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Irreducibility of moduli space of
harmonic 2-spheres in S*

Bonaventure Loo

Abstract. In this paper we prove that for d > 3, the moduli spaces of degree d
branched superminimal immersions of the 2-sphere into 5% has 2 irreducible compo-
nents. Consequently, the moduli space of degree d harmonic 2-spheres in 5* has 3
irreducible components.
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0. Introduction
Recall that in the Calabi construction (see [C]) the space of branched
minimal immersions (or, equivalently, the space of harmonic maps) of
52 into §%" decomposes into a union of moduli spaces Hj, labelled by
the twistor degree k > 1. If f is a linearly full (that is, its image is
not contained in a totally geodesic proper subsphere) branched minimal
immersion of S2 to 54, Calabi showed that either for—f=Aof
(where A is the antipodal map on 527} has a holomorphic horizontal
lift to the twistor space of S2". A holomorphic curve in the twistor
space can be classified by its homology (or twistor) degree. Barbosa
[Ba] later showed that if the degree of the lifted curve is k € Z7, then
Area(f(S?)) = Energy(f) = 4wk. When n = 2, the twistor space of S% is
CIP3. The study of the space of harmonic maps of $2 into $% (modulo
the antipodal map on 5’4) thus reduces to the study of holomorphic
horizontal rational curves in CIP3.

In [Lo1] the study of holomorphic horizontal rational curves of degree
k in CP? was reduced to the study of the moduli space M, of pairs of
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164 BONAVENTURE LOO

meromorphic functions of degree k& with the same ramification divisor.
(This has been further refined and generalized in [Lo2].)

The moduli space of harmonic spheres in $* was also studied by
Verdier in [V1] and [V2]. In [V1] he asserted that when d > 3, the
moduli space of degree d harmonic maps of $2 to S* has three irreducible
components. However, he merely provided a sketch of the proof of
this assertion. In this paper, we shall furnish the details of the proof.
Many of the spaces described in [V1] are dual to the corresponding ones
described in this paper. The way the moduli spaces are described in
this paper enables one to describe the moduli of higher genus branched
superminimal surfaces in S* as well the moduli of quaternionic branched
superminimal surfaces in HP". (See [Lo2] and [KL].)

1. The moduli space

Let us first recall the twistor fibration CP! — CP3 5 §4. Consider H?2
as a quaternion module with right scalar multiplication. The quater-
nionic projective line, HP!, is just the quotient of H?\ {0} by the action
of right scalar multiplication by nonzero quaternions. We identify C4
with H? via (2g, 21, 29,23) — (20 + 721, 22 + jz3), and hence obtain the
formula for the twistor fibration over $4 =~ HP':

CP? 3 [20, 21, 22, 23] - [20 + j21, 22 + j 23] € HPL,

Using the Fubini-Study metric we obtain a splitting of the tangent space,
TCP3 = V& H, into vertical and horizontal components. The horizontal
distribution, H, has complex codimension 1 and is a holomorphic sub-
bundle of TCP3. This distribution is a holomorphic contact structure: it
is the kernel of a contact 1-form 6 on CP? with values in a holomorphic
line bundle £, and it is encoded in the following exact sequence:

0—H—TCP % £ 0.
This contact form has a lifting to ct given by
Q= 20dz] — z1d2zg + 22dz3 — 23 d2s. (1.1)

Surfaces which arise as twistor projections of holomorphic curves
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IRREDUCIBILITY OF MODULI SPACE 165

tangent to the horizontal distribution in CP? are known to be harmonic,
and in fact branched minimal (see [Br], [Lal, [Lol|, [ES] and [BR]). They
are called branched superminimal surfaces. In the genus zero case, if f
is branched minimal, then either f or —f is branched superminimal.

Remark 1.2. It is well known that if f:5% — 5% is harmonic, and
A: 84 — 5% is the antipodal map, then either f or —f := Ao f has a
holomorphic horizontal lift to CIP3. (If f is totally geodesic, then both
f and —f have holomorphic horizontal lifts.) Also, if g:8% — 8% is
branched superminimal, then both g and Aog are harmonic. (cf. [V1]).

