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Existence of the primitive Weierstrass 
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Abstract. We show that for any possible Weierstrass gap sequence L on a curve 
of genus 9 with twice the smallest positive non-gap > the largest gap there exists a 
pointed non-singular curve (C, P) over an algebraically closed field of characteristic 0 
such that the gap sequence at P is L. 
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1. I n t r o d u c t i o n .  

Let  C be a comple t e  non-s ingular  i r reducible  algebraic  curve  of genus 

g -> 2 def ined over an a lgebraical ly  closed field k of charac te r i s t i c  0, 

which is called a curve in this  paper .  Let  P be its point .  A posi t ive 

in teger  7 is called a gap at  P if there  exists a regular  I - fo rm co on  C 

such t h a t  ordp(co) = 7 - 1. We deno te  by  L(P) the  set of gaps at  P ,  

which is also called the  gap sequence at  P .  T h e n  the  ca rd ina l i ty  of L(P) 

is equal  to  g. Moreover ,  the  complemen t  H(P) of L(P) in the  addi t ive  

semigroup  N of non-nega t ive  integers  forms a subsemigroup  of N. 

Conversely,  let L be  a gap sequence, i.e., a finite subset  of N whose 

c o m p l e m e n t  H(L) = N \ L  in N forms a subsemigroup  of N. T h e  cardi-  

na l i ty  of L is called its genus. We say t h a t  L is Weierstrass if the re  

exists  a po in t ed  curve  (C, P )  such t h a t  L(P) = L. Buchwei tz  [1] showed 

t h a t  t he re  is a non-Weiers t rass  gap sequence of genus 16. We are in- 

t e res ted  in the  m a x i m a l  genus g such t h a t  all gap sequences of genus 

g are Weiers t rass .  In fact  the  a u t h o r  ( K o m e d a  [10]) showed t h a t  all 

gap sequences  of genus < 7 are Weiers t rass  and  t h a t  all primitive gap 
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126 JIRYO KOMEDA 

sequences, i.e., twice the smallest positive integer in H(L) > the largest 

integer in L, of genus 8 are Weierstrass. 

In this paper we s tudy primitive gap sequences of genus 9 and show 

the following: 

Main Theorem.  All primitive gap sequences of genus 9 are Weierstrass. 

The following are the main ingredients of the proof of the Main Theorem: 

(1) For several gap sequences L we construct  affine toric varieties asso- 

ciated with L for applying Corollary 4.9 in Komeda  [7]. 

(2) We calculate the dimension of the moduli  space of the pointed curves 

(C, P)  of genus 8 with L(P) = {1 , . . .  , 6, 12, 13} using the method of 

StShr-Viana [14] for applying Theorem 5.4 in Eisenbud-Harris  [4]. 

2. On primitive gap sequences of genus 9. 
For a gap sequence L = {/0 < ll < --. < lg-1} of genus 9, let M(L) be 

the minimal set of generators for the semigroup H(L). Set 

= (s0(L),  % I(L)),  

where c~i(L) = li - i -- 1 for any i = 0, 1 , . . .  ,9 - 1. Moreover, set 

g-1 

w(L) = ~ c~i(L), 
i=O 

which is called the weight of L. We denote by a(L) the smallest positive 

integer in H(L). Then 2 < a(L) < 9 +  1. If a(L) = 2, then L = 

{1, 3 , . . .  , 29 -1} ,  which is Weierstrass. I ra (L)  = 3 (resp. 4, resp. 5, resp. 

g), then L is Weierstrass by Maclachlan [11] (resp. Komeda  [7], resp. 

Komeda  [9], resp. P inkham [13]). Hence we only consider the cases 6 < 

a(L) _< 9 - 1. Eisenbud-Harris  [4] (resp. Komeda  [8]) showed that  any 

primitive gap sequence of genus 9 and weight less than g -  1 (resp. equal 

to g -  1) is Weierstrass. Moreover, any primitive gap sequence L of genus 

9 and weight g with c~(L) = (0 g-2, m, n) is Weierstrass by Proposi t ion 

4.4 in Komeda  [10]. Kim [6] showed that  for any gap sequence L with 

c~(L) = (0 g-~, m r) there exists a pointed trigonal curve (C, P)  such that  

L(P) = L. Thus to prove that  all primitive gap sequences of genus 9 are 
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PRIMITIVE '6~[ERSTRASS GAP SEQUENCES ON CURVES OF GENUS 9 127 

Weierstrass it suffices to show tha t  the 7 sequences in the table below 

are Weierstrass. 

