. This
is also illustrated in the next example.

Extremal values of an iid time series. We consider a stationary time series
{z;(w)} in which all elements are statistically independent. We call such
time series independently and identically distributed, abbreviated as éid.
The distribution function for xq, and hence for each x;, is denoted by
F(z) = Pz (w) < ). It is easy to see that, due to the independence,
the distribution function M of the maxima of k successive elements is
the k-th power of F:

From this simple result, one sees that the rescaling mentioned above,
is indeed useful because the asymptotic behaviour of My(z) for fixed x
and k — oo is uninteresting: whenever F(x) < 1, M(x) converges to
Z€ero.

In this example we get a complete description of the distribution
of extremal values for iid time series. No such simple result exists for
time series in which the values at different times are dependent. We give
however in subsection 3.2 some examples of time series with dependence
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for which one can analytically compute the distribution functions M.
Then, in subsection 3.3 we introduce the extremal index which quantifies
the effect of the dependence for the distribution of maxima. Before doing
so, we discuss in subsection 3.1 the relation between the distributions
of maxima and our correlation integrals as defined before. Finally, in
subsection 3.4 we discuss the interpretation of correlation integrals in
terms of extremal indices.

3.1 Correlation integrals and extremal values

In this subsection we describe some constructions for transforming a
given time series into others; for this reason it is convenient to use a
single symbol to denote a time series. Let X = {z;(w)} be a stationary
time series (again w is in (Q, ), the probability space of all possible
realizations). From this we define the time series of differences DX =
{dz;(w1,w2) = z;(w1) — zi(w2)}. Note that the probability space of all
possible realizations for DX is the Cartesian product of Q with itself
(with the product probability measure). We denote a general element
of O = QxQ by &= (wy,ws). Next we define the time series of absolute
values of differences ADX by ADX = {adz;(@) = |dz;(@)|}. Finally we
denote by M X, the distribution function of the maxima of k& successive
elements of ADX.

These definitions are arranged in such a way that M X (e) as defined
above is just equal to the k-dimensional correlation integral of our time
series X at distance £. This is the motivation to try to interprete the
correlation integrals in terms of extremal value theory (especially for
stochastic time series).

Before we proceed to exploit the relation between correlation inte-
grals and extremal values, we want to point to some simple relations
between the time series X, DX, and ADX.

Since X is stationary, also DX and ADX are stationary. The time
series DX has average 0 and variance equal to twice the variance of X.
By a simple computation one can see that the autocorrelations of X and
DX are the same. Finally, the reconstruction distributions of DX are
invariant with respect to the involutions RFS X+ —X e Rk, i.e. with
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respect to multiplication by —1 in R¥. This is due to the fact that in Q
the elements (w,w’) and (w',w) have ‘the same probability’.

Next we compare the extremal value properties of DX and ADX.
As before, we denote by MX, the distribution function of the maxima
of k successive elements of ADX. For the present argument we denote
by ming, respectively maxy, the distribution functions of the minima,
respectively maxima, of k successive elements of DX, i.e.,

ming(z) =1 — P(da1 (@), -, dep(@) > )

and
maxy(x) = P(dz1(©), - ,dzi(@) < x).

(We remind: in the definitions of distribution functions, we assume ev-
erything to be non-atomic so that we do not have to distinguish between
< and <.) From the fact that the reconstruction distributions of DX
are invariant under multiplication by —1, it follows that

mazy(xr) = 1 — ming(—x).

If we may assume that the distribution of maximal and minimal values in
sequences of k successive elements of DX are independent, then it would
follow, for x > 0, that MX () = mazy(x)(1—ming(—z)) = (mazy(z))?.
This assumption of independence seems to be very reasonable for large
values of k, and values of z which are not too close to 0 or negative.
However it cannot hold for low values of k or values of # which are close

to zero or even negative. F.g., for k =1 and z > 0 we have:
MXq(x) =1-2(1 —maz1(z)) = =1+ 2maz(z) < (maxl(x))Q.

(Note that in this last expression x > 0, so that mazxi(z) € [%, 1].) For
r = 0and k = 1, the independence assumption gives MX1(0) = (1/ 2)2 =
1/4 though this quantity is clearly zero.

Conclusions. In terms of autocorrelations (and hence power spectra),
there is no difference between the original time series X and the time
series DX of its differences. Under an independence assumption, which
seems to be justified for larger values of & and z, but which does not
hold for low values of k or x, the extremal values of ADX, the time

Bol. Soc. Bras. Mat., Vol. 29, N. 2, 1998



CORRELATION INTEGRALS AND EXTREME VALUES 209

series of the absolute values of the differences, is related in a simple way
to those of DX.

