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Abstract. For strictly hyperbolic systems of conservation laws with Lipschitz contin-
uous flux-functions we generalize Lax’s genuine nonlinearity condition and shock ad-
missibility inequalities and we solve the Riemann problem when the left- and right-hand
initial data are sufficiently close. Our approach is based on the concept of multivalued
representatives of L> functions and a generalized calculus for Lipschitz continuous
mappings. Several interesting features arising with Lipschitz continuous flux-functions
come to light from our analysis.
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1 Introduction

The mathematical modeling of many problems in fluid dynamics and material
science often leads to nonlinear hyperbolic systems of conservation laws. Such
systems consist of nonlinear partial differential equations supplemented with
constitutive relations describing the behavior of the specific medium under con-
sideration. The ‘‘flux’’ of each conservation law is expressed in term of the
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‘“‘conservative’’ variables. Quite often in the applications, the constitutive re-
lations have different forms in different ranges of values of the conservative
variables. Typical examples are found in the modeling of multi-phase flows and
of elasto-plastic materials. A solid material, for instance, may have a different
behavior when its density exceeds some critical value. On the other hand, the
constitutive relations must often be determined by experiments. In turn, the
hyperbolic systems of interest in the applications admit flux-functions which
are solely Lipschitz continuous and lack the differentiability property which is
customarily assumed in the mathematical theory of conservation laws.

Our general objective is to identify new features arising in discontinuous so-
lutions of systems of conservation laws with Lipschitz continuous flux. In the
present paper, we will focus attention on the so-called Riemann problem (Lax
[5]) for the strictly hyperbolic system

u, + fu), =0, ux,n)el,xeR, >0, (1.1
supplemented with the piecewise constant initial condition

u;, x <0,

u(x,0) = { (1.2)

u,, x>0.

We assume thatthe datau;, u, belongtoU := B(u,, §) C RV, theball with center
u, and (small) radius 8. The function f : U — RY is assumed to be Lipschitz
continuous and the matrix Df to be strictly hyperbolic. Each characteristic field
of Df will be assumed to be genuinely nonlinear. (Since the flux is not smooth,
these notions have to be reconsidered; see the begining of Section 4 below.)

Discontinuous solutions of (1.1) satisfying an entropy condition (required for
uniqueness) will be sought. Recall that the Riemann problem plays a funda-
mental role within the theory of conservation laws and yields many interesting
informations on general solutions of (1.1). It is the basis to develop a large class
of numerical schemes (Godunov scheme, random choice method, front tracking
algorithm,...). Assuming that f be of class C? at least and § be sufficiently small,
Lax [5] constructed the entropy solution of the Riemann problem (1.1). To ex-
tend Lax’s theory to Lipschitz continuous f, the difficulty is to handle possibly
discontinuous wave speeds. We will rely here on the generalized calculus for
Lipschitz continuous mappings, for which we refer to Clarke [1]. A generalized
derivative is a set of vectors rather than a single value. We will also rely on
the (related) theory developed earlier by Fillipov [4] for ordinary differential
equations with discontinuous coefficients.
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An outline of the content of this paper follows. A brief review of Clarke’s
generalized calculus is presented in Section 2. Section 3 deals with the case of
scalar conservation laws, which is particularly straightforward but nevertheless
of particular interest, as it allows us to exhibit the new qualitative behavior of
shock waves and rarefaction waves associated with discontinuous wave speeds.
Section 4 contains a general existence theory for the Riemann problem (1.1)
and (1.2) for systems. Solutions satisfy a suitable generalization of Lax shock
admissibility inequalities. Observe that the Riemann solution may be non-unique
when the flux is not smooth, even when entropy inequalities are imposed. Finally,
in Section 5, we investigate a specific example arising in fluid dynamics. A
study of the Cauchy problem for systems of conservation laws with Lipschitz
continuous flux-functions is in progress.

2 Generalized gradients

Let us recall here the notion of generalized gradients for Lipschitz continuous
mappings and some fundamental results we will need. We follow closely the
presentation in Clarke [1].

