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An asymptotic analysis of two-phase
fluid mixing*

J. Glimm and H. Jin"

Abstract. We study the motion of the slightly compressible multi-phase flow model
proposed by Chen, Glimm, Sharp and Zhang. The interface velocity and constitutive
law are analyzed by derivation of the exact quantity. Using singular perturbation theory,
a formal asymptotic expansion is derived for the solution of the compressible equations.
An asymptotic analysis in the incompressible limit, for slightly compressible flows sup-
plies important new information to resolve nonuniqueness of the pressure difference
between the two fluid species of the incompressible flow equations.

Keywords: multiphase flow, asymptotic expansions, incompressible two phase fluids.

1 Introduction

We study the motion of the slightly compressible chunk mix multi-phase flow
model proposed by Chen et al [1]. The multi-phase flow model provides an
averaged, or coarse gained, description of the mixing layer formed when an
unstable interface between two fluids is driven by acceleration. New closures
of the two pressure model of multi-phase flow have been proposed recently [4,
8,9, 10, 11]. The physical basis for the model and algorithms for numerical
solutions of the model equations have been examined [2, 3, 6, 7]. A closed
form solution was introduced in the incompressible case [11]. We derive an
exact expression for the interface velocity by manipulation of the governing
equations. The formulation implies that the velocity constitutive law is not a free
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214 J. GLIMM AND H. JIN

parameter. We present a zero parameter model, with the velocity constitutive
law given implicitly in terms of the solution.

The equations of compressible multi-phase flow in appropriate nondimen-
sional form are a nonlinear hyperbolic system depending on a large parameter 2,
the reciprocal of the Mach number. The incompressible limit of the compress-
ible multi-phase flow equations is a time-singular and layer-type problem which
requires advanced techniques in asymptotics. We discuss here the outer limiting
behavior of the solutions of the compressible multi-phase equations as A — oo.
Using singular perturbation theory, we derive formal asymptotic expansions of
the solutions of the compressible equations, describing the outer limiting prob-
lem, which are uniformly valid in space. A necessary and sufficient condition for
convergence of compressible pressures through the second order of the asymp-
totic expansion to the incompressible pressures is derived. An additional degree
of freedom exists in the pressures for the incompressible limit. This condition
fixes a degree of freedom related to the relative compressibility of the two fluids
in the incompressible pressures.

1.1 The Flow Equations

The fluids are distinguished by a subscript k£, where k = 1 and k¥ = 2 denote
the light and heavy fluids, respectively, and the primed index k' denotes the
fluid complementary to fluid %, i.e., ¥ = 3 — k. The dependent variables are
Br, pr, vr, and pg, which denote, respectively, the volume fraction, density,
velocity, and pressure of fluid (phase) k. We allow here the possibility that an
externally imposed acceleration g = g(¢) > 0 is time dependent. The equations
of motion are

3B 9Br
9B 0P _ 1.1.1
at T 9z ( )
0 0 av 0
Br LY ,Bk,Ok—-—k+pk(Uk—v*)‘Ek' =0, (1.12)
at az 0z az

ov ov d )
B (—k + vk—ﬁ) + ﬁkaiz’“ + (P — p*)a%k = Beorg (1), (1.1.3)

together with the constraint
Bi+p =1, 1.1.4)

where p;, = Ak,o,f", Ve > 1, A; is the entropy of the fluid and assumed to be
constant within each fluid but A; # A,, and d_Pdk[()_kPlQ > 0 for p > 0. The
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quantities v* and p* represent averages of microscopic quantities. In [8, 10] a
general model for the average interfacial quantities g*, ¢ = v, p, was proposed
and examined against DNS data of Rayleigh-Taylor instabilities. We denote
Zy = Z; () as the position of the mixing zone edge k, defined as the location of
vanishing B and V; = Z; as the velocity of the edge k. At edge k, the following
boundary data holds

v = Vi(t) atz = Z,(2). (1.1.5)

An exact expression for v* in Eq. (1.1.1) is derived from the compressible
continuity equations

3(ﬁk,0k) 9 (Brprvi)
ot 0z

=0. (1.1.6)

Eq. (1.1.6), with the spatial derivatives expanded, may be regarded as two equa-
tions (k =1, 2) in the two unknown quantities d8;/d¢ and 38, /dz. These equa-
tions are easily solved, and the result when substituted into Eq. (1.1.1) yields

dv; , 1 D1,01) (302 1 szz)
'3(32+P1 Dt v2 + 2 TP Dt )W

p (B ) (e A%
Biva +df Bovy
B1+d; B

where the phase k convective derivative is denoted D, /Dt = 9/9¢ 4 v d/9dz and
the coefficient