There is however no reason to expect a simple relation between the
time series X and ADX, neither in terms of autocorrelations nor in terms
of extremal values.

3.2 Extrema of time series with correlations: examples

We return to the notation at the beginning of this section. So {z;(w)}
is a stationary time series, My(w) denotes the maximum of the first k
values, and My, its distribution function. We have seen already for time
series, where the various x;(w) are independent (i.e. for iid time series),
that My, = (M1)*. Since we have no such general result for time series
with dependence, we discuss here some examples. In the next subsection
we discuss some asymptotic results from the literature.

Example 1. In this example we start with an iid time series {y;(w)} and
a fixed integer m. We denote the distribution function of y1(w), and
hence of each y;(w), by F. We define the elements of {z;(w)} as

xz(w) = MmaX;—;... i+m—1 yj(u)).
In this case it is very easy to see that the distribution functions My, of

the maxima of k successive elements can be given analytically as
k-1
_ +k-1 _ g5
My =F™ =M; ™.

This result admits a simple heuristic explanation by comparing it with
the result for iid time series. The distribution of maxima of k succes-
sive values of this time series looks like the maximum of 1 + (k — 1)/m
successive elements of an iid time series with distribution function M.
This is to be expected, at least whenever k — 1 is a multiple of m, be-
cause then a maximum below z means that the maxima of 1+ (k—1)/m
successive blocks of length m of the original time series {y;(w)}, which
was iid, are all below x: one block for x;(w) and one for each of the
successive blocks of m elements of the remaining z9(w), - -+ , zx(wW).

Example 2. For this example we consider an arbitrary probability dis-
tribution P on R with distribution function F, and a number p € (0, 1).
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Instead of giving a formal definition of this example as a stochastic
process, we describe how to obtain inductively the generic realization
{zi}i>1. This goes in the following way: 1 is a random element from
the probability distribution P ; for each i > 1, z; is equal to z;_1 with
probability (1 — p) and with probability p it is a new and independent
random choice of our distribution P.

From this definition it is clear that for the distribution functions of
the maxima My, we find: My = F and for k > 1:

My () = Mp_1(2)(1 + p(F(2) — 1)).

The latter formula follows from the following argument: if the first k—1
elements of our time series are smaller than z, then the probability that
also the k-th element is still smaller than x is (1—p) (the probability that
z1, equals x,_1) + p (the probability that z; is a new random choice)
times JF(z) (the probability that the new choice is smaller than z). From
this we obtain

My(x), = F(z)(1 + p(F(z) — 1))FL.

From calculus we know that for z close to 1, 1+ p(z — 1) is well approx-
imated by zP. This means that, where F(z) is close to 1, we have in

good approximation
My(z) ~ F(z)t -1,

We recall that here M1 = F. So we see that this approximate result
has the same form as in example 1, with 1/m replaced by p.

Example 3. Our third example gives a slightly different result. It is the
so-called max-autoregressive random sequence (see [FHR,1994], section
8.2). In this example we start with an iid time series {y;(w)} with distri-
bution function F and a real number ¢ € (0,1). The max-autoregressive
sequence itself, {x;(w)}, is obtained as follows: The first element z; is
a random choice from some probability distribution with distribution
function G, which we will specify later. The subsequent elements are
defined as

:vi(@ = ¢ max(z;_1(w), yi(w)) fqr 1> 1.
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In order to have this time series stationary, we should have
G(z) =G(z/c)F(z/c).

For this we have to take
G=]]F@/c).
=1

This infinite product converges automatically to a non-decreasing func-
tion. In this case the distribution functions of the successive maxima
are given by

My(x) = G(@)(Fla /).

If G(z) is, to a good approximation, equal to F(z/c) (which is the case if
x is sufficiently close to the upper bound of the support of the probability
distribution defined by G), then we have here the same situation as in
the iid case. So, under this assumption, here the dependence has no
effect on the distribution of maxima, at least for values of  which are
close to the upper bound of the support of the distribution defined by G.

3.3 Extremal value theory: the extremal index

In this subsection we recall a main asymptotic result on extremal value
distributions for time series with correlations. So let {z;(w)};>1 be a
stationary time series, which we assume to be mixing in the sense of
subsection 2.1. As before we denote by Mp(x) the probability that the
first k£ elements are all smaller than z. For s € (0,1) and k£ € N we
define z(s, k) by the equation (M (x(s, k)))* = s, which has a solution
whenever the probability distributions of x1(w), and hence of any x;(w),
is non-atomic. If the solution is not unique we just take one of them.
Note that, if the time series {z;(w)} were iid, then My(x(s,k)) would
be equal to s; this was in fact the reason for taking this definition.
Then we define 8(s, k) by Mg(x(s,k)) = $7sk) 8o f(s, k) quantifies
the effect of the dependence in the time series on the distribution of
maxima. The result which we recall, see [LLR,1983], section (3.7), is
the following. The quantity 6 = liminfy ., 0(s, k) is independent of s.
The same holds for 8+ which is similarly defined with liminf replaced
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by limsup. These quantities §_ and 64 are called the lower, respectively
upper, extremal index.