The ball in RY with center « and radius 7 is denoted by By (1, r). By definition,
given an open subset U C RY, a vector-valued mapping

frU—RY @) = ('@, W), . M)
is k-Lipschitz continuous on the set U if
[fw)— f@H <klu—u'|, u,u el 2.1

It is k-Lipschitz continuous near some point u if, for some small € > 0 such that
the ball By (u, €) is contained in U, the function f is k-Lipschitz continuous on
By (u, €). On the other hand, when f is Lipschitz continuous near some point u,
by Rademacher’s theorem it is differentiable almost eveywhere (for the Lebesgue
measure) on any neighborhood of # on which f is Lipschitz continuous. We
will denote by €2, the set of all the points at which f fails to be differentiable.
The notation Df (v) will stand for the usual M x N matrix of partial derivatives
which is well-defined whenever v is a point at which the partial derivatives exist.
We are led to the following definition.

Definition 2.1. The generalized Jacobian 3f (u) of f atthe point u is the convex
hull of all M x N matrices Z obtained as limits of sequences of the form D f (u;),
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where u; — u and u; ¢ Q. In other words, we set
f (u) == co{lim Df (u;) / u; — u, u; ¢ Qr}, (2.2)

where the notation ‘‘co’” stands for the convex hull of a set.

When M = 1, given a real-valued function f : Y — R which is Lipschitz
continuous near some point € R", the generalized directional derivative of f
at u in the direction v € RY is denoted by f°(u; v) and defined by

Fous v) = limup LU EIO = SW)

' —u, t
t—>0+

(2.3)

The generalized gradient of f at u is denoted by df (#) and defined by
af () :={weR"/fu;v) >w-v forallveR"}. (2.4)
Some fundamental properties of generalized gradients are summarized below.
Proposition 2.2 [1, Prop. 2.6.2]. Let f(u) = (f'(u), f>(w), ..., fM(u)) be

a mapping which is Lipschitz continuous near some point u € RY. Then the
following statements hold:

(@) 3f (u) is a non-empty convex compact subset of RM xN

(b) df (w) is closed at u, that is, ifu; — u,Z; € 3f(w;), Z; — Z, then
Z € af (u).

(c) 8f(u) is upper semi-continuous at u, that is, for any € > 0 there exists
8 > 0 such that for all v € By(u, 6)

af (v) C of (u) + € Byruw,
where By n is the unit ball with center O in the space of M x N-matrices.

(d) Ifeach component f' is k;-Lipschitz continuous at u, then f is k-Lipschitz
’ continuous at u for some constant k, and 3f (u) C kB, where By n
is the closure of Bprxn-

(e) af (u) C af (u) x f2(u) X ... x AfM(u), where the latter denotes the
set of all matrices whose i-th row belongs to df* (u) for eachi. If M = 1,
then 8f (u) = df (u) (i.e., the generalized gradient and the generalized
Jacobian coincide).
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In general, the generalized gradient is not lower semi-continuous. Recall that
a set-valued function g with domain Q C R¥ and taking values in R™ is said to
be lower semi-continuous at a point u € £ if, for any open subset U C €2 such
that U M g(u) # 0, there exists n > 0 such that

gw)yNU #£49, v e Byu,n).

To illustrate our claim, consider the real-valued function 2 : R — R, u —
h(u) = |u|. A simple calculation shows that

{—1}, u <0,
dh(u) = 4[-1,1], u=0,
{1}, u >0,

so that the generalized gradient 94 is not lower semi-continuous at u = 0.
‘We now state some key results of the theory of Lipschitz continuous mappings,
extending classical theorems which are well-known for smooth mappings.

Theorem 2.3 (Mean value theorem) [1, Prop. 2.6.5]. Let f : U — RM pe
Lipschitz continuous on an open convex set U C RY, and let u and v some
points in U. Then, there exists a matrix A(u, v) € co df ([u, v]) (where {u, v]
stands for the straightline segment connecting u and v) such that

JW) = fu) =Au,v) (v—u). 2.5)

Theorem 2.4 (Chain rule formula) [1, Cor. 2.6.6]. Let f : RY — RM pe
Lipschitz near u and let g : RM — RX be Lipschitz continuous near the point
f (). Then, for any v € R" one has

(g o f)wv C co (dg(f)(@f w)v)). (2.6)

If g is continuously differentiable near f(u), then equality holds (and taking the
convex hull is superfluous).

Theorem 2.5 (Inverse mapping theorem) [1, Th. 7.1.1]. Let f be Lipschitz
continuous near a given point uy € RN, If 8f (uo) is non-singular, in the sense
that every matrix of the generalized Jacobian df (ug) is non-singular, then there
existneighborhoods U andV ofuy and f (uo), respectively, and a unique Lipschitz
function g : V — RY such that

g(fw) =u foreveryu el
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and
flg()) =v foreveryveV.