; (1.1.7)

dup n 1 Dppw 1 Dppy
0z pw Dt By Dt

due 1 Depe 1 Dify
a9z pr Dt B Dt

dl = (1.1.8)

is aratio of logarithmic rates of volume creation for the two phases. Referto [16].
The constitutive factor d) is given in terms of the solution and it thus is not a
free parameter. It is obtained by manipulation of the original unclosed equations
and it thus has no content which goes beyond these equations. These equations
are not sufficient to determine any of the primitive variables. Any new relation
involving the primitive variables is in principle admissible as a closure.
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216 J. GLIMM AND H. JIN

1.2 Closure

From (1.1.7), the interface velocity v* is proved as a linear combination of v,
and v,

v = piva + pivr, (1.2.1)
where the mixing coefficient w; satisfies

Br
B, d) = ——— (1.2.2)
KO0 = B dipe
and d} is defined in (1.1.8). The property d{d} = 1 from (1.1.8) imposes the
fact that u} + uj = 1. The boundary data

Bilgo=0. wilg =1 (1.2.3)

implies that v* = v in the limit of vanishing f;. We assume that p] > 0 and
that ;) / Bx is continuous on 0 < B < 1 and for all r. Therefore wy (Bx, dy) is a
C® function of g and d; .

The identity (1.2.1) gives a zero parameter model, with the velocity constitutive
law d; given implicitly in terms of the solution. The coefficient d}/ , defined in
(1.1.8), can be viewed as a ratio of volume creation terms for the two multiphase
species. We assume as a closure relation, that the ratio is spatially uniform,
namely

ady
az

0. (1.2.4)

This condition states that the relative extent of volume creation for the two fluid
species is independent of the spatial location in the mixing zone. Thus we assume
that d} = d} () is a function of 7 alone. We reformulate (1.1.8) as follows

% duy 1 Dypp Z¢ 1 Dypy
/ dwe k' Pk dz Vk/—ka(Zk,t)—F/ 1 Depr
v = & 9z _pw Dt _ z. v Dt
ke oy 1D B 2 1D
/ - k,Ode —Vk+vk(Zkf,t)+/ — kpde
zz 9z px Dt 7z Pe Dt

“ I Dypr 1 Dppr
Vi — wlZu, 1) — - TkPe D ZRPE ) g4
v — i (Zy, 1) f ﬂk(pk D oo D1 ) z

= Zk (1.2.5)

Zu 1 Dypx 1 Dyppy
-V +vf(Zk,t)+/ Br (— - — ) dz
¢ ¢ Zx Pk Dt Pr Dt
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by using (1.2.4) and the identity

U (Zp, t) — v (Zy, 1)

f

Zy 9
/ — (Brvk + Brow) dz
7, 02

k

_ _/Zk/&kak B Dy pr
7z o Dt py Dt

dz (1.2.6)

from (1.1.3). This form of closure is physically reasonable and experimentally
testable. For each order of perturbation theory examined here, the relation (1.2.5)
enters into the equations for the solution variables of the same order, and sup-
plies an otherwise missing constraint on the pressures, assuming the constitutive
law d} is known, or specifies the constitutive law if a specific resolution of the
nonuniqueness of the order by order pressure has been selected. In the present
context the expansions are examined only through second order, which is the
first order in which the pressure makes zero contribution to (1.2.5) and to the
constitutive law d; .

A model for the interface pressure p* is given as a similar expression to (1.2.1)
when the flow is assumed weakly compressible,

pr=ulp+uipr, (1.2.7)

where n! > 0 and ¥ + w4 = 1. Consistency of p* with the microphysical
equations requires that p* = py in the limit of vanishing g , which translates
into boundary conditions

Kils o =0, M,ﬂﬁk:l =1. (1.2.8)

The coefficient ! is assumed to depend on spatially dimensionless quantities
only. On the basis of the boundary conditions (1.2.8) on u! and the freedom
to choose a common scaling factor for both the numerator and denominator, we
can restrict the fractional linear model to

Pr

p dP N . S—
e B ) B +df () B

(1.2.9)

It is assumed that ,u,f /Br is continuous on 0 < B; < 1 and for all . Thus
wl(Be, dfl) is a C*™ function of B and d . Imposing the condition . + u5 = 1
leads to the requirement that d{'dy = 1. Thus the closure p* contains one free
time-dependent function, namely df (or d3).
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218 J. GLIMM AND H. JIN

1.3 Incompressible Flow

The equations of incompressible fluid flow for volume fraction .°, velocity v;°,
and scalar pressure p;° are given by

a_gz;f N v*w% ~0, (L3.1)
ﬁ?% + (v —v*) 87?; =0, (1.3.2)
bl ohed (i? + v,f"%%o) + ﬁ,;”%gi (1.3.3)
s R - ) T = e
together with the constraint
B4+ B = 1, (1.3.4)

where p° is the constant density of phase k. Initial data for (1.3.1)-(1.3.4)

