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Foliations with a Kupka component
on algebraic manifolds

Omegar Calvo-Andrade

Abstract.  'We consider codimension one holomorphic foliations in complex pro-
jective manifolds of dimension at least 3, having a compact Kupka component and
represented by integrable holomorphic sections w of the bundle TM* @ L, where L
denotes a very ample holomorphic line bundle. We will show that, if the transver-
sal type is not the radial vector field and Hl(]\l, C) = 0, then the foliation has a
meromorphic first integral.
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0. Introduction. ‘

Recall that an “open book foliation” on a real manifold M of dimension

n > 3, consists of a codimension two submanifold K C M, called the

binding of the book, and a codimension one foliation F on M — K,

arising from the fibers of a fibration 7 : M — K — S! = PL.

In this note, we are going to consider the complex analogue: Let M
be a compact complex manifold of dimension > 3. By a complex open
book foliation on M, we mean a codimension one holomorphic foliation
with singularities F on M satisfying the following conditions:

(1) The foliation F is represented by an integrable section w of the
bundle T*M & L, where L is a very ample holomorphic line bundle
on M. |

(2) The singular set of the foliation has a compact connected component
K of the Kupka singular set.

The Kupka singular set of the foliation represented by the section w,
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is defined by
Ko ={pe Mlwp)=0 dw(p)#0},

and it is a codimension two smooth submanifold of M.

A complex open book foliation on the projective space P* n > 3, is
given by the fibers of a generic rational map if, and only if, the Kupka
component K is a complete intersection [C—LJ, and then, the foliation
looks like a “fibration’ 7 : P* — K — lP’(lc, moreover, the binding of the
book is precisely the Kupka set, which correspond to the base points of
the rational map.

A codimension one holomorphic foliation on M, admits an affine
transversal structure if there exists an open cover {U,}, and a family of
submersions f, : U, — C which defines the foliation on Uy, such that

Ja=cag - fa+dapg cap€C’, dopeC.
In this note, we are going to prove the following theorem:

Theorem 3.4. Let F be a complex open book foliation of M, with Kupka
component K, and represented by a section w € T(M; T*M®L), where L
is a very ample line bundle. If the transversal type of K is not the radial
vector field, then the foliation has at least one compact leaf, moreover,
in the complement of this leaf, the foliation admits an affine transversal
structure.

In particular, when HI(M; C) = 0, we can say more:

Theorem 3.5. Let F be a complex open book foliation of M, with Kupka
component K, and represented by a section w € T'(M; T*M® L), where L
18 a very ample line bundle. If the transversal type of K is not the radial
vector field, and Hl(M; C) = 0, then the foliation has a meromorphic

first integral.
And the foliation looks like the fibers of a “fibration’ 7 : M~ K — PL.

1. Positive Vector Bundles.
In this section, we will discuss the notion of positivity of holomorphic
vector bundles.
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FOLIATIONS WITH A KUPKA COMPONENT 185

Let M be a compact, complex manifold and let £ — M be a holo-
morphic vector bundle; we denote by H 0 (M,O(E)) or by T'(E), the
(finite dimensional) complex vector space of holomorphic sections of the
vector bundle F.

Definition 1.1. A holomorphic vector bundle E — M is called positive if
there exists an hermitian metric in I whose curvature tensor © = (6§ij)
has the property that the hermition quadratic form
o) = D 0567 0
p,051]
is positive definite in the variables (, 7.

Recall that the positivity of a holomorphic line bundle is a topo-
logical property, that is, a holomorphic line bundle L is positive if and
only if its Chern class may be represented by a positive (1,1)-form in
Hp (M) [G-H].

A holomorphic line bundle L over the complex manifold M is called
very ample, if the holomorphic sections of L gives an embedding into
projective spaces; in other words, there is an embedding M < PV, such
that L = [H N M], the line bundle associated to the hyperplane section.
If a line bundle L is positive, then there exists ng € N such that L®" is
very ample for n > nyg.

A complex manifold X of complex dimension n is called is k—convez,
if there exists a C? function ¢ : X — R such that its Levy form

8%
Lip) = (aziazj) )

has at least n—k+1 positive eigenvalues, and @ is an ezhustion function,
that is

X = U cp'l(a, 00).

acER
Observe that if X is an n—dimensional manifold 1-convex, then the
function ¢ is plurisubharmonic, and then, it is a Stein manifold.
The following theorem, relates the geometric properties of a smooth
submanifold X C M and the convexity properties of the complement
M — X, the proof may be found in [S].
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Theorem 1.2. Let M be a compact, complex manifold and let X C M
be a compact, 1 < k-codimensional smooth submanifold. If the normal
bundle vx 1is positive, then M — X 1is k—convex.