We will also need the implicit function theorem. Consider a mapping # :
RM x R¥ — RX, together with the implicit equation

h(v,w) =0 where (v, w) € RY x RX. 2.7

Assume that 4 is Lipschitz continous near the point (vg, wy) € R¥ x R¥, and
that (vg, wy) satisfies the equation (2.7). Denote 7,0k (v, wo) the projection
in the w-direction, that is, the set of all K x K matrices A such that, for some
K x M matrix B, the K x (K + M) matrix (B A) belongs to 3k (vo, wy).

Theorem 2.6 (Implicit mapping theorem) [1, Cor. 7.1.1]. Under the above
notation and assumptions, suppose that each matrix of the set m,,0h(vy, wy)
is of maximal rank. Then, there exists a neighborhood V of vy and a unique
Lipschitz continuous functionr : V — RX such that r (vy) = wo and

h(v,r(v)) = 0 foreveryveV. 2.8)

3 Scalar conservation laws

To begin with, in this section we consider the equation (1.1) when N = 1 and
investigate the Riemann problem. Recall that we solely assume that the flux f
belongs to W1*°(R). For such a function of a single variable one can set

fL(w) = limsup f('“fhlz — /@)

h—0+4

3.1

fwt+h) - o)

fL(w) = liminf h

h—>0+
Proposition 3.1. At every point u € R we have
af () = [f (W), f1 W] (3.2)
Proof. First of all by the definition (2.3) we have
fr) = f°u; 1)
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and

fl(u) = —limsup (_f(v+h) — f(v))

V=i h
h—0+
, (=H+h) - (=) (3.3)
=~ limsup 7

=== 1) =—fu; -1).
By definition, w € 3f () if and only if
w-v < f(u;v), vekR.

Since both sides of the last inequality are positively homogeneous of degree one,
the condition reduces to

w=< fu; 1) and —w < fo(u; —1).

From (3.3) we also easily deduce that

w = s 1) = i),

w>—fu;—1) = fL(u),
which completes the proof. O

The wave speed
AMu) = f'(u)
solely belongs to L*°(R). The associated shock speed defined by
o(u,v) = M (3.4)
v—u

is a Lipschitz function of its argument away from the diagonal {u = } Observe
that given some state u and for specific sequences u, v — up we may reach any
value within the interval 3f (u).

We will generalize here Oleinik’s construction of the solution of the Riemann
problem (1.1)-(1.2) to the case of a Lipschitz continuous flux. To begin with, we
will review the notion of generalized inverse of monotone mappings. Consider a
function 4 : [a, b] — R whichis non-decreasing on a closed interval [a, b] C R,
ie., .

Yo, y1 € la, bl,  yo = y1 == h(yo) = h(y1).
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Then, the function 4 has locally bounded variation and its set of discontinuity
points is at most countable. Moreover, at each discontinuity point y we can define
left- and right-hand limits denoted by A_(y) and A, (y), respectively. Since A
is non-decreasing, there is no ambiguity between this notation and the one in
(3.1). At points of continuity we have obviously that 2 _(y) = 2,.(y) = h(x).
The functions z_ and A, are the left- and right-continuous representatives of the
function k. For each & € [h(a), h(b)] consider the set

G(§) = {y € la,b]/h(y) = §}. (3.5

We can distinguish between three cases: G (£) may be either a single point, or
aninterval I C [a, b] with distinct endpoints, or the empty set. We state without
proof (see [3]):

Lemma and Definition 3.2. Lerh : [a, b] — R be a non-decreasing function.
Its (non-decreasing) generalized inverse denoted by h=!: [h(a), h(B)] — [a, b]
is defined as follows at each & € [h(a), h(b)]:

() IfG &) = {y}, then we set
Tl E) = y.

(ii) If G(&) is an interval I C [a, b] with distinct endpoints yy < y1, then we
can pick up any value
e e,
for instance the lower bound y, of the interval 1. In that case, § is a point

of discontinuity of the function h, the set of such points & being of course
at most countable.

(iii) If G(&) = @, then there exists a unique value y € [a, b] suchthath_(y) <
& < hy(y). Then we set
R E) =y
and we have

i€ =y forallvalues & e[h_(y), ho(y)].

The function h ' (£) is non-decreasing in &. Moreover, if h is strictly increas-
ing, then its generalized inverse h=" is continuous.