Observe that in the iid casé, where M, = M’f we have §_ =6, = 1.
Next we consider the examples in the previous subsection. In the
first exarmple, where we had M; = M}Jr% it is easy to see that
6_ = 64 = 1/m. In the second example the calculation is somewhat
more complicated, but one can prove, as suggested by the approxima-
tion My ~ Mier(k_l), that 6_ = 6. = p. For the third example,
assuming that the support of the probability distribution defined by
F is bounded from above, so that G(z) = F(z/¢) whenever F(z/c) is
sufficiently close to 1, we have that §_ =64 = 1.

From these examples we see that it is not uncommon that 6_ and
64+ are equal. In that case they are denoted by 6 which is called the
extremal indez. '

Especially from the first two examples we see that much stronger
relations hold: in these examples one has My ~ Mglﬁ'a with 6k +
a=80k—-1)+1or a =1—40. By numerical experimentation with
other examples, see the next section, we found that the former relation
My, ~ M(ik"m is often satisfied to a good approximation, even for values
of k that are not extremely big, but that the latter relation, namely the
relation between o and 6, is usually not satisfied. We call the value «
in the above description the offset. (Note that these numerical exper-
imentations concern correlation integrals, or, in other words, extremal
distributions of absolute values of differences of a time series.)

3.4 The analysis of correlation integrals in terms of extremal values
As we mentioned in section 3.1, the correlation integrals of a time series
X = {x(w);} can be interpreted as the values of the distribution functions
of maxima of k successive elements of the corresponding time series of
absolute values of differences.

As we observed already in the context of entropy estimation, the
differences log(P*(e)) — log(P**+1(¢)) usually are independent of k for
sufficiently big &, say for k > kg. The above considerations suggest even
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more: they suggest that for properly chosen coefficients ¢ we have for
k > kg that log(P*(e)) ~ cxlog(P®(¢)) (with ¢ independent from the
value of ¢), and even that the ¢; depend afinely on k > ky. We will
see that this is indeed the case in our numerical simulations. Also we
expect that, for a suitable value of ¢1, we may have that log(P(e)) ~
c1log(P*0(g)). In our simulations this last similarity is less convincing.
Both these expectations can be verified by visual inspection once the
coefficients ¢q, Cko+1, etc. have been found. If the result is positive, both
the extremal index and the offset, as defined in the previous subsection,
can be estimated.

If the similarity between log(P(¢)) and ¢; log(K*0(¢)) is not convine-
ing, then the estimated value of ¢; will depend strongly on the algorithm
used, and hence the derived values of the extremal index and offset will
not give much intrinsic information about the time series. In this case
there are two ways in which one can proceed. One is to base the esti-
mation of the coefficients ¢; on the estimated correlation integrals P*(e)
whose values are very close to one, and hence for which ¢ is close to the
maximal possible distance — this is suggested by the definition of the
extremal index, but the relevance of the correlation integrals for large
values of ¢, e.g. for judging the predictability of the time series, is small.
Therefore we try a different way. Instead of basing our estimation of
the extremal index on the coefficients C1, Chgy Chg+1,° -+, We replace ¢
first by the value, obtained from cg, Cko+1, - by linear extrapolation,
and then estimate the extremal index. We refer to this as the estimated
modified extremal index. After the substitution of ¢ as proposed here,
the offset has no independent information, so that we don’t have to
estimate it.

4. Discussion of numerical estimations of extremal indices and
offset

In this section we discuss the results of a number of numerical simulation
in which the indices and the offset were estimated for three different time
series: the time series of the Hénon system and the autoregressive system
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which we also used before, and also of an experimental time series from
a fluid bed reactor at the Technical University Delft (provided by the
group of prof. Van den Bleek). First we explain which calculations were
carried out, then we discuss the results on the basis of graphical output

of these calculations.

4.1 Description of the calculations performed
The calculations are based on the estimated correlation integrals as de-
scribed in subsection 2.4, i.e., embedding dimensions from 1 to 20 and

at distances

e=1,.99% .. 9%

For these calculations we have to take a value, here, as in the previous
section, denoted by kg, which is the embedding dimension above which
we expect the asymptotic results to be valid.