(B°(z,0), v°(z. 0), PP°(z,0)) = (B25(), vi%(@), PRo@)  (1.3.5)

are assumed to be piecewise C'-smooth and Bio(2) is assumed to be monotone.
Under the assumption p{° < p5°, we consider a mixing layer occupying a planar
strip Z7°(t) < z < Z5°(t) with the fluid below the strip purely phase 2 (heavy)
and above the strip purely phase 1 (light) and the fluid far from the mixing layer
at rest, where Z° = Z2°(t) denotes the position of the mixing zone edge %,
defined as the location of vanishing 87°(z, 7). We assume V™ < 0 < V;°,
where V° = Z2 is the velocity of edge k. We also assume that B is smooth
and monotone for all 7, Z{°(¢) < z < Z5°(¢), and that v{® (v5°) is continuous
across the upper (lower) mixing zone edge, where 5° = 0 (8{° = 0). At edge
k, the following boundary conditions must hold,

B =0, v=V> atz=2ZX(@). (1.3.6)

In [16] an exact identity for v**° is

Bie(0vs°/az)vs° + B3°(0v3° /) vi°
B @vi®/0z) + B5°(dv3°/92)

Vo, 00 Voo, ,00

= (] oV + dy vy (1.3.7)

*00

Bol. Soc. Bras. Mat., Vol. 32, No. 3, 2001



AN ASYMPTOTIC ANALYSIS OF TWO-PHASE FLUID MIXING 219

which follows from (1.3.1) and (1.3.2). Here the mixing coefficient ©/* is
defined as the fractional linear form,

B
B ) = s am (1.3.8)
ke P Gy B + di B3
and the coefficient
ovr/oz
Vo0 k
= 1.3.9
T /o (139)

measures the relative extent of volume creation of multiphase volume for the two
species. The assumption that the ratio (1.3.9) of velocity divergences is constant
in space, namely

ady>® 3 [9vX/dz
9 (dwr/zy (1.3.10)
9z dz \dv°/oz
is equivalent to the closure relation
V@
v = '—koog : (1.3.11)
Vel

In fact, (1.3.11) enters to the zero-th order term of the volume creation ratio (1.2.5)
for two compressible fluid species. Thus we require as a closure assumption,
that d;*° = d}*°(¢) is a function of ¢ alone.

A similar expression for the average quantity p** is modeled as a convex
linear combination of p{® and p$°,

*00 pPoo o0 PO oo

p = My p; +M P, (1.3.12)

where ! % >0, uf” + uy™ = 1. The fractional linear model for u; ",

Bi°
BX +di” W)Y

wy =B, AT = (1.3.13)

has been proposed in [10] by assuming that the mixing coefficient 4 depends
only on spatially dimensionless quantities. The constitutive coefficient d* is
modeled by

00
Py
— -

P> =
k 0

(1.3.14)

Thus the closure g**°, g = v, p, contains no free parameters.
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220 J. GLIMM AND H. JIN

1.4 Analytic Solutions for Incompressible Flow

Analytic solutions of the incompressible problem (1.3.1)-(1.3.5) have been ob-
tained in z € R, t > 0 and are piecewise C' functions with discontinuous
derivatives at the mixing zone edges z = Z°(t) of incompressible flow. The
velocities vp° and v**° can be given explicitly in terms of the edge velocities V,>°
and the volume fraction B°. The volume fraction 8.° as a function of space and
time is given implicitly by a history integral of v**°. In the following, we will
briefly describe a solution for the volume fractions and velocities in terms of the
edge trajectories for a fluid mixing layer.

The incompressible velocities satisfy (1.3.2) within the mixing zone Z{° <
Z < Z5° and satisfy

o0
ovg

=0 1.4.1
3z (L4.1)

outside of the mixing zone, (=D¥z > (=¥ Z7 . The solution to the ODE
(1.4.1) which satisfies the boundary condition that v{° vanishes at the upper wall
of the finite but large domain is

v = v®(ZP, ) =0 inz>Z. (1.4.2)

Next we solve (1.3.2) for v° in Z{° < z < Z5°. From (1.3.2), simple calcula-
tions show

a >0 o0

57 (BEVE + BPvY) =0, (1.4.3)
)
Py (v — di™v) =0. (14.4)

These ODE’s can be integrated to yield

e+ Brve = Uo(t), (1.4.5)
v}c{)f:_d;c)oovlc;o = U@ (1.4.6)

which are purely functions of . Evaluation at the mixing zone boundaries Z°(t)
yields