This notion is obviously consistent with the standard definition when 4 is
invertible. Throughout the present paper, the inverse of a monotone function is
always understood in the sense above.

Our main result in this section is the following one.
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Theorem 3.3. Consider a Lipschitz continuous flux-function f and some Rie-
mann data u; and u, such that (for definiteness) u; < u,. Let

f: [, u,] = R

be the {Lipschitz continuous) convex hull of f on the interval {u;, u,). Consider
also the generalized inverse of f’ in the sense of Definition 3.2

= (F) " Uiw. FLa— R

Then, the explicit formula

u;, x < tﬁ(ul),
u(x,t) =g/, tfiw) <x<tf (), (3.6)
Uy, x >t f(u,),

defines a function with bounded variation which is the entropy solution of the
Riemann problem (1.1)-(1.2) satisfying Oleinik’s entropy inequalities.

Proof. Setting
() = ulx, 1), §=x/1,

we must show that the Borel measure

dv d A, dv
pi=—§ £ + E(f(v)) = (= + /) e 3.7

vanishes identically, where dv/d§ is a measure and Volpert’s superposition f ")
is the function of bounded variation defined by

fLE) at points of continuity of v,

;r — 1
@)= / F(Bv-(&) +(1—0) v, (5))dé atpoints of jump of v.
0

Here, the representative f’ is chosen for definiteness, only. See [3] for a justifi-

cation of the above chain rule. Given an arbitrary Borel set B we can introduce
the decomposition

w(B) = w(B) + Y ulEah).  B=B.U{&, &, ..},
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in which v is continuous at every point of B, and discontinuous at each &, &, ...
We can now deal with the set of points of continuity and of points of jump
separately.

First of all, suppose that f is convex on the interval [u;, 1, ], so that

fw =f@, uelu,ul.

We distinguish between two situations. If v is continuous at some point £ and
that f is differentiable at v(&), then we have by definition

FwE) = ).
Since v is precisely the inverse of f this yields
foE) =¢.
If now v is continuous at some point & but f is not differentiable at v(£), i.e.,
FLOE) < fLEE,

then we have

v(fL(v(§))) = v(fL(w(E))).
Since v is monotone, v remains constant on the non-trivial interval
LfZ(u(&)), fLwE)]

(which contains §). We conclude that the measure dv/d& vanishes identically
in this interval. Collecting our conclusions in both cases, it follows that if B is
a subset of the set of continuity points of v, then

pu(B) = 0.
Next, let £ be any point of discontinnity of v. We have

w({5}) = = (01.() —v-EN + fF(E) — fF-(§)-

Since f' is the inverse of v, f’ must be constant on the interval [v_(§), v (§)],
that is,
Py =& uelv(&),vs®]

Therefore, w — f(w) is affine on this interval and is given by
fw)=fo_E)+Em—v.(8), welv(§), vl
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and in particular we obtain
u({s}) =o.

This completes the proof that (3.6) provides a solution of the scalar conservation
law (1.1}, at least when the flux f is assumed to be convex.
To treat the general case when f need not be convex let us set

A={w/ fw) = fw}

Since both £ and f are continuous, the set A is closed and can be decomposed in
a countable union of closed intervals, say [a,, b,],n = 1, 2, - - -. In each interval
[@x, b,] the function f is convex and our arguments in the first part of this proof
show immediately that the formula (3.6) determine a weak solution of (1.1) if
the initial data lie in [a,, b,]. The remaining set A is open and, therefore, can
be decomposed into a countable union of open intervals (¢,, d,),n = 1,2, ---.
Without loss of generality we can assume that ¢,,, d, € A, so that

fllen) = fllen) and  fi(dy) = fi(dy).
By definition, f must be affine on the interval [c,, d,]. Thus, we get
Flen) = fllen) = Fildn) = fi(d) =: 1. (3.8)

The condifions (3.8) imply that, at the point A, the function v has a jump discon-
tinuity and
v_(AM)=c¢, and v (})=d,.

Then we have

u(AD) = =2 (v ) —v-W) + fF () — fFv-(W) = 0.

Therefore, if the initial data belong to the interval {¢,, d, ], then A is the unique
point of discontinuity of v, and for & # A, the function v is constant. This
means that the function v (or, more precisely, # = u(x, t)) has a discontinuity
propagating at the speed A.