The main property that we will use, is the following generalization
of Hartog’s extension Theorem:

Corollary 1.3. Let M be a compact, complex manifold and let X C M
be a compact, k—codimensional smooth submanifold, where k < n — 1
and such that M — X is k—convex. Let £ be a locally free analytic sheaf.

Then the restriction map
I(M; &) — T(U; €)

is surjective for any open set U D X such that M — U is connected.

The main idea in the proof of theorem (3.4) and (3.5), consists in
the following: First, we will prove the positivity of the normal bundle
of a Kupka component, this implies, by theorem (1.2), that M — K is
2-convex, and then, we will use the corollary (1.3), in order to find an
integrating factor as in [C-L].

2. Codimension one Foliations.

As usual, by a codimension one holomorphic foliation with singularities
in a complex manifold M, we mean a family of holomorphic 1—forms w,
defined on an open cover {U, } of M, satisfying the integrability condition
wa N dw, = 0, and the cocycle condition we = Aagws when U, NUg # @,
where A,p are never vanishing holomorphic functions defined on U, NUg.
Let L be the holomorphic line bundle on M obtained with the cocycles
{Aap}, then the 1-forms {ws} glue to a holomorphic section of the vector
bundle 7" M @ L.

2.1. Definition. A codimension one holomorphic foliation F with singu-
larities in the connected complex manifold M is an equivalence class of
sections w € T(M,T*M ® L) where L is a holomorphic line bundle such
that w does not vanishes identically on M and satisfies the integrability
condition w A dw = 0.

The singular set of the foliation represented by the section w, is the
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FOLIATIONS WITH A KUPKA COMPONENT 187

set of points S, = {p € M|w(p) = 0}. The leaves of the foliation
with singularities, are the leaves of the non—singular foliation defined on
M — S,. When a leaf £ of the foliation F is such that its closure £ is
a closed analytic subspace of M of codimension 1, we will also call £ a
leaf of the foliation, and by abuse of language, we will say that £ is a
compact leaf of the foliation.

We will say that a codimension one holomorphic foliation F on M is
positive (resp. very ample), if it is represented by an integrable section
weT(T*M ® L), and the holomorphic line bundle L, is positive (resp.
very ample).

Recall that an integrating factor of a foliation represented by a sec-
tion w € T(M;T*M ® L), is a holomorphic section ¢ € H?(M;O(L))
such that the meromorphic 1-form Q = w/y is closed.

We will use the following result, whose proof may be found in [C].
Let M be a compact complex manifold with H 1(M ; C) = 0. If the holo-
morphic section ¢ = gp’fl e @Zk of the line bundle L is an integrating
factor of w € HY(M;QY(L)), then

k
w dy; P
%) +d ( ni~1 ”k*l) (1)

- ¥ o1 ey

where 1 is a holomorphic section of the line bundle associated to the

divisor
k

> (ni— 1) [pa = 0].

i=1
If n; denotes the fundamental class of the hypersurface {@; = 0}, by
the residue theorem, we have the following relation:

k
S Ai-mi=0€ H*(M;C). (2)
i=1
We will use formula (1) in two situations: When ¢ = ¢1 - @9, where
w; are irreducible sections of positive line bundles. In this case; the
equation (1) has the form
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in this case, by (2), we have un; = Ay € H?(M;C), and then, pu/\ =
p/q € Q, where p,q are natural numbers relatively prime, and the foli-
ation has the meromorphic first integral

q
¥
¢="F:M~—{p1 =0} {p2=0} =P
2
The second case that we will consider, is when ¢ = gp‘{“, and @1 is

an irreducible section of a positive line bundle.
Now, formula (1) has the form

izgzd@)
@ o] |’

and the foliation has the meromorphic first integral

qS:—(;b—(i:Mf{{z/J:O}ﬁ{@l:O}ePl.

3. Kupka Type Singularities.

In this section, we are going to study the properties of the binding.

3.1. Definition. Let w € T(M,T*M ® L) be a codimension one holomor-
phic foliation. The Kupka singular set, K, C S, is defined by:

Ko={peSs| duwlp) #0}

We say that w € HO(M,Ql(L)) has o Kupka component if the Kupka .
set has a compact connected component.