Upt) = v(ZL, 1) = v(ZP,1), (1.4.7)
Uie(t) = vP(ZP, 1) — di™v®(Z2, 1)
V(ZP, 1) — AP (20, 1) . (1.4.8)
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The mean velocity B°v.° + B°vey in (1.4.5) must join continuously to vi® at
z = Z$° and to v{° at z = Z{°, the former of which has been determined in
(1.4.2). Thus we obtain

Up(t) = vi°(Z7°, 1) = v (Z5°,1) = 0. (1.4.9)
The identity (1.4.8) leads to the relation

IR IV
vz n VRl

dr°(t) = (1.4.10)

by use of (1.3.6), proving (1.3.11). Substituting (1.4.6) for v’ into (1.4.5), the
solution for the incompressible velocity is given by

Ve VB
VOB, 1) = T o e (1.4.11)
k k |Vkoo|:3k + |Vk/ I:Bk/ k k
in the mixing zone. Using (1.4.9), the solution to the ODE (1.4.1) is
v° = v (Z7°, 1) =0 (1.4.12)

in the single phase z < Z{°.
Solving the interface equation (1.3.1) by the method of characteristics gives
an implicit equation for the volume fraction profile,

Z(B, 1) =z(ﬂ;?°,0)+f0 v (B, 5)ds . (1.4.13)

If the initial mixing layer is negligibly thin, then differentiating (1.4.13), we
obtain the equation

07 /f VEH)VE(s)
—=(D"2 3
oB; 0 (V@B + IVE®IAY)

All of these results have been presented in great detail in [9, 11].

ds . (1.4.14)

1.5 Nondimensionalization of Compressible Flow

The first step in understanding the singular limit of incompressible flow is through
the nondimensionalization of the compressible fluid equations. The equations of
compressible isentropic ideal fluid flow are written in nondimensional form in
terms of (B}, p}, vi) depending on a large nondimensional parameter A. Since
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222 J. GLIMM AND H. JIN

the equation of state disappears from the equations in this limit, we assume a
simple equation of state for the compressible equations, that of a y -law isentropic
gas,

p(p,A) = A°p(p) = A2 Ap?Y = A, p7, ¥y > 1, (1.5.1)

where A is the entropy of the fluid. An isentropic gas does not have temperature,
energy, or entropy as a dynamic variable, but has a (constant) entropy 4, = A%A
which becomes large as X increases. The above formula defines p(p) in terms of

p(p,A): p(p) = A2p(p, A). The pressure p(p) is bounded as A — co. Here
dpgip, A)

p > 0and p(p,A) — oo as A — oc. The sound speed calculated from (1.5.1)

is
dp(o*, M\ " dp(e)\ "
CE( do* > = (vp(o* 2)/p") =’\< dp* )

In particular, the Mach number M is defined by the ratio of the typical fluid speed
|V, | to the typical sound speed ¢,

p(p, A) is a one-parameter family of equations of state with > 0 for

oal N

M= —
Cm (yp(om, 1)/ Pm)

/2"

In this physical model, entropy and temperature increase while velocity and
density are fixed. Therefore ¢ — oo and M — 0. On the other hand, a A-
dependent change of length scales would keep the global system entropy and
the temperature fixed and send all v*’s to zero when a length scale tends to zero
as A — oo. Also pressure, which is force per unit area, would remain fixed
while the extensive quantity, force, tends to zero due to the change in units for
measurement of area. Then c is fixed and also M — 0. This is the normal
version of the incompressible limit. Introducing the pressure p* = p(p*), with

d
(A—lp)l/y ’ P(P) yAl/yp(y 1)/1/

p(p) = o

we obtain the following hyperbolic system of the dimensionless compressible
equations:

= 152
at dz 0 (1:52)

Bp ap v . Y
:Bk( —F ka")+ﬁ2 28" + p,?(v,é—vk)a%"=o, (1.5.3)
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vk, v} P} . OB
o (5 157 ) A =T

= Bipe, (1.5.4)
Br+pr = 1. (1.5.5)

We want to analyze the singular limit process of the solutions ¢, v}, p} and p;
as A — oo.