Let v: 52 — CP3 be a holomorphic map of degree d. This map can
be expressed using homogeneous coordinates in CP3 as follows: ~(z) =
(s0(2), s1(2), sa(2), s3(2)], where 59, 51, 52,53 € HOY(52,0(d)). (Note that
if we choose homogeneous coordinates zg, z1 for S 2 — CP!, the s;’s are
just homogeneous polynomials of degree d in the variables zg, z1.) Since
v($2) © CP3 is a curve of degree d, the linear system (sq, 51, 82, $3)
has no base points. It follows from (1.1) that v = [sg, s1, 52, s3] is a
holomorphic horizontal curve of degree d if

50,51, 59, 53 € H'(S%, O(d)),

(sg, 51,89, 83) is base-point-free and (1.3)

8081 — 8180 + 283 — s3s5 = 0.
Notation. In this paper we shall let Wy = H°($2,O(d)) and WE denote
the k-fold product of Wy We shall let K denote the canonical line
bundle over S2, and Way o = HY(8%, O(d)2 @ K) = HY(S?,0(2d — 2)).
Also, given a vector space V, we shall let PV denote the projective space
of lines through the origin in V. Now let S be a subset (not necessarily
a subspace) of V. Suppose that S is closed under scalar multiplication.

Define an equivalence relation on S\ {0} as follows: s ~ As for any
A € C\ {0}. We shall let PS denote the set of equivalence classes

(S\A{0})/~

Consider the following maps:
Ram: Wdz — Woy_9
(s,t) — sdt — tds, (1.4)

Bol. Soc. Bras. Mai., Vol. 30, N. 2, 1999



166 BONAVENTURE LOO

and

v Wi — Wag o
(s0, 51,82, 83) — Sgdsi — S1dsg + S92 dsg — s3 ds». (1.5)

Observe that ¥(sg, s1, s2, s3) = Ram(sp, s1) + Ram(sa, s3). We are inter-
ested in the space ~1(0). (Note: 1~1(0) is closed under scalar multi-
plication.) In particular, we shall study the projective variety

Mg =P~ 1(0)) c PW] = CP+3,

Lemma 1.6. Each irreducible component of My has dimension greater
than or equal to 2d + 4.

Proof. From (1.5) and the fact that dim Wo,_o = 2d—1, we obtain 2d —1

relations for ¢y~1(0). The lemma follows since 4d + 3 — (2d — 1) = 2d + 4.
]

Let Cq = {[s0,51,52,83] € ]P’I/V;zl | (so0, 51,82, $3) has base-points}.
Observe that elements of C4 correspond to parametrized rational curves
in CP3 of degree strictly less than d. It follows from (1.3) that branched
superminimal immersions of S2 into 54 of area 47d are parametrized by

the quasi-projective variety
Sq = Mg\ Cy. (1.7)

In order to understand the structure of Sy, we need to understand
the structure of My. To do this, we need to study the map Ram in
greater detail.

Remark. Since Ram(s,t) = —Ram(Z, s), Ram is well defined on simple
bivectors: s At +— sdt — tds and thus extends linearly to a map
2
A /\ Wy — Woy o
Z a;ijS; N §j Z a;j{s;ds; — sjds;}.

i<j 1<j

(1.8)

This map is well-known and it is called the Gaussian map (see [Wal],
[Wa2]).
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IRREDUCIBILITY OF MODULI SPACE 167

Consider a diagram
X xX
| oxv

Y ——A—> Y xY,
where A is the diagonal inclusion. The fibre product X xy X is just the
restriction to the diagonal of the product ¢ x ¢ : X x X — Y x Y, that
is, X xy X = A*(X x X).
EFrom the observation following (1.5), the horizontality condition can
be expressed as follows:

Ram(sg, s1) = — Ram(sg, $3).
From the diagram:
W2 x W2 =wi

lRam x{—Ram} (1.9)
A
Wog_g —— Wag 2 x Woy_o,

where A is the diagonal inclusion; consider the fibre product

2 2 4
Fq = Wd XW2d~2 Wd CWd.