It is known, (see [Me]| for details), that the Kupka set is well defined
and it is independent of the choice of the section w which defines the
foliation. The main property of the Kupka set, is the local product
property, namely, for every connected component K C K, there exist
a holomorphic 1-form 7, called the transversal {ype at the component
K, defined in a neighborhood V of 0 € C? and vanishing only at 0,
an open covering {U,} of a neighborhood of K in M, and a family of
submersions ¢q : Uy — C2 such that w&l(()) = K N U,, In particular,
the Kupka set, is a codimension 2 locally closed, smooth submanifold of
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M, furthermore, the family of 1-forms w, = ¢} n defines the foliation in
the open set U,.

The transversal type n, is well defined up to biholomorphism and
multiplication by non—vanishing holomorphic function, as well its dual
vector field X, since dw # 0 we have that DivX(0) # 0, thus the linear
part L = DX(0), which is well defined up to linear conjugation and
multiplication by scalars, has at least one non-zero eigenvalue. We
can normalize, by multiplying by a non-zero complex number, in order
to have eigenvalues 1, A\. We will say that L is the linear type at the
component K.

Let K be a connected component of the Kupka set of a foliation F,
and let L be the linear type of K, with eigenvalues 1, A, we say that the
linear transversal type is Poincaré, if A ¢ (—o0,0), Siegel, if A € (—o0,0)

“and degenerate if A = 0. When A = 1, and the canonical Jordan form of
L is non semisimple, we say that the linear type is non-semisimple.

The local behavior of the leaves near the Kupka set, which depends
on the transversal type of the component, and the non-triviality of
the embedding of K C M, which can be measured with the Chern
classes of the normal bundle, are strongly related, namely, [GM-L] have
shown that if the first Chern class of the normal bundle vg (M) of a
compact connected component K of the Kupka set is non-—zero, then
the linear transversal type must be semisimple, non degenerate, and
with eigenvalues (1, A) where A € Q.

As a consequence of the local product structure, a Kupka component
of a foliation represented by a section w € T(M;T*M ® L), is subcanon-
ically embedded [C—S], that is, its canonical bundle, denoted by Q}L(_Q,
and the second exterior power of the normal bundle, A2vk: may be' ex-
tended to a global holomorphic line bundle on M. In fact, we have the
following two equivalent formulas:

Q?{Qz " ®Llg and A?vg =Lk,

where Q}f, and Q”K‘Q denote the canonical bundle of M and K respec-
tively.
Now, let F be a foliation represented by a section w € T(M;T*M ®
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L), with a compact connected component K of the Kupka set. When
the line bundle L is very ample, the above formulae implies that the
first Chern class of the normal bundle of KX C M, does not vanishes,
because it is given by the formulae

e1(vk) =" (L) € HX(K;C),

and then, the linear transversal must be diagonalizable with eigenval-
ues 1, A € Q, furthermore, if the linear transversal type belongs to the
Poincaré domain, then the transversal type is linearizable and semisim-
ple, [GM-L]. This remark gives the following result.

Proposition 3.2. Let w € HO(M;Ql(L)) be a very ample foliation with
a Kupka component K. If the transversal type is not the radial vector
field, then the normal bundle of K is positive.

Proof. The above remark implies that the linear transversal type of the
Kupka component K, is given by the 1-form

n=pxdy—qydr with p,geZ (p,q) #1.

We are going to prove, that the linear transversal type belongs to
the Poincaré domain:

In [C-S] it is shown that there exists a pair (F, o), where £ — M
is rank two holomorphic vector bundle over M, and ¢ is a holomorphic
section of the bundle E. The zero locus of this section, is the Kupka set.
Furthermore, the total Chern class of the vector bundle E is given by

o(E) = (1+M).(1+M>

p+4q p+4q
=1+c¢1(L)+[K] € H(M,;C),
whenever the linear transversal type is pz dy — qy dx.
Now, consider the embedding induced by the line bundle L, the de-
gree of the Kupka set under this embedding, which is a positive integer,
is given by the formulae

(E) /Mcz<E>Ac1<L>“—2— pa (E> /Mq(L)”

o C(p+?\ 2
- (71)?3)_2 vol(M) > 0.

Bol. Soc. Bras. Mat., Vol. 30, N. 2, 1999



FOLIATIONS WITH A KUPKA COMPONENT 191

This implies that p - ¢ > 0, hence, the linear part belongs to the
Poincaré domain.

Now, in [GM-L] [C-L], it is shown, that the normal bundle vk splits
in a direct sum of holomorphic line bundles, L, and L,, corresponding
to the two eigendirections, that is: vx = L, @& L, moreover, its Chern
classes satisfy the following relation:

p-e(Ly) —q-c(Ly) =0 € HX(K;C).