2 The Asymptotic Analysis of Two-phase Flow Equations

A uniformly valid asymptotic expansion describing a singular limit process ex-
ists uniquely. Each order of asymptotic expansions for the solutions of the com-
pressible flow (1.5.2)-(1.5.5) describing the incompressible limit process has an
independent existence, defined as proportional to a derivative of the compressible
solution with respect to A evaluated at the value A = 0 of the expansion parame-
ter. The slow variables and fast variables in the uniformly valid expansion, which
have the slow time scale ¢ and the fast time scale Af, A — o0 exist within identi-
cal expansion orders and they are defined independently. In the exterior domain
(—=1D)Fz > (—1)¥ Zy , there exists single phase flow and the compressible flow
is described by the Euler equations for vy, o, pr With 8 = 1. Specifically,
in this domain the limit process is the incompressible limit of the compressible
Euler equations which has been discussed in [5, 12, 14, 15]. Main difference
of our case is complications of second phase. In this paper we only discuss the
outer limit process valid away from the initial curve ¢ = 0 and uniformly valid in
space. Further discussion on the fast variables and uniformly valid expansions
of the solutions for compressible multiphase flow equations will be presented
in [13].

2.1 Formal Expansions

Consider the dimensionless compressible isentropic ideal multi-phase equations
in (1.5.2)-(1.5.5) suppressing superscript A’s. We introduce outer limit asymp-
totic expansions

B = BV +ATET 40BN 007,
ve = vV +a M ) Lo, 2.1.1)
o= o0+ M 427000 + 0.
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The equation of state gives us the expansion

pe = o0 +ap +a Y 00 2.12)

= o) + A7 e

L (1d*p; P _
a2 (E—d 7 0N + el (plﬁo’”)plﬁz’”) + 007,
k

where c,%(,o) = dpi/dpr(p) = i Arp? "', The variables with a slow time scale
in asymptotic expansions of the solutions of (1.5.2)-(1.5.5) are determined in the
mixing zone Z; < z < Z, and in the single phase region (—1)¥z > (=1)¥ Z,
respectively. The equations for the slow variables are derived by repeated appli-
cation of outer limit to the compressible equations (1.5.2)-(1.5.5) and by equating
terms of the same order of A. The leading order terms satisfy nonlinear differential
equations. The slow variables of higher order in A~! satisfy simple differential
equations which are linearized incompressible equations. The variables ﬂ,gm’s)

and v,Em’S), m = 0,1, 2, solve a subsystem of equations. The remaining equa-

tions can thus be viewed as equations for p,Em’s) alone. An effective velocity is
introduced to decouple v™* and ™. Decoupling is a part of solvability. Our
analyses of p*, p,(cl’s) and p,(cz’s) use an effective pressure. We solve the equa-
tions to obtain two linear relations between the k and k' variables. From these
relations we express the solutions in terms of the initial and the boundary data.
For details, the reader may consult [13]. In higher order in A~L, there exist tran-
sition layers in the intermediate region of the mixing zone edges Z; and Z;° for
the compressible and incompressible flow. The slow variables, uniformly valid
in space, are determined by matching of the outer limit and the transition-layer

expansions.

2.2 Boundary Conditions and Asymptotic Assumptions

We specify boundary conditions for the compressible flow. Imagine a container
subject to a strong downward acceleration. In the frame of the container, gravity
points up. We need to keep a top on the container, so that the fluid stays inside,
but the bottom can be open. This intuitive picture leads to the following set of
boundary conditions. We assume existence of rigid wall at the top of a finite but
large domain D. Then the velocity is zero and the pressure is unknown there. At
the bottom of this domain, we conceptually have an open container. This fixes
the pressure at some ambient value, but not the velocity at the bottom of D. This
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leads to the boundary conditions

v ™) = 0, (2.2.1)
p2(z7™, 1) = const, (22.2)

where z = 27 (z = z*°) denotes the position of the upper (lower) wall of the
domain D. The incompressible flow boundary conditions must be derived from
these assumptions.

Measurement of the trajectory of the mixing zone edge must be provided as
data. We assume a formal outer limit asymptotic expansion for the compressible
mixing zone edge,

Zie) = 200w + 27128000 272280 (1) + 007, (2.2.3)

where Z." = Z%% (1) denotes the location of vanishing 8", Thus Z} and
each of the expansion coefficients Z,Em’s), m = 0, 1, 2, are input to the model
equations. We assume that the first leading order term equals to the incompress-
ible edge trajectory,

Z0) = 220) . (2.2.4)
We also assume that

(—=DFZ() = (-1 ZF@m), >0,
(2.2.5)
Z;(0) = Z2(0)

and assume a similar inequality for any finite number of terms in the expansion
(2.2.3). Thus,

=z >0, m=1,2. (2.2.6)

The edge velocity of the compressible flow satisfies V;, = Zp = v (Zy, t) and
therefore, it must have an asymptotic expansion associated with the expansion
(2.2.3) in the form

Vi =V 0+ v 0+ o). 22)

From the expansion of v, in (2.1.1), we see that the leading order term of the

asymptotic expansion of V; must be v,ﬁo’s)(Zg)’s), 1), where Z>" = Z,EO’S) Q)
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denotes the location of vanishing . Thus V(1) = o> (2, 1). From
(2.2.3) and (2.2.7), we note that