Note that Fy is not a subspace of Wf; nevertheless, it is closed under
scalar multiplication since Ram(\s, \t) = A2 Ram(s,t) for any A € C
and (s,t) € Wdz. The projectivized fibre product PF, is defined as
(Fa \ {0})/~, the set of equivalence classes under scalar multiplication.
Observe that we have a natural identification:

Mg~ PF; C PW3. (1.10)

Let us first examine the fibre above 0 € Wy, _9 in the fibre product
Fq. Let By := {(s,t) € W? | Ram(s,t) = 0}. Observe that (s,t) € By if
and only if ps = At for some {z1, \) € C2\ {(0,0)} if and only if sAt = 0.
Thus,

By = {(ac,bo) ¢ W3 | o € Wy, [a,b] € CP}. (1.11)
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It follows from (1.9) and (1.11) that the fibre above 0 € Way_o in the
fibre product F, is just the set

By x By = {(ac, bo, c,d7) | (0,7) € W2, [a,b],]c,d] € CP'}. (1.12)

Let N and S denote the pair of antipodal points [L, 0], [0,1] € HP' =
S* respectively, and consider the following pair of projective lines in
CP3 corresponding to the twistor fibres above N and S:

Lo = {[20,21,0,0] | (20, 21) € C*\ {(0,0)} } = 7~ ([1,00),
and

Ly :={[0,0, 20, 23] | (22, 23) € C*\ {(0,0)} } = = 1([0, 1)).

Fix ([a,b], [c,d]) € CP! x CP!, let £ denote the line in CP? spanned by
the points [a,b,0,0] € Ly and [0,0,¢,d] € Ly and let Sy = n(f) C S*. It
follows from [Lo1] that £ is horizontal and that Sy is a totally geodesic
2-sphere passing through N and S in 54, Now choose (o,7) € WC% such
that the pencil (o, 7) is base-point-free and set ¢ = [(ao,bo,cT,dr)] €
P(Byx By). Then ¢ = [o(a, b,0,0)+7(0,0, ¢, d)] and hence ¢(S?) C ¢, that
is, ¢ : 2 — £ is a branched covering map. Fixing a line ¢ ¢ CP?® which
intersects the twistor lines Ly and Ly amounts to fixing a totally geodesic
2-sphere S; C S* passing through N, S € 5% and the composition Tog is
just a branched covering map 52 Ei Sg. Thus, the space P(Byx B4)\Cq
parametrizes a family of horizontal lines in CP3 which project to totally
geodesic 2-spheres passing through N and S in S4.
Since dim Wy = d + 1, (1.11) implies that dim By = d + 2, and thus
from (1.12)
dim(P(Bg x Bg)) = 2d + 3. (1.13)

Remark. Since elements of P(By, x Br) are curves in CP3 which intersect
LoULy, they are elements in the boundary of the moduli space described
in [Lo1].

We now examine the case when Ram(s,t) # 0 or, equivalently, sAt #
0. Since [s,t] € ]P(WdQ\Bd) implies that sAt # 0, we may consider [s, t] as
a projectivized ordered 2-frame in Wy;. We can thus identify PV (2, Wy),
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the projectivized Stiefel manifold of ordered 2-frames in Wy, with the
set P(W2\ By). Now, consider the action

PGL(2, C)xPV (2, W) — PV (2, Wy)
((a 2), [s,t]) — [as + bt, cs + dt].

(o4

Let [s A t] denote the 2-plane in W, spanned by s and ¢t. Observe that
the principal PGL(2, C)-bundle over the Grassmannian G(2, Wy) is given
by

PV (2, Wa) = G(2, W)
[s,t] — [s A1].
Given a line bundle L — 52 and a holomorphic section « €

HY(S2,L), we shall let (o) denote the divisor of a. We have an
induced map

(Ram): PV (2, W) = P(W3 \ By) — PWay_o (1.14)

defined by sending a point [s,] to the divisor (sdt — tds). A simple
computation shows that the ramification map (1.14) factors through
the Grassmannian, that is, the following diagram commutes:

PV (2, Wy) PV (2, Wy)
| | | (Ram) (1.15)

A[Ram]
G(2,Wq) —— PWayy o,

where the map [Ram] is given by [s A {] — (sdt — tds). (This is inde-
pendent of the choice of spanning vectors of the 2-plane.) Consider the
Plicker embedding G(2, Wy) < IP(/\QWd) and let G denote the image
of the Grassmannian in P(/\2Wd). (G can be identified with the set of
projectivized simple bivectors in W,.) Recall the map:

2
ANWg — Wag_a. (1.8)
Projectivizing (1.8), we obtain a rational map:

RPN Wy o PWay_s. (1.16)
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170 BONAVENTURE LOO

Since A(v A w) = 0 implies that v A w = 0, the base locus of the map A
does not intersect G.