Finally, if the initial data take values in several distinct intervals, we can find
a decomposition the formula (3.6) to reduce the problem to solutions with data
belonging to a single interval.

To complete the proof, it remains to check that Oleinik’s entropy inequalities
hold at each discontinunity connecting some left-hand state u_ to a right-hand
state u ., that is,

o(u_,uy)<oWw_,w), we m_,u,). 3.9
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Consider the shock wave determined earlier from the conditions (3.8), with now
Uu_=c¢p, uUuyr=d,, ol_,uy)==a.

Since f is the convex hull of f and is distinct from f at each point of the interval
(u_, uy), we have

fw) < fw), we @_,uy). (3.10)
Thus, (3.10) yields for all w € (u_, u)

fow) = fu) fw)~ fu)

U(u-, u)) =
w—u_ w—u_
— I(_w)__f(ﬂ =A=o0u_,u).
w—u_
The proof of Theorem 3.3 is complete. O

To illustrate some interesting features of the loss of regularity in the flux-
function f, let us discuss an example. Suppose that, for some critical value
u, € R, the flux f is a smooth convex function in both intervals # < u, and
u > u,, but the speed A(u) = f'(u) is discontinuous at i, with

)\-—(u*) < )‘+ (M*)a

so that the flux f is globally convex but solely Lipschitz continuous. Then, on
one hand, a rarefaction wave connecting u; < u, to u, > u, contains a constant

state: )
u;, x <t A(uyp),
£/, A < x < 1A (u),
u(x,t) = Uy, tA_(uy) < x <tAip(uy),
£/, A ) <x <tA(,),
u,, x >t A(u,).

On the other hand, concerning shock waves, it is easy to see that the shock
speed always has a limiting value if one data coincides with u, while the other
approaches u,, namely

O (U, ) = A_(Us), Uy = Uy

and
o(up, uy) = Ao(uy), U — Uy
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However, the speed o (1, u,) has no limit when both u;, u, — u, and instead
we obtain
liminf o (u;, u,) = A_ (i)

Uy, Uy —> Uy
and
lim sup o (u;, u,) = Ay (u4).

Ul Uy —> U

4 Riemann problem for Systems

We now turn to general N x N systems (1.1) with Lipschitz continuous flux f
and, following Lax’s approach [5], we construct explicitly the entropy solution of
the Riemann problem. As is usual, we restrict attention to self-similar solutions,
u(x, t) = u(y) with y = x/t and rely on two fundamental families of solutions,
the shock waves and the rarefaction waves.

Let us first introduce a notion of strict hyperbolicity for systems of conservation
laws with non-smooth flux. Recall that all of the values u# under consideration
will remain in a ball U := B(u,, §) with sufficiently small radius 85. The system
(1.1) is assumed to be strictly hyperbolic. We fix some N x N matrix A* with
real and distinct eigenvalues

Al <. <Ay

and corresponding basis of left- and right-eigenvectors IFandri, j=1,..., N,
respectively. After normalization we can have || = 1,1 -r} = 0if i # j and

I rJ’.“ = 1. We assume that the Jacobian matrix of the flux f : U — R" remains

close to A*, i.e.,
IDf (u) — A*|| <n for almost every u € B(u,, &), “.1)

where the constants 8y and > 0 are sufficiently small and | B|| denotes the
Euclidian norm of a matrix B. For 5 small enough, (4.1) implies that, for almost
every u in B(u,, §p), the matrix Df (u) has N real and distinct eigenvalues

Ay < ... < Ay(u)

and corresponding basis of left- and right-eigenvectors [;(u), r;(u), j =

L, ..., N, respectively. Moreover, for some uniform constant C > 0, (4.1) also
implies for j = 1, ..., N and for almost every u € B(u,, §)

A — A5 < C,

1) =151 <Cn, 4.2)

lrju) —ril <Cn.
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Thanks to the definition of generalized Jacobian (see (2.4) in Section 2) and the
property of convex hulls, the properties in (4.2) remain valid for the generalized
Jacobian af (u), that is,

|A— A% <n forall A € dfu), ue Bus, ). 4.3)

Let Aj;(u) be the set of all j-eigenvalues of the matrices belonging to the set
af (). In view of (4.3), for each A; € A;(u) there exists a left-eigenvector /;
and a right-eigenvector 7; such that

|A; =25 <Cn,
L —15] <Cn, (4.4)

The corresponding sets of ‘‘normalized’’ left- and right-eigenvectors will be
denoted by L;(u) and R;(u), j =1,..., N, respectively:

II; -] <Cnq foralll; € L;(u),
IFj —ril<Cn forall7; € Rj(u).