Az (1)

— = V"0, m=0,1,2. (2.2.8)

In Sec. 1.1 the mixing coefficient 4} , ¢ = v, p, is given as the fractional linear
form, (1.2.2) and (1.2.9), with the constitutive law d,? . An asymptotic expansion
for u! can be directly derived from the expansions of g , introduced in (2.1.1),
and d,’f . We assume that the coefficients d;/(f) and d,f (t) have a formal outer
limit asymptotic expansion

di@, ) =d!%@ + 2710 + 272+ 007, (22.9)
where g = v, p,

0, 0, 0,s) -
v (0,5) Vk(’ X ‘UIE’ S)(ZIE/ ”, t)'
d; @ = ol = Tomaos (2.2.10)
,8 .8 .8
'Vk ‘vk z! ,r)l

0, 0,
P2y 1)

a’ @) Al SR LA
0, 0,
e, 1)

(2.2.11)

We also assume that d7"”(r), j = 0,1,2, belongs to C' in 0 < ¢ < oo0.
Specifically, we assume that for0 < ¢ < T,

dd]?(j’s)
dt

q(j.s)
l

+ <Ci(T), j=0,12, (2.2.12)

where ||| is the maximum norm and C;(T') is a constant depending only on 7,
forany T,0 < T < o0o. The property didi = 1, q = v, p, gives the relations

di*af = 1, (213)
di*Vaf") +al"ai® = 0, (@214
df*Vdi® + gl ai" 1 ai*0ai® = o (2.2.15)
between the terms in the expansion (2.2.9).
We assume
aye(t) #d'” forallz. (2.2.16)
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3.0
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Figure 1: The expansion ratio ap /«r; and the density ratio p5°/p7° of the mixing
zone as a function of the Atwood ratio A = (p5° — p7°)/(p3° + pi°).

This assumption is used in the proof of the second order term p,ﬁz’s). In the

special case of RT mixing of the incompressible self-similar flow under a constant
acceleration g > 0, Z°(r) = (=¥ Agt?, where o) and o, are positive
constants which depend on the Atwood ratio A = (05° — p7°)/(p5° + p7°). The
ratio |V2°° / V1°°| = ay/o; = di™ and as a constitutive assumption p5°/p° =
dP™ are constants, so dy®(t) # di°° for all Atwood numbers A # O in this
problem. See Figure 1.

2.3 The Slow Transition Layers

In this section, we discuss transition layers in the gap of the mixing zone edges
Z;, and Z7°, caused by moving of the compressible edge faster than the mixing
zone edge of the incompressible flow. Since we assume (2.2.6) in the outer limit
expansion for Z, , there are two new transitional regions

ze [0z, D (z2+2720)], =k,
in the first order expansion, and similar additional regions at every new order.

The slow variables are matched continuously order by order at the boundaries of
these layers. Solution of the asymptotic transitional terms is needed to provide
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boundary conditions for the slow variables by matching. In this way a uniformly

valid expansion in z is defined for the slow variables.

Al
=77
=z X A == T 5 M z=Zy

1 _
’Iilx-z=zg°+A 175

Figure 2: The five layers in the first order expansion

1

)

The first order slow variables have the transition layers through z = Z* 4
A1z l.(l’s), i = k, k. Therefore five regions, the lower exterior, lower transitional,
incompressible mixing zone, upper transitional and upper exterior define the first

order expansion. As seen in Figure 2, we define the five regions

e ={@n: D (zE+21707) = Dk},
70 ={@n: VzE < Dz < 0F (27 0770 )
M ={@En:ZP <z < Z&}.
We introduce a new inner space variable
(" =afe—(zm+272)] i=kK

and assume transition layer expansions of the form

Be =B, 0y + a1, ) + A2 BE 0O )+

v =v 0 0+ ) a0 )+

0, 1 -1 .0, 1 -2 (2, 1
oo =p0E D+ 0+ 4
(2,51)

o = At p e + 4P 0P+ -

(3.1

(2.3.2)

’

" (2.3.3)

El

in (~1)it1zM < (—=1)i¢Y < 0. We make the change of variables from (z, 1)
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to ({i(l) 1). Egs. (1.5.2)-(1.5.5) become

d ) ad
e (Vl.°° + )flVl.(l’S)> i’j + Av* ﬁ’; =0, (2.3.4)
90k 0o o)) 90k A0k vy
Pr (E —A (V, +AV; ) G + )»Uka;(l) + )».kakﬁ
9B
Aok (e — V) —75 g“(l) =0, (2.3.5)