Remark 1.17. The map Alg:G — PWoyy_ o is precisely the map
[Ram]: G(2, Wy) — PWyy 5. It was shown in [Lol] that Alg is a finite
map of degree (2d — 2)!/d!(d — 1)! onto PWoy_o. (This is precisely the
degree of G in }P’/\QWd.)

Recall from [Lol] that a holomorphic horizontal map from S$? to
CIP? of degree d < 2 is just a (branched) covering map to a horizontal
projective line in CP3 with twistor image lying in a totally geodesic
2-sphere in 9%. Henceforth, we shall assume that d > 3.

Consider the diagram

G(2,Wyq) x G(2,Wy)
l [Ram)x|[Ran]

A
PWog_o ——— PWyg o x PWoy_o,

where A is the diagonal inclusion. Since [Ram] : G(2, Wy) — PWyy_o is
a finite map by Remark 1.17, we see that

dim(G(2, Wa) xew,, , G2, Wa)) = dim(G(2, Wy)) = 2(d —1).  (1.18)

Similarly, we obtain the fibre product PV (2, W) Xpw,, , PV (2, Wq) from
the diagram:

PV (2, Wy) x PV (2, Wy)
J [Ram]x[Ram]

A
PWai_2 —— PWag o x FPWaq o,
where A is the diagonal inclusion.
Remark. The total space of the (PGL(2, C) x PGL(2, C))-bundle over the

fibre product G(2, Wy) XeW,y o G(2,Wy) is PV (2, W) XPWQdJ]PV(Q, Wa).
Recall the following lemma:

Lemma 1.19. Let L be a line bundle over S? and let sy, s; € HO(SQ,L)
be two nonzero sections. If (sg) = (s1) € PHO(S2,L), then there is a
unique oo € C\ {0} such that sp = asy.
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Let ([s, 1], [u, v]) € PV (2, Wy) XEW,y PV (2, Wy). Since
[Ram]([s A ]) = [Ram]([u A v]) € PWag_o,

by the above lemma there exists a unigue —A? € C \ 0 such that

Ram(s, t) = —A? Ram(u, v) = — Ram(+Au, £Av),
thereby giving us a pair [s,t, £Au, £ v] € My, This gives us a 2:1
correspondence

Mg\ P(B; x By) — PV (2, W) Xpw,, , PV (2, Wa)

[s,t, £Au, A v] — ([s, 8], [u, v]).
This 2:1 correspondence is related to the contact involution discussed in
[Lol].

Remark 1.20. Let G = (SL(2,C) x SL(2,C))/ £ 1, where 1 = (I, I).
(1) G acts on My and leaves the set P(B; x By) invariant.
(2) G acts freely on My \ P(By x By). In fact

My \P(By x By) — G(2,Wq) xpw,, , G(2,Wy)
(50, 51, 82, 83] = ([s0 A s1], [s2 A s3])

is a principal G-bundle.
(3) G — PGL(2,C) x PGL(2,C) is a 2:1 covering map and thus so is

Ma \P(By x Ba) — PV (2, Wa) Xpw,, , PV (2, Wa).

d-2

Observe from (1.13) that dimP(By x By) = 2d + 3 and hence, by
Lemma 1.6, P(B; x By) cannot be a component of My. The fact that
dimG = 6, together with Lemma 1.6, Equation 1.18 and Remark 1.20
(2), imply that each irreducible component of My is of dimension 2(d —
1)+ 6 = 2d + 4. Thus:

Lemma 1.21. Each irreducible component of My, and hence of Sy, 1s of
pure dimension 2d + 4.