Since A2vg = L, ® Ly = L|g, we have that both holomorphic line
bundles are positive, and then, the normal bundle of the Kupka compo-
nent K C M splits in a direct sum of positive line bundles, and then, it
is a positive vector bundle. O

Remark. If the transversal type is given by the form n = zdy — ydz,
and the normal bundle admits the exact sequence of vector bundles

0—L1—vg— L1 —0,

then the normal bundle of K is positive.

In fact, since L1 ® Ly = Lk, which is positive, implies that L is
positive. This condition is true, if for example, there exists a smooth
separatrix of the Kupka set.

Now, the main consequence of the proposition (3.2) is the following
result:

Theorem 3.3. Let F be a complex open book foliation of M, represented
by a section w € HO(M;Ql(L)). Let K be the compact Kupka component
of F. Then, if the transversal type of K is not the radial vector field,
then M — K is 2—convex.

Proof. By definition of an complex open book foliation, the holomorphic
line bundle L is very ample, and by the Theorem (3.2), the normal
bundle vg (M) is positive, now, because the codimension of K in M is
two, the Proposition (1.2) implies that M — K is 2-convex. O

A codimension one foliation without singularities F on a manifold M
has an affine transversal structure, if there exits an open cover {U,} of
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M, and a family of submersions f, : U, — C which define the foliation
on Uy, such that whenever U, N Ug # & we have

fﬁzaag-fgﬁ-bag aagec*, bagec.

In our cage, we consider codimension one holomorphic foliations such
that, outside of an algebraic set, the foliation admits a transversal affine
structure. In this case, it is shown in [Sc] and [Sel], that a codimension
one holomorphic foliation with singularities on a complex manifold M
has a transversal affine structure, if and only if, the following holds:

Let 2 be a meromorphic 1-form which defines the foliation out of
its poles, then there exists a closed meromorphic 1-form 8, such that:

dQ=0AQ, and 60, =00,

where Q. and 0., denotes the divisor of poles of the 1-forms Q and 0
respectively.
Now, we are in a position to prove our main result. To do this, we

are going to follow the exposition of [Ce-L].

Theorem 3.4. Let F be a complex open book foliation on M, with Kupka
component K, and represented by a section w € T(M;T* ML), where L
is a very ample line bundle. If the transversal type of K is not the radial
vector field, then the foliation has at least one compact leaf, moreover,
in the complement of this leaf, the foliation admits an affine transversal

structure.

Proof. We are going to find a transversal affine structure on a neighbor-
hood of the Kupka set. Now, by proposition (3.3), we know that M — K
is two convex, and then, we can extend this structure to M.

To find the transversal structure, we know that the transversal type
of the foliation is linearizable. This implies that there exits a covering
of K by open sets {U,} and coordinate systems ((Za,¥a),2a) : Ua —
C2 x €2 such that:

(1) KNUq = {xa = yo = 0}.
(2) The foliation on U, is defined by the form wq = pra dya — @Yo dZa,
where 1 < p < ¢ are natural numbers.
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(3) If Uy, nUg # @, then it is connected and there exists a 1-cocycle
Aop € O (Uy N Upg)

We are going to consider two cases:

(1) If the transversal type is n = pxrdy — qydz where 1 < p < g are
relatively prime integers, then the meromorphic 1-form

Wey

Qoz = y
Lalo

defines the foliation on U, out of its poles, moreover, as was pointed
in [C-L], those meromorphic forms satisfy the equality Q, = Qg when
UsNUpg # 2.

This shows that {x,y.} defines a holomorphic section of the line
bundle L on a neighborhood of K, and then, it defines an integrating
factor for the foliation w, on this neighborhood, since M — K is 2-convex,
this section can be extended to M. The compact leaves are extensions
of the divisors z,y, = 0.

(2) In the second case, i. e., if the transversal type is of the form

n = zdy — qydz, we can applied the same argument as before to show

that {24! = 0} defines a divisor invariant by the foliation, which can

be extended to M, because M — K is two convex; but in this case, we
have the following equation:

Wy

x(qj—l

w *
= Caﬁ q-{ﬁ—l s Caﬁ i~ C .
s

A direct caleulation [C-L], shows that

Wey Yo Yo Ys
Q = = d — = —_— = . _ + b ,
A (in ) (3:2 ) cef (f; ) o

for some c,5 € C* and b, ¢ C.

Now, let Q be a meromorphic 1-form which defines the foliation out
of its polar divisor, then

Ya
Q =hgy - 1,
|Ua ho - d (xq>

[e7

for some meromorphic function kg : U, — C.
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When U, NUg # @, it is showed in [C-L] that hy = cap - hg, and
then, the meromorphic 1-form 8 locally defined in the open set U, by
dh
00& = __04’
he

satisfies that
O =03 and dQ=0AQ.