L M(L) a(L) w(L) 
(1) {1, 2, 3, 4, 5, 6, 10, 12, 13} {7, 8, 9, 11} (06, 3, 42) 11 
(2) {1,2,3,4,5,6,10,11,13} {7,8,9,12} (06, 32, 4) *0 
(3) {1, 2, 3, 4, 5, 6, 9, 12, 13} {7, 8, 10, 11} (06, 2, 42) *0 
(4) { , ,  2, a, 4, 5, 6, 9, ,1, sa} {7, 8, ,0 ,12}  (0 6, 2, a, 4) 9 
(5) {1, 2, 3, 4, 5, 6, 8, 12, 13} {7, 9, 10, 11, 15} (06, 1, 42) 9 
(6) {1, 2, 3, 4, 5, 6, 7, 13, 15} {8,9,10,11,12,14} (07,5,6) 11 
(7) {1,2 ,3 ,4 ,5 ,6 ,7 ,12,15} {8,9,10,11,13,14} (07,4,6) 10 

3. T he  construct ion  o f  aff ine toric varieties assoc iated with gap 

sequences .  
To prove tha t  the gap sequences (l),(2),(3) and (4) in the table are 

Weierstrass we apply Corollary 4.9 in Komeda  [7] to these cases. Hence 

we must  construct  an affine toric variety associated with each gap se- 

quence. First  we prepare some notations.  Let g be the set of inte- 

gers. For any i = 1 , . . . , n  we denote  by ei the vector in Z ~ whose 

i- th component  is equal to 1 and whose j - t h  component  is equal to 0 

if j ~ i. Let L be a gap sequence. Set M ( L )  = { a l , . . . , a ~ } .  Let 

~ : k[X] = k [X1 , . . .  , X~] ~ k[H(L)] = k[thJhEit(L) be the k-algebra 

homomorph i sm defined by sending Xi  to tai for each i = 1 , . . .  , n. We 

denote  by IL the ideal Ker ~L. Moreover, we define a weight on k[X] as 

follows: For any i, the  weighted degree of X~ is ai and for any non-zero 

element c of k, the weighted degree of c is zero. For any monomial  f in 

k[X], w ( f )  denotes the weighted degree of f .  

The Case (1). Set a i  = 7, a2 = 8, a3 = 9, a4 = 11. Then  we have 

relations: 

4 a l = a 2 + c t 3 + c t 4 ,  2 a 2 = a l + a 3 ,  2 a 3 = a l + a  4 and 2 a 4 = 2 a l + c t  2.  

Using Lemma 4.12 in Komeda  [7] the ideal IL is generated by 

- - x x3, - a n d  - 
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128 JIRYO KOMEDA 

Set  91 = X1,  92 = X1 ,  93 = X 2 ,  g4 = X2,  95 = X 3 , g 6  = X2,  g7 = 

X4 ,  g8 = X3  a n d  99 = X4.  

L e t  S b e  t h e  s u b s e m i g r o u p  of  G 6 g e n e r a t e d  b y  bl ,  b 2 , . . .  , b9, w h e r e  

b~ = e~ for  i = 1 , . . .  , 6, b7 = e l  + e2 + e3 - e4 - e5, b8 = e4 + e6 - e l  a n d  

b9 = b5 + b8 - b2 = e4 + e5 + e6 - e l  - e2. T o  p r o v e  tha t  S is sa tura ted  

it suff ices  to s h o w  that 

9 9 

a+b  n c = S 
i = l  i=1  

w h e r e  R +  d e n o t e s  t h e  se t  of  n o n - n e g a t i v e  rea l  n u m b e r s .  L e t  

9 

P = ( P l , . . .  ,P6) = E m i b i  ~ G6 
i=1 

w i t h  rni E IR+ for  all  i. T h e n  we m a y  a s s u m e  t h a t  0 < m~ < 1 for  all  i. 