8 0o 1,s) avk 8vk 3 8pk
Breoi (W_)‘(V +17'V, )a;(” +)»Uk5§—i@‘)+)~ ,BkW

+2%(p = p) fm Broig 1) (23.6)

4

We substitute the transition-layer expansions (2.3.3) into the compressible equa-
tions (2.3.4)-(2.3.6) and equate powers of A. Since A is arbitrary, the coefficient
of A" for each order n must vanish, defining differential equations for the tran-
sitional terms. The transitional variables are solved in closed form in [13].
Matching the outer limit expansions in the exterior domain with the outer edge
of the transition-layer, and the inner edge of the transition layer with the outer
edge of the incompressible mixing zone to O(A™") defines the uniformly valid

expansion in z for the slow variables g, v, ot and p{"*). This process

also determines the zero-th order terms v S), p>% and p** uniformly in TP
Therefore the zero-th order terms are defined in the region 8(1) U ‘T(l) UMUTY

Ko
extending the definition in £{” U TtV U M.

At
sz Xt g #=25
50 — 1,
(1) @ Le-2=2y +>\1Z§ g
=2 Xt 2 e X T
Loener oo | -1 {1:8) | -2 ,(2)
2=y +X "2y H+XZy
.......................................................... >
z

Figure 3: The seven layers in the second order expansion

In second order, there are four transition layers, the first layers defined as above
and the second layers extending outto z = Z®° + ! Zi(l’s) +A_ZZI.(2’S), i=kk.
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Therefore, the second order slow variables have seven regions, the lower exterior,
second lower transitional, first lower transitional, incompressible mixing zone,
first upper transitional, second upper transitional and upper exterior. We define
the seven regions as the following

e ={@n: 0 (zr+a71Z0 +32207) = (-1
70 ={@n: vH(zE+aiz!)

< iz < (-0 (22 +21 20 +a2z00) |
70 ={@n: 0zp s < CDF(Zp 7))

M ={@E1:ZP <z <ZP}.
Introducing the second inner space variable

(@ =52 [z _ (Z?" +a71z09 4 rzzfz’”)] . i=kE, (237)

we make the change of variables from (z, £) to (;‘l.(z), 1) in (1.5.2)-(1.5.5), leading
to the equations
b
at

0B > « OBk

+ A%V

=2 (Ve V) ) =0, (238)

| 9 R 3
ﬂk<,0k k2<voo+A1V(1s)+A 2V(2 ))ﬂﬁ—kvk&)

it 5@ ar®
2 Ak 9B
+ A ﬁkpk ) + pk(vk =V ) ) =0 ’ (2‘3'9)
ag; a¢;
dvk 2 {y,00 —1y,(1,5) 229\ Uk , Ok
Bipx ( 31 —A (Vz + A Vz + A Vl ) ag@ + A Uké—c(-—z)
3
+ 2% f(';) + 24 (e~ p") f = Biorg(t) . (2.3.10)

We substitute the second transition-layer expansions
B =B, 0+ B 0 AP+
v =0 TR P s
o =020 0+ 2700 D+ AP
pe =p>0@, 0+ p0 @D ) a2 p 0 E P )+
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into (2.3.8)-(2.3.10) and equate powers of A. Within a single power of A, the
transitional variables of each order in A~! are defined as a solution of simple
differential equations in (—1)’ “ZZQ’S) < (—1)i§l.(2) < 0. They are determined
in closed form. We match the outer limit expansions in the exterior with the
outer edge of the second transition layer, the inner edge of the second transition
layer with the outer edge of the first transition layer, and the inner edge of
the first transition layer with the outer edge of the incompressible mixing zone
continuously. Thus a uniformly valid expansion in z to O (A~2) is defined for the

slow variables 8, v, pi**) and p{>*. From this process, the zero-th order

terms v, o and p** and the first order terms v\, p*) and p{"** are
also determined uniformly in ‘J‘,E,z). Thus, they are defined in the region 8/(<2) U
7, 152) g UMUTIE,D U‘.T,E%), extending the definition in & U‘.T,(cz) ugd UMU‘J',S ).

All of these estimates are given in [13].

