An Extension of Sard's Theorem*

MIGUEL DE GUZMAN

A classical form of the theorem of Sard affirms that if g: R* — R" is a function
x = g()) in %'(R"), then the set of critical values, ie. the set of points x, € {"
a .
such that for some y,, gly,) = x, and [det (59-):' =0, ts of zero measure.
¥ ¥=ro

This theorem can be considerably extended in the following way. Oue first
gives a gencralization of the notion of the Jacobian determinant, then one
defines correspondingly the critical values and proves that the set of critical
values has measure zero. It turns out that one can present the theorem in
a very general setting as follows,

Let ¥ = Y = R" be an open set. Let X be another set and p an exterior mea-
sure defined on the subsets of X. Let g: ¥ — X be an arbitrary function.
A poit ye V' will be called critical point of g if there is a sequence {Q,(v)}
of open cubic intervals centered at y and contracting to y such that
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Here | Q] is the Lebesgue measure of @

For the proof of the theorem we want to present we shall make use of the
following covering lemma whose -proof can be found in [1].

Lemma, Let S be a bounded set of R, For each veS an open cubic interval

Q(v) centered at v is given. Then one cari Thoose from among (O(v)),s @ se-
quence {Q,) of such cubes so that

a)SCLk)Q,\.;
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b) Ty (x) < hn) for everv xeR"

Here yp is the characteristic function of P and ((n) is a constunt that only de-
pends on the dimension. '

TuEOREM. Let g1 V > X be as in the preceding definition. If C is the set of
critical points, then p(g{C)) = 0, i.e. the set of critical values has p measure zero.

Proor. We first take a bounded subset § of C and prove p(g(S)) = 0. Since
C = |J S, S, bounded, we then have
k .

pgcy = P(Q(Lk) 50 = P(U g(Sy) < AZ}O(Q(S;J) =0

Let then § be an arbitrary bounded subset of C.Let S & G, G open, G| < o,
¢> 0. 1l ve S we can choose an open cubic interval centered at v so that

Y e P
o) = G, —r| o0 < &

By the lemma we can choose a sequence {Q,} [rom among such sets iQ(y))_\.ﬂ
satisfying

Sc Qi = G, Ly, < Btn), '(-ifégi‘—”<£
P i

Therefore

plotS) <9 (ol Q) < (L] 9(0)

< 3 pietQ) <+ 310 =skzjxgk(xmx

< (M|l Q] = eBn)|G|.
k
Since & is arbitrary, p{g({S)) =0 and the theorem is proved.
REMARK 1. It is rather easy to show, by means of the mean value inequality
that if in the theorem X = R, p is the exterior measure associated to Le-

besgue measure and g%’ then
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[].
ay Y =30

implies that )y is a critical point in the sense of the above definition. So the
theorem of Sard is an easy cousequence of the theorem.

REMARK 2. It is easy to show that if X = R”, p is the exterior measure and
g: V — X is one-to-one and transforms Lebesgue measurable sets into Le-
besgue measurable sets, then the limit

. |glow)]
dm o0

exists for almost every ve V—Here Q(v) - v means that one considers all
open cubic intervals centered at v and makes their diameters shrink to 0.

In fact, fory > 5 > 0 and B a bounded subset ol R* we consider

a, = {uslan 30,(v) - v, IQH) — nggt()lI) >s>|T(Q%(E‘)|}

Il |P], means the exterior measure of the set P, we have |4, ], = 0. Let
{A,|. = a We take an open set G, G < 4,,, |G| < a + 7, for 1 > 0 given.
For ve A4,, we have a sequence {QF(v)} with

Qi) - o6 |€|’(g;((;| ),

We apply the theorem of Vitali and so we obtain a disjoint sequence (QF, (v))
from among (@ (¥ e, Such that

slatn) > s[Giz s Q8 2 ) 9(Qr)]
and
Am—yQa‘ﬂi =0.
Let now _v*e(y QF)n A, = C. Observe that almost every poinl in A, is

also in C. For v* we have a sequence {Q,(1*)} with Q,(v*) = v* 0.(*) <
OF € (QF(v)) for some h such that

9@
I Qk("*)—l_
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We apply again the theorem of Vitali to obtain {Q,} another disjoint sequence
from among (Q{y*)ycc« such that we can write

¢ =|A4,, =iCl. = +

‘C—LkJQk

Con (L"J QJ

3 &

=\C0(LJ‘JQJ¢)

< Tlol =+ Tle!

< Yleenl s @+ m.
h

s . . .
Hence a < r_n—As Since # is arbitrary, « =0 and so | A, e =0
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