H e n c e  

P l  = m l + m T - m 8 - m 9  > _ - 1 ,  P2 = r n 2 + m 7 - m 9  >-0, 

P3 = m 3 + m 7 - > 0 ,  P 4 - m 4 - r n 7 + m 8 + m 9 - > 0 ,  

P5 = r n S - m T + r n 9 - > 0  a n d  p 6 = r n 6 + r n s + m 9  >_0. 

I t  suff ices  to  s h o w  t h a t  if P l  = - 1 ,  t h e n  p ~ S.  T h e n  m 1 + m 7 + 1 = 

m 8 + rag ,  w h i c h  imp l i e s  t h a t  P4 -> 1 a n d  P6 -> 1. H e n c e  we  m a y  a s s u m e  

t h a t  p = ( - 1 ,  0, 0, 1, 0, 1), w h i c h  imp l i e s  t h a t  p = b 8 E S.  L e t  

re: k[Y] : k[Y1,... , Y9] > k[S] = kiTS]seX ( resp .  r]: k[Y] , k [X] )  

b e  t h e  k - a l g e b r a  h o m o m o r p h i s m  de f ined  b y  re(Y/) = Tbi ( resp .  r](Y/) = 

g~) w h e r e  for  a n y  p = @ 1 , . . .  ,P~) E Z'~ we  d e n o t e  b y  T p t h e  m o n o m i a l  

t~l . . .  t [~ .  N o w  t h e  k - a l g e b r a  h o m o m o r p h i s m  

r  k[l~ 6] = k[$1,.  �9 �9 , t6] > k[H(L)] 

de f ined  b y  ( ( t i )  = t % a )  e x t e n d s  t o  ( '  : k[S] > k[H(L)], b e c a u s e  

w(919293941951) = w(g7) ,  w(9496911) = w(98)  a n d  

w(949596911921) = v0(99). 

T h e n  P c  o r / =  ~' o rr, w h i c h  imp l i e s  t h a t  r ] (Ker  re) C K e r  ~L  = IL.  T o  

p r o v e  t h a t  IL is g e n e r a t e d  b y  t h e  e l e m e n t s  of  r / (Ker  re) i t  suff ices to  s h o w  
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PRIMITIVE WEIERSTRASS GAP SEQUENCES ON CURVES OF GENUS 9 129 

t h a t  the  above  g e n e r a t o r s  for IL  are con ta ined  in the  set  rI(Ker 7c). Now 

Ker  7r con ta ins  

Y1Y2Y3 - Y4YSYT,  Y4Y6 - ]71178, Y5Y8 - Y2Y9 and  YzY9  - Y3Y6,  

which impl ies  t h a t  r l (Ker lr) con ta ins  the  above  gene ra to r s  for the  ideal  

IL.  Hence  we get  the  affine tor ic  va r i e ty  Spec  k[S] a s soc ia t ed  wi th  the  

gap  sequence  L, which  impl ies  t h a t  L is Weie r s t r a s s  by  Coro l l a ry  4.9 in 

K o m e d a  [7]. 

The Case (2). Set a 1 --- 7, a2 = 8, a 3 = 9 and  a4 = 12. T h e n  the  ideal  [L 

is g e n e r a t e d  by  

x ~ -  x3x~, x~ - x~x3, x~ - x~x~x~, 

x~ - x~x2x~ and X~X~ - X~X~ 

Set gl  = X1,  g2 = X 1 ,  g3 = X 1 ,  g4 = X 3 ,  g5 = X 2 ,  g6 = X 2 ,  97 = X 3 ,  

gs - X4,  g9 = X3 a n d g l o  = X4.  Let  S be  the  s u b s e m i g r o u p  o f Z  7 

g e n e r a t e d  by  bl, b 2 , . . .  , blo, where  bi = ei for i = 1 , . . .  , 7, b8 = e l + e 2 +  

e3 - e4, b9 = e5 + e6 - e l  and  blo = e4 + e6 + e7 - e l  - e2. T h e n  in the  

s imi lar  way  to the  above  case we can  show t h a t  S is s a t u r a t e d  and  t h a t  

Spec  k[S] is the  affine tor ic  va r i e ty  a s soc ia t ed  w i th  the  gap  sequence  L. 

The Case (4). Set a l  = 7, a2 = 8, a3 = 10 and  a4 = 12. T h e n  the  ideal  

[L is g e n e r a t e d  by  

x~x~ - x~x~ and X~X~ - X~X3. 