2.4 Main Result

The incompressible problem (1.3.1)-(1.3.5) has piecewise C'! solutions B, vie
and p;° for z € R, t > 0. In [3] it was shown that degeneracy and solvability
conditions always hold and therefore, there exists a one parameter family of
solutions to the pressure equation (1.3.3). The resolution of this extra degree of
freedom is found in the expansion of the constitutive quantity d;/ , measuring the
relative ratio of volume creation for the two fluids. In other words, the pressures
and d; have linked indeterminacy: one has an arbitrary degree of freedom and
once specified, the other is known. We have already seen that

00
voC |V2 |

bV

Q.4.1)

is a ratio of volume creation terms. In addition, we require

dlv(l,s) —_

V. (1,5) —VOOV(LS) VOOV(I’S)
(I 2') ~Thh ThHA (2.4.2)

m Vloo 2

Z 2.9)

1
Vo —wv(Zy, 1) +/ —

dil(zss)

Z
-V +v(Z,t)+f —
1+ v1(Z£2 4 o1 Di

_df(lys) VI(LS) + diJooVI(Z:S) + VZ(Z,S)
Vloo .
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L (7Y +d)™ (oY 9P
VP g pi"’c%(pi"’)( ar _a?)
L (1

p3ocs () \ ot 0z

I T

V2 pct (o) Sz Bt

(2.4.3)

as necessary and sufficient conditions for the convergence of compressible pres-
sures to the incompressible pressures through the second order of the expansion.
Here c%(p,fo) = api/opr(pg°) and z = 2T (z = z~*°) is defined as the position
of the upper (lower) wall of D. These equations can be regarded as constitu-
tive constraints on the expansion. To understand (2.4.2), we note that there are
no compressible contributions to volume creation to first order in the asymp-
totic expansion of (1.2.5). Specifically, (2.4.3) relates the constitutive law to
the selection of the incompressible pressures and it enters to the second order
term in a ratio of volume creation terms for two phases in (1.2.5). Compress-
ible flow has nonunique solutions parameterized by choice of d} while incom-
pressible has nonuniqueness parameterized by pressure solutions. The identity
(2.4.3) joins these and shows how one maps onto the other in incompressible
limit. For self-similar flow, d;/(t) = d;/(0) is independent of 7. The initial data
P(Z°(0), 0) = p3°(Z5°(0), 0) is required by the initial condition Z7°(0) = 0.
This condition imposes a solvability constraint on d;, @9 _In this case, the pres-
sure solution exists uniquely in the incompressible limit. Refer to [13]. See
Figure 4.
A fluid is in mechanical equilibrium if

oF =Vp, (2.4.4)

where p, p and F are a density, a pressure and a body force per mass of a fluid.
In the case of a vanishing body force and 1-dimensional space, necessary and
sufficient conditions for mechanical equilibrium is that the pressure of a fluid is
constant in space and time. Especially, we say that the pressures p,(cl's) satisfy
the O(A) pressure equilibrium condition if '

1, 1,s
pi = pp¥ = p® (2.4.5)
where p() is constant in space and time. In [13] it is shown that the gravity
force g = g(¢) does not affect p\"*”, p""*) and the effective pressure pelh =
p,(cz’s) — p°. Since the variation of the equation of state p(p, A) = A2p(p)
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Figure 4: The incompressible pressures for self-similar flow: r = 7.0, p{° = 0.1,
ps° =04, g =03, a1 = 0.06, o, = 0.093693 and Z° = (—1)F oy Agr?.

with fixed p(p), dp/dp > 0 is given in (1.5.1), (2.4.5) is called the “O())”
equilibrium condition.

The volume fraction 87°, velocity v;° and constant density pg° of incompress-
ible flow are proved to be the outer limit ﬂ,EO’s) ©9) and o in the expansion
(2.1.1) describing this incompressible limit process. The leading order terms

p,io +5) satisfy the O(A?) pressure equilibrium condition defined as

p” =pg” = p© (2.4.6)

where p© is independent of space and time. Assuming that d;"""(r) in the
expansion (2 2.9) satisfies (2.4.2), we derive the O (1) pressure equilibrium con-
dition for pk 19 This implies that the first order term p(1 ) in the expansion of

Pr 1s defined by the constant initial data pk1 (g, 0) which may be assumed to be
zero. Infact, it is shown that (2.4.2) is a necessary and sufficient condition for the
o) pressure equilibrium condition (2.4.5) for pk1 ) The first order terms B (L.5)

and vk ) are coupled. They are linear in space in the transitional regions ‘J'(l)
of magnitude O(A~') and are smooth within the incompressible mixing zone.
The second order term in the expansion of p; satisfies p(2 9 = =pX+00xh
and therefore, it is fixed to be bounded, under the assumption that pg° satisfies
(2.4.3). Actually, (2.4.3) is derived as a condition equivalent to a bounded second
order term pk2 *)_ The transition layers introduced in Sec. 2.3 affect the O (A ™)

2.s5)

term in p,~’. All technical issues are presented in [13]. For self-similar flow,
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Figure 5: The volume fractions for self-similar flow: A = 10, Agt* = 8.82,
o0

P = 01, p¥ = 04, g = 03, &y = 006, @, = 0.093693 and
2" = 2{" = Z* = (~ Do Agt®.

see Figures 5 and 6.
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