For u # v we denote by A;(u,v) the set of j-eigenvalues A ; of matrices
A(u,v) € co(3f(u, v])) satisfying

A, v) (v—u) = f(v) — f(v).

Second, we state a generalized notion of genuine nonlinearity for Lipschitz
continuous flux-functions. Basically, we impose that characteristic speeds and
wave speeds are monotone along wave curves. Precisely, foreach j =1,... , N
each Lipschitz continuous curve (—¢, €g) 3 € > v(€) € U satisfying

v (€) — ril < Cn for almost every € € (—€o, €o), (4.52)
and each measurable selections (—¢g, €p) 3 € = A(€), o(¢) € R satisfying
a(e) € Aj(w(0),v(e)), Ale) € Aj(v(e)), (4.5b)

the functions A(€) and o (¢€) are (strictly) increasing. Moreover, for some uniform
constant m > Q and all —ep < €1 < € < €, we have

Aer) — A(er) = m(ex — €1). (4.6)
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This assumption represents a direct generalization of Lax’s concept.

Finally, we assume the following regularity assumption on the flux along wave
curves: for each Lipschitz continuous curve v satisfying (4.5), the function f is
continuously differentiable at v(e) for almost every € € (—eg, €g). For example,
we will use later (when dealing with rarefaction waves) that the following chain
rule holds

f((€) = Df(v(e)) v(e)’ for almost every € € (—ep, €p).

We begin with the derivation of two classes of elementary solutions, which
will be used next to solve the Riemann problem. A shock wave traveling at the
speed o

ug, X <ot,
u(x,r) =
u, x>ot,

with ug, u € U, must satisfy the Rankine-Hugoniot relations:
—o (u—uo) + f(u) — flup) =0. 4.7

The Hugoniot set of all states u connected to a fixed state 1y decomposes into
N curves, which must be firther constrained with an entropy condition. Ob-
serve that, because the flux f is solely Lipschitz continuous, wave speeds are
not defined as functions but rather as subsets of R. Accordingly, we need a
generalization of Lax shock admissibility inequalities, stated in (4.8) below.

Theorem 4.1. Assume that the system (1.1) is strictly hyperbolic and genuinely
nonlinear. For eachi = 1,..., N, there exist §; < 8y, €, > 0, and a unique
Lipschitz continuous mapping

@i (—€1, 0] X B(us, 61) = B(ux, do),
and a unique bounded measurable mapping
ai . (_61’ 0] X ‘B(Mﬂq 81) - R’

which is locally Lipschitz continuous on (—ey, 0) x B(u,, 8;), such that the
following holds.

For every € € (—¢1,0) and uyg € B(u,, 81) the left-hand state uy can be
connected to the right-hand state u = ¢;(€; ug) by an i-shock wave with speed
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@; (€1; ug). That is, Rankine-Hugoniot relations (4.7) hold together with the
following generalized Lax shock admissibility inequalities

A;i (o) 3 0;(0; ug) > 03(€; uo) > a;(€; gi(e; ug)) € Ai(pi(€; up)).  (4.8)
The functions o; is increasing with respect to € and

©:(0; up) = uo,
3¢; (0; up) C R;(up), 4.9
0:(0; up) € A;(uo).

Note in passing that the following Taylor-like expansion follows from Theorem
4.1

@;(€; ug) € ug + € R;(up) + o(e) B0, 1), (4.10)

which determines the local behavior of the shock curve.

Proof. By the (generalized) mean-value theorem stated in Theorem 2.3, there
exists a matrix-valued and measurable function A (ug, u) € co (3f ([1o, u])) such
that

fw) — f(ug) = A(ug, u) (u — uo). “4.11)
Hence, the Rankine-Hugoniot relations (4.7) become
(—O’ I+ A(ug, u)) (u—ugp) =0, (4.12)

where I denotes the identity matrix.
Let us fix u#o. Thanks to (4.3), the averaging matrix A (uo, u) satisfies

| AGuo, u) — A™|| <. (4.13)
Let A;(ug,u) and r;(uo,u), i =1,...,N be the eigenvalues and right-
eigenvectors of A (ug, 1), respectively. The equations (4.12) take the following
equivalent form: There exists i = 1, ... , N and a real o such that

u—uyg=ar{u,u), o =>xrugy,u). 4.14)