The first thing we calculate are the coefficients, or multiplication
factors c1,¢gy 1,y t2,- -+, c20 such that the graphs of ¢; - log(P*e (e))
is as close as possible to the graph of log(P*(¢)). This means that for
each of the values of £, for which correlation integrals were estimated, we
computed the quotient log(P?(¢))/ log(P*0(¢)), and computed a weighted
average over the relevant values of £. In further considerations we always
assume that cg, = 1.

Here the graphical output consists of a plot of the values of ¢; as
function of 4: this is for a first inspection whether these values indeed
depend affinely on ¢, i.e. whether the plotted points are on a straight
line.

Next we actually show all the graphs of ¢; 1 -log(P(¢)) (as function of
log(e) in order to inspect whether the multiplication with the coefficients
¢ indeed makes all these graphs (practically) equal. We call this the
rescaled log-correlation-integrals. One may expect the graph for ¢ = 1
to be usually somewhat exceptional. Therefore, this graph is shown
by a dotted line instead of by a solid line, which is used for the other
embedding dimensions, at least if the value of kg is different from 1.

Then we repeat the same, but with the coefficients ¢; replaced by
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approximations ¢; such that ¢; depends affinely on 4. This also can serve
as a test whether kg is already big enough to give the asymptotic picture
for embedding dimensions above kg. Here we speak of log-correlation-
integrals with uniform scaling. Also here the graph for the embedding
dimension 1 (if kg > 1) is shown as a dotted line while for the other
dimensions solid lines are used.

Finally, we give estimates of the indices and offset. These estimates
are based on the comparisons of the correlation integrals at successive
embeddingdimensions ¢ and ¢+ 1 for ¢ = kg to ¢ = 19. The estimates are
the following:

e The estimate of the extremal index is obtained as the quotient (¢;11—
¢;)/c1. In the graphical output it is shown as a solid line.

o Next the offsets are estimated for the same embedding dimensions
and shown as stars. The estimates are based on an affine extrapola-
tion from ¢; and ¢; 41, i.e. our estimate of the offset is (¢; — i(¢;1 —
ci))/c1

e Finally we show in the same graphical output the estimates of the
modified extremal indices. Again for each i as above, they are also
based on an afine extrapolation from the values of ¢; and ¢; ;1. These
estimates are represented by '+’ in the graphical output.

4.2 Discussion of the results

We first consider the time series of the autoregressive system. We show
the ‘multiplication factors’ (figure 7) and the ‘indices and offsets’ (figure
8) for kg = 1. Then we show the ‘rescaled log-correlation-integrals’
(figures 9, 11, 13) and the ‘log-correlation-integrals with uniform scaling’
(figures 10, 12, 14) for various values of ky. As successive values of kg we
take 1 (figures 9 and 10), 5 (figures 11 and 12), and 10 (figures 13 and 14).
Even the log-correlation-integrals with uniform scaling with embedding
dimension > 10 fit very well — the agreement with the rescaled curve for
the embedding dimension 1 is however weak. So here we see that all the
information about the correlation integrals with embedding dimension
10 and higher (or even 5 and higher) can be reduced to the one curve
shown and the extremal index and offset.
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From the figure with indices and offsets we see the extremal index
is by far the most stable, in the sense that it is (rather) independent of
the embedding dimensions.

In the following examples we have kg = 3.

Next we show the results for a time series from the fluid bed reactor
mentioned before (figures 15, 16, 17, 18). Here we see even a better
agreement with what we expect to hold asymptotically. In particular,
the relation between, the results for embedding dimension one with the
results for higher embedding dimensions is much better. This means
that the information about the correlation integrals at embedding di-
mensions three and higher can be very well described in terms of the
extremal index.

The same analysis for the time series from the Hénon attractor (fig-
ures 19, 20, 21, 22) shows a completely different picture: the multiplica-
tion factors are not on a straight line and the rescaled log-correlation-
integrals for different embedding dimensions do not coincide (this does
not improve if we take higher values for kg). The same holds for the log-
correlation-integrals with uniform scaling. So here this method of con-
tracting the information contained is the correlation integrals by these
ideas of extremal value theory does not work. This is not completely
unexpected: this time series, as generated by a deterministic system, is
not mixing in the sense of stochastic processes (see section 2.1). On the
other hand, in this case the dimension and entropy converge and hence
contain the asymptotic information about the correlation integrals.

Concluding remark. We want to stress that our purpose in this paper
is to show that estimates of the extremal index gives for certain time
series a good description of the asymptotic behaviour of the correlation
integrals. We did not yet optimize the estimation of these indices nor
of the coeflicients ¢ which were shown in the figures. This will be the
subject of further investigations.
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Figure 12: Autoregressive time series: zn = .92,-1 + noise.
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Figure 20: Henon-time series: z, = 1 — 1.43:%”1 + .3z,_0.
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