2. Monodromy and irreducibility
Given a finite covering map A — B with fibre I, the monodromy group
is the image of 71(B), the fundamental group of the base, in Gp(F), the
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symmetric group of the fibre. Recall that [Ram] : G(2, W) — PWay o
is a branched covering map. Let R and B denote the ramification and
branching loci of [Ram] respectively. Then

[Ram] : G(2, Wg) \ |t — PWaq_o \ B
is a covering map with fibre F' consisting of p = (2d—2)!/d!(d—1)! points.
Monodromy Theorem (Eisenbud-Harris). The monodromy of

[Ram] : G(2, Wa) \ R — PWay 9\ B

is the full symmetric group &,(F).
This theorem was proved by Eisenbud and Harris (cf. [EH]) in their
study of limit linear series. It is used in the proof of the following:

Theorem 1. The moduli space Sq has two irreducible components when
d>3.

This theorem was first mentioned by Verdier (cf. [V1]), who claimed
that it followed immediately from the Monodromy Theorem. However,
since Verdier did not provide a complete proof of the irreducibility result,
we shall furnish one here. We begin with some notation and lemmas on
topology.

Let (Y,yg) be a connected manifold with base point yg, let Z be a
manifold which is not necessarily connected and let p : (Z, z9) — (Y, yo)
be a finite covering map. Let F := p“l(yg) denote the fibre above the
base point (so zg € F'), and let G denote the monodromy group. Finally
let Y denote the universal cover of Y.

Consider the normal subgroup

H:= ) p.m1(Z,¢) < m1(Y, yo).
(eF
Observe that a € m1(Y,yg) induces the identity transformation of F' if
and only if & € H. Consider the factor group G = 71(Y,yg)/H. Note
that G is an effective transformation group of F. Let x : m{(Y,y9) — G
be the natural homomorphism. The bundle structure theorem (cf. [S],
pp. 68-71) says that Z L,V admits a bundle structure with fibre
F, group G and characteristic class y. Note that in the case of the
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universal cover ¥ — Y, the structure group is the whole fundamental
group w1(Y,yp). Since the fibre F' can be identified with the left coset
space 71(Y, yo)/H (which in turn is identified with the group G), by the
associated bundle construction we obtain the identification

Z=Y x ) F.

7T'l(Yty(]
Lemma 2.1. Let (Y,yg) be a connected manifold with base point yg.
Suppose m1(Y, yo) acts on some finite set I'. Consider the fibre space

P2 =Y X (vyg) B — Y

If m (Y, yo) acts transitively on F, then Z is connected.

Proof. First, note that p is a covering map (cf. [S, p. 69]). Suppose
instead that Z is not connected. Then it has at least 2 connected com-
ponents. Let Uy and Uy be two of them. Let /| and F5 denote the
intersection of p_l(y()) with U7 and Uy respectively. Observe that nei-
ther F7 nor Iy is empty since Y is connected. Let z1 € F and 29 € F.
Since any based loop in Y lifts to a curve in a connected component of
Z, there is no element of 71(Y,yp) sending z1 to z9. This contradicts
transitivity. O

Lemma 2.2, Let p : (Z,z9) — (Y,yo) be a finite covering and let ' =
p~ Y (yo). Suppose the monodromy G acts doubly transitively on the fibre
', then the fibre product Z xy Z has two connected components.

Proof. Observe that via the diagonal action of G on F' x F, we can
identify the fibre product Z xy Z with the fibre space ¥ xg (F'x F).
Furthermore, the diagonal action of G on F x I’ preserves the diagonal
A(pxry and its complement CAp, py. For simplicity, we will let S
and So denote the diagonal and its complement respectively. Double
transitivity of the action of G on F' is nothing other than transitivity of
the diagonal action on both S and S5. The lemma follows since
ZXYZ:XN/XQ(FXF)
=¥ xg (5111 5)
= (¥ xg SYIL(Y xg S),
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and by Lemma 2.1, (}7 X g S;) is connected for i = 1, 2. O

We next prove some lemmas on algebraic curves in algebraic vari-
eties. In particular, we will prove some “covering curve” lemmas which
will be used in the proof of Theorem 1.