Set 

g5 = X 3 ,  96 = X 4 ,  g7 =-3(3 and  9 8 - - 2 4 .  

Let  S be  the  s u b s e m i g r o u p  of Z 5 g e n e r a t e d  by  b l , b 2 , . . .  ,bs ,  where  

bi = ei for i = 1 , . . .  , 5, b6 = el  + e2 - e3, b7 = e3 + e4 - el  and  

b8 = e3 + e5 - e l .  T h e n  we can  see t h a t  Spec  kiN] is the  affine tor ic  

va r i e ty  a s soc ia t ed  wi th  L. 

L a s t l y  we c o n s t r u c t  an  affine tor ic  va r i e ty  a s soc ia t ed  w i th  the  g a p  

sequence  (3). T h e  way  of i ts  c o n s t r u c t i o n  is s l ight ly  different  f rom the  

above  cases.  
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The C a s e  (3).  Se t  a l  = 7, a2 = 8, a 3 = 10 a n d  a4 = 11. T h e n  we  h a v e  

r e l a t i ons :  

(d41 + d'l)al = d13aa + d14a4, d ' la l  + (d13 + d23)a3 = d'2a2 + d14a4~ 

2d14a4 = d41a l  + da2a2,  (dr + d'2)a2 = 2d ' la l  + d23a3,  

(2d13 + d23)a3 = d 4 1 a l  + d'2a2 a n d  

d ' la l  + d14a4 = d42a2 + d13a3, 

w h e r e  we  se t  d41 = d~ = 2 a n d  d] = d13 = d14 = d23 = d42 = 1. H e n c e  

t h e  idea l  IL  is g e n e r a t e d  b y  

x d 4 1 T d '  ~d13 u u ~ d 2  u 
1 . . . .  3 ~ 4  ' ~ 1  "~3 - - ~ 2  "~4 ' 

x 2 d 1 4  _ xd41 yd42  v-d42q-dt2 _ x2d11xd23  
"~2 , "~2 1 3 

X 2d13@d23 - 1~_ 1'Kd41 d, 2V'd2 a n d  -'~1 V'dl ~4vd14 -- X2  d42 X ~  13" 

Set 

91 X ~  41 d~l x d l 3  x d 2 3  
= , g2 = X  , g3 = 3 , g4 = 3 , 

, 96 = a n d  g7 = X 42. 

L e t  S b e  t h e  s u b s e m i g r o u p  of  Z 4 g e n e r a t e d  b y  b l , b 2 , . . .  ,b7,  w h e r e  

bi = ei for  / = 1 , . . .  ,4, b5 = e l  + e2 - e3, b6 = 2e3 + e4 - e l  a n d  

b7 = e l  + 2e2 - 2e3. Let 

7 

P = ( P l , . . .  ,P4) = E m i b i  E Z 4 
i=1 

w i t h  0 < m~ < 1 for  all  i. T h e n  P l  _> 0, P2 -> 0, P3 >- - 2  a n d  P4 >- 0. 

I~et P3 = - 2 ,  i.e., m 3  + 2m6 + 2 = m 5 + 2m7.  T h e n  

Pl  = m l  -- m6  q- (m3 + 2m6 + 2 -- m7)  = ?7? 1 q- rrt 3 q- m 6 -- m 7 q- 2 > 2 

a n d  P2 = m 2  + m 3  + 2m6  + 2 > 2. H e n c e  we  m a y  a s s u m e  t h a t  p = 

(2, 2 , - 2 , 0 ) ,  w h i c h  imp l i e s  t h a t  p = bl + b 7  E S. L e t  P3 = - 1 ,  i.e., 

m 3  + 2 m 6  + 1 = m 5  + 2 m 7 .  T h e n  Pl  -> 1 a n d  P2 _> 1. H e n c e  we  m a y  

a s s u m e  t h a t  p = (1, 1, - 1 ,  0), w h i c h  i m p l i e s  t h a t  p = b5 E S. T h e r e f o r e  

t h e  s e m i g r o u p  S is s a t u r a t e d .  H e n c e  we  ge t  t h e  aff ine t o r i c  v a r i e t y  
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Spec k[S] associated with the gap sequence L. 
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4. Dimensionally proper gap sequences. 
In this section we show that  the gap sequences (5) and (7) are Weier- 

strass. In fact, we can prove that  these gap sequences satisfy the follow- 

ing: 

