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A m e a n  v a l u e  t h e o r e m  o n  D i r i c h l e t  s e r i e s  

C. Calderdn and M.J. Zfirate 

Abstract. This paper deals with mean-value for the square of certain function 
F(s) which has some characteristic properties of the Riemann zeta-function and its 
powers. 
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1. Introduction 

In  [1] B a l a s u b r a m a n i a n ,  Ivid and  R a m a c h a n d r a  o b t a i n e d  m e a n - v a l u e  

t h e o r e m s  for ce r t a in  func t ions  F ( s )  = ~ a,~,r~ ~ over  in terva ls  of  the  

line R e s  = 1. S a n k a r a n a r a y a n a n  and  Srinivas  in [5] p roved  a m e a n -  

value t h e o r e m  of the  R i e m a n n  ze t a - func t i on  over  shor t e r  in terva ls  on 

the  a s s u m p t i o n  of the  R i e m a n n  Hypo thes i s .  

In  th is  p a p e r  we o b t a i n  a m e a n - v a l u e  t h e o r e m  for func t ions  F(s) 
which  ver i fy  the  following condi t ions:  

i) F(s) is a m e r o m o r p h i c  func t ion  in the  ha l f -p lane  Res > 1/2 w i t h  

a t  m o s t  one pole  in order  r a t  s = 1 w i th  res idue ~/; F(s) has  a repre-  

s e n t a t i o n  as a Dir ichle t  series 

F(s) = f i  f(rz)n ~ (1.1) 
n 1 

abso lu t e ly  convergen t  ill /~eS > 1 and  f(n) << n c for every  c > 0. For  

every  or' > 1/2 

F(~r + it) = o<ltl c) <as Itl -~ ~ )  <12) 

u n i f o r m l y  in ~ >_ ~ ' ,  w i th  an  a p p r o p r i a t e  cons t an t  C d e p e n d i n g  on or'. 
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ii) Fur thermore ,  we suppose t h a t  the  funct ion defined as 
oo 

G(s) = Z I f(n)12n s (1.3) 
n = l  

in Res > 1 has an  analyt ic  cont inua t ion  over cer ta in  half-plane Res > a 

(0 < a < 1) and  its only  s ingular i ty  is a pole of order m at s = 1, wi th  

residue cm. 

iii) Besides, there exist positive cons tants  A1,/3 such tha t  for 

1 A1 
+ < ~ < 1 - 6  (6 > 0), t > to > 0 (1.4) 

2 (log log t)~ -- -- 

we have uni formly  

log Y ( a  + it) O((log t) ~(~) (log log t) -z )  (1.5) 

where 0 < offer) < 1 and c~(cr) is a cont inuous  and  decreasing funct ion 

for 1/2 < cr < 1. 

It is the object  of this paper  to prove a mean-value  theorem for the  

square of F(s) over short  intervals; so, we will prove the  following result: 

T h e o r e m .  For 

1 2A 1 
- +  < < 1  6 ( 6 > 0 )  (1.6) 
2 (log logt)~ -- ~ -- -- 

and Y <_ H <_ T with Y = exp[(logT) ~(~)] we have 

1 / T + H  oo 

JT ]F(s)12dt = ~ If(n)12n-2~+ 
~=~ (1.7) 

+o (exp(-&(~og T)+)(log ~og T)-%) 
where A 2 > 0 depends on A1 and the O-constant depends on 6. 

2. L e m m a s  

Lemma 1. Under the hypothesis of the Theorem and T < t < T + H we 

have 
oo 

F(s) ~ f ( n ) e - n / Y n  -* + 0 (exp(--A3(logT)~(a)(loglogT)-Z)) (2.1) 
n- -1  

where A 3 > 0 depends on A 1. 
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Proof .  By Mellin's transformation,  

Do 

E f(n)e n/Ylz-s - 1 ./R F(s + co)Y~F(aJ)dw 
1 27ri ew=2 

1 / F(s + w)Y~T(c~)dcJ + I 

27ri  J R e w = 2  
]vl>log a T 

1 
f F(s + w)Y~T(c~)dc~ 

Ivl _<log a T 

where a > 0 is sufficiently large and a~ = u + ~v. 

We consider the rectangle RT with vertices 

2 -L i Iog a T, ( -A1  (log log T)-/~) • i log a T, 

and by the Cauchy residue theorem we can write: 

r ~ = l  R T 

+ O \lJ-al(I~176176 ~T F(s + w)K~F(w)dc~ + 

+ O ( /R~=-&0oglogT)-~ F(s + cJ)g~r(cJ)da 
\ l  ]v[_<log a T 

By the well-known est imation of F(cJ) (see A.3 [2]) we obtain 

O(Y 2 exp(-C~ log ~ T)) 

with C1 > o. 

(2.2) 

(2.3) 

(2.4) 
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From the condit ion (1.2) and the es t imat ion for F(co) we can write: 

_2+ilog a T 

Al(loglog T ) - ~ + i l o g  a T 
F(s + co)YWr(co)dco : O(TCy 2 exp(-C2 log a T)) 

= O(Y 2 exp(-C3 log a T)) 

(2.5) 

with C2, 6'3 > o. 