Lemma 2.3. Let V be an irreducible algebraic variety and let U be a
proper subvariety. Then for any point p € U, there is an irreducible
algebraic curve v in V. which intersects U only at p. Furthermore if p
s a smooth point of V', then v can be chosen to be smooth at p.

Proof. Pick a general point ¢ € V \ U. Then there is an irreducible
algebraic curve C in V which contains p and ¢ and which intersects U
at only a finite number of points, say {z1,...,2,}. The curve C can be
chosen to be smooth at ¢ since ¢ is a general point, and furthermore if p
is a smooth point of V, C' can be chosen to be smooth at p. (See [We|.)

Take v = {p} U(C\ {z1,...,2.}). O

Remark 2.4. In fact, the curve v above can be chosen to be smooth by
removing the set of singular points in C.

Lemma 2.5. Let V' be an irreducible proper subvariety of G(2, Wy) and
let U = [Ram](V) denote its image in PWoy o. Let p € U. Then there
exists a smooth algebraic curve v C PWo,_o emanating from p such that
yNU = {p}. Furthermore, if ¢ € V N [Ram] (p), then there is an
algebraic curve ¥ emanating from q which covers .

Proof. Observe that [Ram] : G(2, W) — PWa,_9 is proper and finite and
hence U is an irreducible, proper subvariety of PWs;_o. Since PWo, o
is smooth, by Lemma 2.3 and Remark 2.4 there is a smooth algebraic
curve C' C PWo, o emanating from p such that CNU = {p}. Ifv: C —
PWs4_o denotes the inclusion map, we have the curve required in the
first part of the lemma.

Now consider _
G — G(27Wd)

1 ‘[ l [Ram]

C —— PWay o,
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where G is the fibre product

C xsw,, , G(2,Wa) =~ (G(2, Wa)) = [Ram]"(C)
={(z,y) € C x G(2,Wy) | [Ram](y) = v(x)},

and 71 is the first factor projection map. By [H, 9.3a, p. 266] [Ram] is
flat (it is also proper). Thus 7y is flat by [H, Proposition 9.2b, p. 254]
and proper by [H, Corollary 4.8c, p. 102], and hence each irreducible
component of G maps onto C' (cf. [H, Corollary 9.6, p. 257]). Take an
irreducible component I' through (p,q) € G. Tf necessary, normalize T
to obtain a smooth algebraic curve C' (we let C' =T if T' is smooth). We
thus have the commutative diagram:

C -1 ae,Wy

1 l l [Ram]

C — PWay s,

where ¥(C) is the desired curve emanating from ¢ which covers v. 0O
Now consider the map [Ram] : G(2, Wa) xpw,,;, ,G(2, Wy) — PWaq 2.

Lemma 2.6. Let p € B C PWoy 95 and let ¢ = (q1,92) be a point in
the inverse image [Ram|~!(p) C G(2, Wa) Xpw,, , G(2, Wa). Then there
exists an algebraic curve ¥ C G(2, Wa) Xpw,,_, G (2, Wy) emanating from
q such that

¥\ {q} C G2, Wa) xpw,, , G2, Wy) \ [Ram] ™ (B).

Proof. Lemma 2.5 gives us a smooth curve v : C' — PWy,_o emanating
from p with vy NS = {p}. It also furnishes us with the curves ¥; : C; —
G(2, Wy) emanating from ¢;, ¢ = 1,2, which covers v. Let f; : C; — C,
i = 1,2, denote the projection maps. Observe that the fibre product
C1 x¢ Oy is just the restriction of Cy x Ca to the diagonal C < C x C,
i.e.