Definition 4.1. For a gap sequence L of genus g, we define a locally 

closed subset  of A4g,1 by 

CS = { (C ,P)  ~ Mg,1 I L(P) = L}, 

where A4g,1 denotes the moduli  space of pointed curves of genus g. Then 

the weight w(L) of L gives an upper  bound for the codimension of any 

irreducible component  of Cc in 3//9,1. The gap sequence L is said to be 

dimensionally proper if there exists an irreducible component  of CL of 

codimension w(L), i.e., dimension 39 - 2 - w(L). 
Using the theory of limit linear series Eisenbud-Harris [4] showed 

the following which is useful for investigating whether a primitive gap 

sequence is dimensionally proper. 

Remark  4.2. Let L be a dimensionally proper gap sequence of genus 

g - 1 with a(L)  = (c~0, c~l, . . .  ,a'g-2). Then the gap sequence M with 

c~(M) = (/30,/31,.. . , /3r is dimensionally proper if it satisfies one of 

the following: 

1) = = (i = 1 , . . . ,  g - 1), 

2) for some 0 < j _< 9 - 1, /30 = 0, /3j = c~j_l + 1, /3i = c~i-1 (i = 

1 , . . .  , g -  1 , i r  

Tile Case (5)., i.e., c~(L) = (06, 1, 4, 4). By Proposi t ion 4.4 in Komeda  

[10] the gap sequence Lo with c~(Lo) -- (06, 4, 4) is dimensionally proper. 

Hence it follows from Remark  4.2 that  L is also dimensionally proper. 

For the sequence (7) we use the following which is the main theorem 

in StShr-Viana [14]. 

Remark  4.3. Let 9, a and p be integers satisfying g -> 5 and ~ < 9 < P < 

2~7+2. I f p _ < 3 [ g ~  1] - -  + 4 - ~ ,  then the moduli  space of pointed trigonal 
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curves of genus g wi th  gap sequence  { 1 , . . .  , a, G + p - 9 + 1 , . . .  , p} has 

d imens ion  2g + 3 - p + or. 

In order  to  show using R e m a r k  4.3 tha t  the  sequence  (7) is dimen- 

sionally proper ,  we need the  following r emark  which is due  to  Oliveira 

[12] 

R e m a r k  4.4. If  (C, P )  is a po in ted  curve of  genus g k 5 wi th  gap sequence  

{ 1 , . . .  , g - 2, 2g - 4, 2g - 3}, then  C is tr igonal.  

To see the  t r u t h  of the  above remark,  calculate  the  d imens ion  of 

the  comple te  linear sys t em [Kc( - (2g  - 5)P)I where  K c  is a canonical  

divisor on C. 

T h e  Case  ( 7 ) ,  i.e., a (L )  = (0 7, 4, 6). It  follows f rom R e m a r k s  4.3 and  4.4 

tha t  the  gap sequence  L1 = {1, 2, 3, 4, 5, 10, 11} is d imensional ly  proper .  

Since we have a (L1)  = (0 5, 4, 4), using R e m a r k  4.2 twice we see t ha t  L 

is d imensional ly  proper .  

5. T h e  m o d u l i  space  o f  p o i n t e d  curves  with  gap s e q u e n c e  

{1,..., 6, 12, 13}. 

In the  ]ast sect ion we shall show tha t  the  gap sequence  (6), i.e., L = 

{ 1 , . . .  , 7, 13, 15}, is Weiers t rass .  Since we have a (L)  = (0 7, 5, 6), by  

R e m a r k  4.2 it suffices to show tha t  the  gap sequence  L 0 wi th  a (Lo)  = 

(0 6, 5, 5) is d imensional ly  proper .  To calculate  the  d imens ion  of CL o we 

prepare some notations and statements from StShr-Viana [14]. 

Definition 5.1. Let C be a trigonal curve of genus g > 5 and gl a 

unique trigonal linear system on C. For any positive integer i, set 

= h~ + 1)g ) - h ~  

Let  

m = M i n { i I a ~ _ > 2 } - i  and n = M i n { i l a i > _ 3 } - l .  