By the hypothesis  iii) for F(s)  we have 

= 0  

R e w =  Al( log logT ) /3 
]v[<loga T 

F(s  + c~)Y~P(cc)dco = 

fp (1ogr)~(-) ] (2.6) ~O40oglogr)/3} [ r(1 +T) d~ = exp 

y A  1 (log log T) /3 ] F (co) 
Reco= -A 1 (log hog T) -/3 

jv I _<log a T 

= 0 (Y  As (log log r)-/3 exp(C4 (log T) ~(~) (log log T)-/3) log log T). 

Choosing Y = exp((log T) ~(~)) the three integrals of (2.3) are 

O(exp{-A3(log T) c~(~) (log log T) /3}) (2.7) 

for some A3 > 0 sufficiently large. 

Besides, F(s) has a single pole at co = 0 with residue 1; so 

Res~_-0(F(s + c~)Y~r(cc) ) = F( s ) .  (2.s) 

At co = 1 - s ,  F ( s  +cv) has a pole of order r and by the es t imat ion of 

P(w), the residue of F(s  + ua)Y~F(cJ) in this point  is bounded  by (2.7). 

L e m m a  2. [2,4] I f  {an} is a sequence of complex numbers such that 

n(lanl) 2 is convergent, then 

T §  @ a n  r~- i t  2 oo 

�9 I T  ~ n:l 
(2.9) 
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where the implied constant is absolute. 

57 

3 .  P r o o f  o f  T h e o r e m  

Let Y = exp((log T) ~(~)) and T < t < T + H.  By Lemma 1 we have 

oo 
F@) = ~ f(n)e ~/Yn -~ + O(exp{-Ag(logT)~(~')(loglogT)-Z}) 

n 1 
= J l +  J2 

(3.s) 

when 

S o ,  

1 2A 1 
- +  < ~ 7 <  1-~5. 
2 (log logT) ;J - - 

/T r4-H IV(s)l 2dr = [T4-H(I&I2 + I J212 + J1J2 + J~&)dt 
JT (3.2) 

By L e m m a  2, 

f T + H  s [Jll2dt = If(n)le-2n/Yn-2O-(H 4- O(n)) 
JT n=l 

: H {s ['f(lz)12'/'~--2~ -- n<YE k]e(r~)12r/" 2cr(e--2n/Y -- 1) 4- 

4-n>YE If(n)[2n-2~ 2n/Y_1) } 4- 

+o(,~=~lf(n)12nl-2% 2,~/r). 

Now~ 

(3.3) 

, ] 
r,,<Y n_<Y / 

( y1-2~+~ "] 
E ]f(n)[2n-2C~ • 0 \ ~ Z ~ - 6 / I  
n>Y 

~' If(~)12~-2'% -2~/v = o v ~ ,<1-2,~+~ o \ 2-~z_~ 
n>Y \ n>Y / 
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Since Y _< H we get 

jfT T + H I j l l2 dt = 

n 1 

From (3.1), obviously 

T T+H IJ212dt O(Hexp{-2A3(logT)~(~)(loglogT)-~}). (3.5) 

Besides, by using Holder's inequality 

f r + H  J1d2dt 
, 1 T  

= 0 H s li(n)f2~l/2exp{-A3(logT)~t~l(loglogT) ;3} 
n = l  $Z2cr ] 

From (1.6) and ii) we deduce 

If(n)l 2n-2~ _< If(n)12n 1-4A l ( l~176 -/3 

n : l  n--i 

CTt~ 
= (4A1 (log log T)-~)m + O((4A1 (log log T ) - ~ ) i - m )  

Therefore 
T + H r 

dlJ2dt : O(H(loglogT) W- exp(-As(logT)a(~ /3)) (3.7) 

= O(H exp(-A4 (log T) a(~) (log log T)-/~)), 

where A4 < A3. Taking Y = exp((logT) c~(~) Theorem is proved with A2 > 0 

such that  A2 < A3 a n d  A2 < 4A1. [] 

4. Applications 
The functions 

1) {F(s)=<(s), f(n) ~= 1}, {F(s)=r f ( n ) - d k ( n ) , k > 2 } ,  

2) {F(s) = LI~(s, XO), f(n) ~ dk(n)Xo(n), being xo a principal character 

modq,  q >  1, k >  1}. 
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3) Ck"(s) hl(s), f(n) -- (d~(n)) "~ (where hi(s)  is defined in the {F(s) -  (((2~))~o 
half-plane Res >1/3  by an absolute ly  convergent  Diriehlet series and 

e0 ( 1 / 2 ) k " ( k ~ + l ) - ( ( U 2 ) ( k + l ) )  ~ c 1N (see [3])}, hold the  hypothes is  

i) and  ii). The  hypothes is  iii) is verified by F(s) = r - (k:(s)  

and  F(s) fk(s, xo) on the  R i e m a n n  Hypothes i s  (see [6]). 
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