Ci xgCy —— C1 x Cq

| | Fixty

C — (O xC.
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Since C is smooth, the product C' x C is smooth and hence the diagonal
C C C x C is described by one algebraic equation (which is locally
z = y). Consequently, the fibre product Cy x¢ Co is described by one
algebraic equation (which is locally fi; = f5). This implies that every
component of the fibre product has codimension 1, i.e. every component
has dimension 1, implying that ¢ = (g1, ¢2) is not an isolated point. Note
that the curves C; were chosen such that C; — {¢;} are mapped onto
C —{p}, for i = 1,2, and thus the inverse image of p in the fibre product
C1 x¢ Cy contains only the point ¢. Let S be an irreducible component
of Cy x¢ Uy containing the point ¢ = (q1,¢2). From the commutative

diagram:
;)',
C1 X¢ Oy —— G(2,Wy) xew,, , G(2,Wy)
l l[Ram]
c  — PWay. 2,
we see that 4 restricted to S C C1 x¢ (2 is the desired curve emanating
from ¢ = (q1,92)- 0

Remark 2.7. If g1 = ¢9, consider the diagonal curve
5 = (1, 3) : C1 — G2, Wa) xew,,, , G2, W)

defined by sending ¢ € ' to the point (¥1(c), ¥1(c)) which obviously lies
in the fibre product G(2, Wa) xpw,, , G(2, Wy). The curve ¥ emanates
from the diagonal point (q1,q1) and covers .

Proposition 2.8. The fibre product G(2, Wy) XPWyy o G(2,Wy) has two
irreducible components when d > 3.

Proof. First, observe that if the monodromy acts as the full sym-
metric group on the fibre, then it acts doubly transitively. By the
Monodromy Theorem and Lemma 2.2, the fibre product (G(2, Wy) \
R) XpW,y , (G(2,Wy) \ R) has two connected components, say V1 and
V5, corresponding to the diagonal and the complement of the diago-
nal respectively. It follows from Lemma 2.6 that the Zariski closure
of (G(2, W)\ R) Xpw,, , (G(2,Wyq) \ R) is G(2,Wy) Xpw,,_, G(2, Wa).
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Note that for smooth algebraic varieties, irreducibility is equivalent to

connectedness. Since
(G2, Wa) \ R) xpw,,, , (G(2,W4) \ R)

is smooth, V7 and V5 are irreducible. Recall that the Zariski closure
of an irreducible set is irreducible. Thus, V7 and Vo are irreducible.
Since Vi # Vo, in order to show that G(2, Wy) Xpw,,_, G(2,Wq) has
two irreducible components, it suffices to prove that G(2, Wy) XpWyy_,
G(2,Wy) = V1 U Vs, It is clear from Lemmas 2.5 and 2.6 that

ViUVs C G2, Wa) xpw,, , G(2,Wy).

We now need to show that G(2, Wy) XpW,y G(2,Wy) C ViUV,

Suppose z lies in the diagonal, i.e. z = (q,q) € G(2, Wy) x G(2, Wy).
By Lemma 2.6 and Remark 2.7, there is a diagonal algebraic curve ¥
emanating from x such that

F\ e} C (G2 W)\ R) xzaw,, (G2, Wa) \ R).

This shows that z € V7.
Now suppose x = (q1,q2) € G(2,Wy) XPW,, , G(2,Wy) is in the
complement of the diagonal. By Lemma 2.6, there is an algebraic curve

¥ in G(2, Wy) XpWW, G(2, Wy) emanating from z such that

d—2
Y\ {z} C (G2, Wa) \ R) xpw,, , (G(2, Wa) \ ).

Note that ¥ intersects the diagonal in a finite number of points. Let
o denote the curve obtained from 4 by removing those points. Then
o\ {z} is a non-diagonal curve in Vo, thus showing that = € V.

We have shown that G(2,Wy) XP W,y o G2, Wy) C ViUV,
which implies that G(2, Wy) Xpw. G2, Wg) = V3 U Vs, Hence,

2d-2
G2, Wy) XPW,y_, G(2, W4) has two irreducible components. O

Remark 2.9.

(1) When d = 1: G(2,W7) is just a point and thus M is isomorphic to
G = (SL(2,C) x SL(2,C))/ £ 1, which is irreducible. Thus M; is an
irreducible projective variety of dimension 6. Let

A = {Jac, b, ca,do] | [a,b,¢,d] € CP3, 0 € Wy \ {0}}.
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Since dim A = 4 we see that & = M \ A is an irreducible quasi-
projective variety of dimension 6.

