A Note on First Integrals of Vector Fields and
Endomorphisms*

RICARDO MANE
Introduction

The purpose of this paper is to provide a simple proof that C"-generically
{1 < r < o) vector fields on a compact, smooth, boundaryless n-dimensional
connected manifold have the following property:

() C"-first integrals are constant functions.

We recall that a C*first integral of a vector field X on a manifold M is a
CH-function f: M - R (the real numbers) such that is constant on the orbits
of the flow generated by X. We shall also prove that a similar property is
C’-generically true in %'(M, M), the space of ('-endomorphisms of M.

Recently, T. Bewley [5] proved the genericity of & in the case 1 < r < oo,
In the two dimensional case this property follows from Peixoto’s theorem [2].
R. Thom, in an unpublished paper [4] observed that the C’-closing lemma
implies the C"-genericity of 2. For e-structurally stable vector fields J. Arraut
{1] proved that property & is true.

In [3], Peixoto observed that if a vector field has a Morse first integral then
it can be approximated by a gradient like vector field.

Our proof of the genericity of 2 uses a lemma due to F. Takens [6] (lemma
1.1 in this paper). In section Z this lemma is generalized and applied to the

case of endomorphisms of M.

REMARK 1. Peixoto's observation is not true, even taking C°-approximations,
if the first integral isn’t a Morse function. To see this, consider an Anosov
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Let V be a C"first integral of X. Then (V,1,X,) =0 VpeM. Il V is non
constant, by Sard’s theorem there is a regular value a € R, and by well known
facts about differentiable functions, there is meighborhood U of V7 i(a), an
¢ > 0. and a diffeomorphism:

Fila—e a+ex ViU

such that the following diagram is commutative

(—g a+eg x V“(ac)f» U

\iv

where 7 is the projection onto the first factor. Let

%4 =F((a—%, o +—%—) X l/'l(ot))'

+

Obviously Q(X) n W # &. Then there is a neighborhood % of zero in  x,(M)
such that:

yeX + ¥ B, =>Qn W = (1)

Let # ={Ze x(M) :(V,V,Z) >0 Ype W}. # is non vacuous because
a C'-vector field C*-near to V,V is in #". Then #” is an open non vacuous
cone in &.(M) and it follows that:

X+%nW)nB, £

But if Ze(X + % n#) B, then it is easy to see that QZyY~ W = &
and this is in contradiction with (1).

2. First Integrals of Endomorphisms

Let fe¥' (M, M), 1 <r< o. We say that peM is a non wandering point
of f if for every neighborhood U of p, there is an integer N > 1 such that
FAUY AU # . We define Q: €"(M, M) > S(M) as the function that to
each endomorphism assigns the set of his non wandering points. We shall
consider ¥'(M, M} as a metric space with the usual C"-metric.
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diffeomorphism f: T? — T2 such that f,: H, (M) » H, (M) is hyperbolic [7].
The diffeomorphism f T2 x 8" - T? x §' defined by fip,q) = (fép)q)
has C=-first integrals non constant on open sets. If g is C°-near to f then

f; because they are homotopic. But f, is not unipotent ‘on homolo-
gy [8]. Then by [8], g is not Morse-Smale; The suspension of f is then a
vector field, with a first integral non. constant on open sets, and cannot be
C°-approximated by a Morse-Smale vector field.

ReMaRK 2. The method used in the proof of Lemma 2.I can be used to prove
that given a connected Lie group G there is a residual subset § of &,(G, M),
the space of C’-actions of G on M with the C'-topology such that if S(M)
is the space of subsets of M with the Hausdotff pseudometric then Q: § — S(M)
is continuous and is upper semicontinuous at points of S.

1. Genericity of P in x{M)

Let M be a compact connected smooth sn-dimensional boundaryless mani-
fold, with a smooth Riemannian structure. Let (M), 1 < r < oo, be the
Frechet space (Banach if r < co} of C"-vector fields with the usual C™-metric.
Let S(M) be the pseudometric space of subsets of M with the Hausdoxif
pseudometric.

If X ex (M), and &. is the flow generated by X, we recall that peM is a
non wandering point of X if for every neighborhood U of P there exists 7 ¢ R,
T > 1, such that ¢ (U} n U % @&. Let Q: (M) — S(M) be the function that
to each vector field assigns the set of his non wandering points.

LemMa 1.1, There is a residual subset %, — y,(M) such that Q: & — S(M)
is continuous.

Proor. See F. Takens [6], or apply a method similar to the one used in the
proof of Lemma 2.1.

THEOREM 1.2. If Xe @, , then X has property 2.

Proo¥. Let (-,'), and V, be the scalar product and the gradient operator
of the Riemannian structure of M.
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LEmpa 2.1, There is a res_idua! subset 8, < &"( M, M) such that:
Q: %, — SM)

is continuous.

Proor. Let 4 be a countable basis of compact neighborhoods of M. Given
Ue % we define:

G 6T (M, M) — S(M)
as .

ahmy) = FHU).

AsSkEm

A

We also define
@5 % (M, M) ~ S(M)

as:

Gais) = U 1)

NEk

1t is casy to see that ()™ is continuous and

@) = lmg™(f)

By a well known lemma due to Baire, there isa residual subset 8"~ < €"(M, M)
such that f e #¥U= f is a point of continuity of @8 . Then if we define:

e NoU
gr - ﬂ ‘@ru
. Uen
1=N

it is easy to see that € &, —~ S(M) is upper semicontinous. By well known
properties of set valued functions, we deduce that there is a residual subset
#. of @, such that Q: @, — S(M) is continuous.

Tueores 2.1, If f € B, then it has the following propertv: P) If Ve €' (M, R)
is such that V  f = Vthen V'is a constant function.
Proor. If f e®,, and V e$"(M,R) is such that ¥-f =V and il ¥ is non
constant, then there is a regular value «eR, and g > 0, an open neighbor-
hood U of ¥ “'(a) and a diffeomorphism F such that the following diagram
is commutative: ‘
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where n is the projection onto the first factor. Let

W, =F((a—%, x +%) x v-‘(a))
W, =F((a——zf, 0&+%) x V"(ot))'

There is an open ueighborhood % of f such that:
ge#Un B =Qgn W, # & ' 2)
Let X € Z (M) such that X, =0 if p&W,, and (X,, V, V) >0l peW,.
Let Ae [ be such that the flow ¢, generated by AX has ¢, ¢ € AU (A #0)
Let: .
S = inf (¥e ¢S HR) - VD)

FEW2

and

By the density of #, n% in %, and because

(V¢ [Np)-V(p) 2 0VpeM
we can take ge B n ¥ such that:

(V60 1NV D) < 4 WPEM.

Then Qig) n W, = & in contradiction with (2).
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