Then, it defines the affine transversal structure on the neighborhood
U = JU, of the Kupka set, which can be extended to M because M — K
is two convex. 0

With an additional topological condition on M, we can prove our
last result.

Theorem 3.5. Let F be a complex open book foliation of M, with Kupka
component K, and represented by a sectionw € T(M;T"M®L), where L
is a very ample line bundle. If the transversal type of K is not the radial
vector field, and HY(M;C) = 0, then the foliation has a meromorphic
first integral.

Proof. We are going to use the same notation as above.

As in [Ce-L p. 128] we are going to find an integrating factor, and
then, by using the normal form of foliations with an integrating factor,
we are going to find the meromorphic first integral.

Now, if the transversal type is 7 = pr dy — qy dx with 1 < p < ¢q, we
have seen that x,y, defines an integrating factor of the foliation.

If the transversal type is n = x dy — qy dzx, let Q be a meromorphic
1-form which defines the foliation out of its pole, and let 8 the closed
1-form which defines the transversal structure,

AN=0AQ, 0. =0

Since HY(M, C) vanishes, we can show as in [C-L], that 6 = %,
for some meromorphic function, this implies that f is a meromorphic
integrating factor of Q, and this implies that w has an integrating factor.

Now, let ¢ be the integrating factor of the foliation represented by
w, in the case that the transversal typeis n =pxdy—qydz, 1<p <g,
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the closed meromorphic 1-form
Q=2
'
on the open set U,, where the foliation is defined by the 1-form w, =
PTo QYo — QYo Ao the T-form Q has the expression

by comparing the residues, we have that the integrating factor decom-
poses as ¢ = @1 - vz and @]y, = Zo and @3ly, = Ya, by the normal
form of foliations with an integrating factor, we see that the foliation
has a meromorphic first integral.

If the transversal type is 7 = x dy—qy dz, we have seen that x§+1 =90
defines an invariant divisor which can be extended to M, moreover, the
fundamental class of this divisor coincides with the Chern class of the
line bundle L and hence, because H'(M,C) = 0, and M is Kalher (M
is algebraic), the Chern class determines the line bundle, and then,
{22 = 0} defines a holomorphic section of the line bundle L.

Now, let ¢ the integrating factor of w, then on the open set U,
we have that ¢, = aq - ngl for some never vanishing holomorphic
function a,,.

Now

Wey -1 Wey -1 A b Yo
Qa:—:aa eS| =0y - Qa, Qa:d<_q>:
QDQ Loy Lo

since both forms ©, and Q, are closed, we have that

o= doa Q,
Qo
and then, a, is a holomorphic first integral of the foliation w and hence
it is a constant, then the zero locus of the integrating factor {¢ = 0} =
{ag =0}
Again, from the normal form of foliations with integrating factor, we
obtain a meromorphic first integral. O

Let K(M, L,n) be the set of codimension one holomorphic foliations,
having a compact connected component of the Kupka set with transver-
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sal type n, if L is very ample, the transversal type is 7, 4 = px dy —qy dz
for some positive integers 1 < p < g, or n = xdy — ydzx, then we have
the following corollary:

Corollary 3.6. Let M be a compact complex manifold of complex dimen-
sion > 3 and with Hl(M, C) = 0. If L is a very ample line bundle,
the set K(M,L,npq), where 1 < p < q, is an irreducible component of
Fol(M, L), and its generic element is structurally stable.

Proof. It follows from Theorem 3.5, that the foliation has a meromor-
phic first integral, and the generic element in this case, is a Branched
Lefschetz Pencil [C]. a

Corollary 3.7. Let M be a compact complex manifold of complex dimen-
sion > 3 and with HY(M,C) = 0. Let F € K(M,L,np,), 1<p<gq
be a foliation with Kupka component K. Then the foliation is locally
structural stable near its Kupka component K.

Proof. It follows from the existence of the meromorphic first integral of
any foliation F € K(M, L,1pq). O

Remark. When the transversal type is the radial vector field, and the
Kupka set has a smooth separatrix, then the foliation admits an affine
transversal structure, this is given as follows: set 2, = 0 be the equation
of the separatrix on the opén set Uy, as in the proof of the theorem 2.5,

we can show that
Wer

a = o
x2’

Q

defines a meromorphic section of T*M & Lg, where Lg € Picg(M), and
having a order two pole along a divisor D which is invariant by the
foliation, and which is a separatrix of the Kupka set, moreover, this

section is locally represented by closed forms.
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