(2) When d = 2: the map [Ram] : G(2, Ws) — PWy = CP? is a biholo-
morphism (cf. [Lol], Proposition 2.4). So

G(21 WQ) X]P’WQ G(27 WQ) = G(27 WQ)

which is irreducible. Since My is a G-bundle over the fibre product,
we see that My is an irreducible projective variety of dimensional 8.
The subset of Mo consisting of quadruples of sections of Wy with
base points is isomorphic to CP! x My, which is of dimension 7.
Thus Sy is an irreducible quasi-projective variety of dimensional 8.

Proof of Theorem 1. For d > 3, let X and X9 denote the two irreducible
components of G(2, W) xew,, , G(2,Wq). M, is the total space of the
G-bundle over X7 U X9, where

G = (SL(2,C) x SL(2,C))/ £ 1.

Since @ is irreducible, we claim that the total space restricted to each
component X, i = 1,2, is also irreducible. Otherwise, pick a component
of the total space and project it to X;. If this is not surjective then
we have split off a component of X;, a contradiction; if it is surjective,
then by restricting to a general fibre we see that the general fibre has
a component splitting off, again a contradiction. Thus, My has two
irreducible components and each component is of dimension 2d+4. The
subset of M consisting of quadruples of sections of Wy with base points
is isomorphic to CP! x My_1, which is of dimension 2d+3 and is hence
not a component of My. Thus, §; has two irreducible components, each
of dimension 2d-+4. O

Remark 2.10. Proposition 2.8 together with Theorem 1 tells us that for
d > 3, 84 has 2 irreducible coraponents: the “diagonal component”, Sg,
and the “non-diagonal component”, Sj. Recall that §; parametrizes
the space of holomorphic horizontal curves of degree d in CP3. By
post-composition with the twistor projection 7 : CP3 — S* we obtain
branched superminimal immersions of 2 into S? of area (or energy)
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4md. Let

MY ={mof]|feSl}
Hi ={rof|feS]},
H; ={Aomof|feST),

where A : 5% — 5% is the antipodal map. Elements of HS correspond
to totally geodesic maps from S2 to S, that is, branched coverings of
52 to a totally geodesic 2-sphere in S*. Elements of Hj and H; are
“linearly full” harmonic maps from S? to S%, that is, their images are
not contained in any strict linear subspace of R® > §%. The action of
the antipodal map A preserves HS and interchanges H; and H,. Every
map f € H, is harmonic but has no holomorphic horizontal lift to CP3.
(cf. Remark 1.2 and [V1].)
By Remarks 1.2 and 2.10, we obtain:

Theorem 2. For d > 3, the moduli space Hy of harmonic maps from S2
to S of energy 4nd has three irreducible irreducible components: HQ,
Hj and H .

3. Final Remarks

Since §g := My \ Cy is not compact, one may ask: “What would be
a natural compactification of §;7 Can we compactify Sz by consider-
ing the whole of My;?” Unfortunately, elements of Cyq correspond to
parametrized rational curves of degree strictly less than d. Consider a
curve C' emanating from a point p € My\S4. Then the punctured curve
C'\ {p} is the parameter space for a flat family of parametrized rational
curves in CP? of degree d. To each point « in C \ {p}, we can associate
the graph I'; of the corresponding parametrized rational curve, that is,
a curve of bidegree (1,d) in CP! x CP3. Thus C'\ {p} parametrizes a flat
family of graphs of bidegree (1,d) in CP! x CP3. There is a notion of
taking limits to p in the algebro-geometric sense since flatness extends
across a puncture. Thus, we can associate to the point p a limit graph of
bidegree (1,d). (This is discussed using some examples in [Lo2|.) Taking
all possible limits, one should obtain a natural compactification of Sy.
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The question is, how can one do this globally? This turns out to be a
rather difficult problem.

In [LV1], a simpler compactification problem was studied: the vari-
ety parametrizing graphs of holomorphic maps from CP! to CP! x CPL.
(The graph of such a map is a complete intersection.) Here a global ap-
proach was taken: obtain the compactification via an explicit sequence
of blow-ups along smooth centres. The bidegree (1,1) case is described
in [LV1], and the bidegree (2,2) case in [LV2]. It is hoped that an un-
derstanding of this simpler compactification problem will be of use in
the compactification problem for the moduli space Sy.
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