The  integers m and n are called the  Maroni invariants of C, which 

sat isfy 
g - - 4  

m < _ n , g = r n + n + 2  and m > - -  
- 3 
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(See page 252 in Coppens [2]). 

Hereafter  we are in the following situation: Let C be a trigonal 

curve of genus g > 5 with Maroni invariants m and n. Then we have a 

canonical embedding of C in the projective space Pg 1 (k) = P ~ + ~ + l ( k )  

and by choosing projective coordinates in a convenient way, we may 

assume that  C lies on the rational normal scroll Sm~ defined by the set 

{(XO:Xl : . . . : X m + n + l  ) E pm+n+l(k)  I 

3; 1 . . . X n X n + 2  �9 . . 3 3 n §  

Moreover, we define two nonsingular rational curves D and E which are 

contained in S . ~  as follows: 

/ )  = { ( a  s : a ~ - l b : . . . :  b ~ : 0 : O) 

and 

E = { ( 0 : . . . : 0 : a ' ~ : a ~ - l b : . . .  b "~) 

Let P be a point of C. Set hp = max{(C .B)p  

(a :  b) C P l (k )}  

(a :  b) C P l ( k ) } .  

B r IDJ} where (C.B)p 

denotes the intersection multiplicity of the curves C and B at the point 

P .  Then hp is an invariant of the pointed curve (C, P).  (See page 70 

in StShr-Viana [141). Moreover, we call P an exceptional point if m < n 

and if it lies oll the curve E of negative self-intersection number  m - n 

on the ambient scroll. 

Remark  5.2. If P is an unramified point of C, that  is to say it is unram- 

ified over the trigonal covering rc : C ~ p l ,  then 

n - m < h p <  { 2 n - m + 2  w h e n P C E ,  
- m + 2 when P ~ E.  

(See Corollary 2.3 in St6hr-Viana [14]). 

Remark  5.3. I f P  is an unramified point of C, then the integers 1 , . . .  , n +  

1 and hp + 1, . . .  , hp + 1 + m are contained in L(P). (See Proposi t ion 

2.4 in StShr-Viana [14]). 

The following are the key propositions in StSh>Viana [14]. 

Remark  5.4. (1) Let h, s and r be integers satisfying 

r t - m < h < n - m + l + s a n d O < s < m < r < n + 3 + 2 s .  
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T h e n  the  i somorphism classes of the  pairs (C, P)  of t r igonal  curves C 

wi th  Maroni  invariants  m and  n and  of unramif ied  nonexcept ional  points  

P C C wi th  invariant  hp  = h and  gap sequence {1 , . . .  , n  + 2 + s , n  + 

3 + s + r - m , . . .  , n + 2 + r} form a quasi-project ive ra t ional  algebraic 

var ie ty  of d imension  2g + 5 - h - r + s (resp. 29 + 4 - h - r + s) when  

m < n (resp. m = n),  provided t h a t  

r < 3 h + 3 m - 2 n - s a n d h _ < m + 3 ,  or t h a t r < 2 h + 2 m - n - s .  

(See Propos i t ion  3.4 (a) in S t6hr-Viana  [14]). 

(2) Let  t, s and  r be integers sat isfying 

l < t  < 2 m - n + 2  a n d t - 1  < s < m < r  < _ n + 3 + 2 s .  

Then  the  i somorphism classes of the  pairs (C, P)  of t r igonal  curves C 

wi th  Maroni  invariants  m and  n and  of unramif ied  except ional  points  

P E C wi th  invariant  hp  = h = n - m + t and  gap sequence {1 , . . .  , n + 

2 + s, n + 3 + s + r - m , . . .  , n + 2 + r} form a quasi-project ive ra t ional  

algebraic var ie ty  of d imension  2 g + 4 - h - r + s  provided t h a t  r <_ 3 t + n - s .  

(See Propos i t ion  3.5 (a) in S t6hr-Viana  [14]). 

In the  case %(P) = Lo the  point  P must  be unramif ied  (See Coppens  

[2], [3] and  Kato-Hor iuch i  [5]). Hence we can calculate  the  Maroni  

invariants  m and  n and  the  invariant  hg  of the  poin ted  curve (C, P)  as 

follows. 

Lemma 5.5. 

L(P)  = LO and Maroni invariants m and n. 

ments hold. 

(1) 
(2) 
(3) 

Let (C ,P)  be a pointed trigonal curve of genus 8 with 

Then the following state- 

n) = (2, 4) or (3, 3). 

I f  (m, n) = (2, 4), then hp = 3. 

I f  (m, n) = (3, 3), then hp = 1 or 2. 

Apply ing  Remark  5.4 to our case we get the  following results  on the  

dimensions  of some subvarieties of the  modul i  space CLo. 

Propos i t i on  5.6. (1) The algebraic variety of the isomorphism classes 

of the pairs (C, P)  of trigonal curves C with Maroni invariants 2 and 4 
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and of unTumified nonexceptional (resp. exceptional) points P ~ C with 

invariant hp = 3 and gap sequence L 0 has dimension 11 (resp. 1(3). 

(2) The algebraic variety of the isomorphism classes of the pairs (C, P) 

of trigonal curves C with Maroni invariants 3 and 3 and of unramified 

points P C C with invariant hp = 2 and gap sequence Lo has dimen- 

sion 11. 

To calculate the dimension of CLo, by Lemma 5.5 and Proposi t ion 

5.6 it suffices to consider the isomorphism classes of the pairs (C, P)  

of trigonal curves C with Maroni invariants 3 and 3 and of unramified 

points P ~ C with invariant hp = 1 and gap sequence L 0. 

Let (C, P)  be a pointed curve as in the above. Then we may assume 

that  the curve C is defined by the equation 

0 = f ( x ,  y) = x + c20 x2 + c30 x3 + c40 x4 + c50 x5 

+ (1 + e21 x2 § c31 x3 + c41 x4 + e51x5)y 

+ (e12x -}- c22 x2 § c32 x3 + 542 x4 + c52x5)y  2 

§ (c03 -t- c l 3 x  4- c23 x2 + c33 x3 § e43 x4 4- c53x5)y  3 

and that  the point P corresponds to (x, y) = (0, 0). (See Theorem 1.1 

and Proposi t ion 3.1 (i) in St6hr-Viana [14]). The isomorphism class of 

(C, P)  determines the coefficients cij ~s uniquely up to the subst i tut ion 

cij ---+ ci+J-lcij where c ~ k*. Thus we at tach to each cij the weight 

i + j -  1. Since P is unramified, x is a local parameter  at P .  We 

write y as a power series in the local parameter  x, say y = ~t~=l blx 1. 

Moreover, the gap sequence at P is equal to 1, 2, 3, 4, 5, 6, 12, 13 if and 

only if bib3 - b 2 r 0 and 

1 ((b2_b2b4)bl_24-(blb4_b2b3)bl_1) { = b l when I = 5, 6, 7, 8, 9, 10, 
bl b3 - b~ r bz when l = 11 

(See Remark 2.8 in StShr-Viana [14]). Now we have 

oo 

0 = f (x ,  y) = f ( x ,  ~ blxl). 
l=1 

Comparing the coefficients of x T for each r (with 1 < r < 10), we 

can write each bT as a polynomial  expression of the coefficients cij of 
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the  equa t ion  f (x ,  y) = 0 defining C. B y  using the  re la t ions among  

bl, b2, b3, b4, bl_2, bl_l,  bl for each 1 (wi th  5 < 1 < 9) we can show tha t  the  

coefficients c50, c51, c52, c53 and  c43 are wr i t t en  by  ra t ional  expressions  

of the  remaining 14 coefficients c20, e30, c21, e12, c03, c40, c31, c22, c13, c41, 

c32, c23, c42 a n d  c33; the  denomina to r s  are  p o w e r s  of blb3 - b 2 = c30 - 

c21 + c12 -- c03 -- c220 . Using the  re la t ion wi th  l = 10 we ob ta in  a non- 

tr ivial  (and even irreducible)  po lynomia l  equa t ion  (of degree one in c42) 

be tween  the  above  14 coefficients. Thus  we get the  following proposi t ion:  

Proposition 5.7. The algebraic variety of the isomorphism classes of the 

pairs (C,P) of trigonal curves C with Maroni invariants 3 and 3 and 

of unramified points P E C with invariant hp = 1 and gap sequence LO 

has dimension less than 13. 

Theorem 5.8. We have dim CL o = 12. Hence LO is dimensionally proper. 
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