The main difficulty in order to solve (4.14) lies in the lack of regularity of the
eigenvectors and eigenvalues of A(u, u).
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Consider (4.7) and multiply it successively by each left-eigenvector /7

—o ()17 - (u — uo) —i—lj . (f(u) — f(uo)) =0, j=1,...,N. (415
Fix some index i. The i-th equation in (4.15) determines the shock speed.:

) = - (fu) — fuo))  1F - Aluo, 1) (u — up)
T Ire(w—uy)  IFuw—u)
We are going to show that there exists a curve € — ¢; (€; ug) defined for small
|| such that along this curve, the shock speed

(4.16)

i (€; uo) = a (¢; (€; uop))

determined by (4.16) fulfills the system of N equations (4.15).
The formula (4.16) requires u to satisfy I* - (u — ug) # 0. For that reason, we
restrict attention to the cone

Cyi(uo) = {u € W/ I} - (u —uo)| > y lu — uo},

where y € [|I]] - «, |If]) 1s a fixed constant, for some & € (0, 1). Note that ug
does not belong to this open cone. Note also that the Lipschitz regularity of the
shock speed, as stated in the theorem, follows immediately.

Then, observe that the shock speed remains uniformly bounded in the cone
C, ;(ug), namely

I A*(u~ug) If- (AQwo, u) — A*) (u — uo)
IF - (= uo) I - (u — uo)

ey I¥ - (A(uo, u) — A*) (u — uo).

! l;’< . (u - Lt())

In particular, we find

o(u) =

I*
l}’/} Ao, u) — A™|| < C . “4.17)

jo () — Af] <

On the other hand, the shock speed is continuous on C, ;(9). However, in
general, it cannot be extended by continuity to u = u.
Plugging the expression (4.16) of the shock speed in the relations (4.15) yields

for j #1i:

Fi(u) =

F(fe) —fu)
o —ugy ) 4.18)
+ I (f) = fuo)) =0.
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Since f is Lipschitz continuous and the shock speed is bounded, the functions
F; are locally Lipschitz continuous on C,;{ug). They are easily extended by
continuity to u = ug by setting

Fj(ug) = 0.

We now prove that the functions F; are Lipschitz continuous up to the point
uo. To this end, it is sufficient to check that the gradients VF; are uniformly
bounded. We rewrite F; in the form

1% - (u — uo)

I¥ - (4 — uop) i (f @) = (o)) +15- (f) - £ (o)),
so that for almost every u € C,, ; (uo)

I - (fw) — fuo))

Fi(w) =~

VFi(u) =— TRE— l;f
1% (u— up)
- - I¥ 4.19
0 ) (f @) = f(u0)) (4.19)
1% (u— ugp)
R L *
—l?‘~(u—uo) I -Df(u) +1; - Df ().

Since f is Lipschitz continuous and u belongs to the cone, every term in the
right-hand side of the formula above is uniformly bounded.

Our objective now is to apply the implicit function theorem to the functions
F;. We claim that the N — 1 vectors VF;(u) are linearly independent in RY,
uniformly for almost every u € U. We can rewrite the expression of the gradient
as:

VF;j(u) =K, l;‘ + K> (w) l;-‘ + Ks(u) I}

4.20
+ Ks@)l} - (Df (w) — A*) + 15 - (Df () — AY) (4.20)

with
Kl = )\,); - )\.;k,
Ky ) e (A(u;, u) — A*)(u — uo),
i (u — ug)

G :

Ky() = —L——— 17 - (Auo, u) — A*)(u — uo),
(li* -(u— uo))
I (u—ug)
_ _J

Kl = oy
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We estimate these coefficients successively. Observe that K| is a constant inde-
pendent of u. Next, using (4.13) and the fact that u belongs to the cone, we get
for some constant C’ > 0

L
K201 < 1K2GlE] = W5 n < '

Similarly, we obtain

w1\ 2
[K3()I7| < [K3)l|l7] < (%) 11ln < C'n.

This proves that the second and third term in the right-hand side of (4.20) are of
order . The coefficient K4 is of order 1 but, using (4.1), we have the estimate
(for some constant C’ > 0)

1
|Ks@) I} - (Df () — A%)| < = [IF| |15 n < C'n
v

and, thus, the fourth term in the the right-hand side of (4.20) is of order 7 as well.
Finally, the last term satisfies

Iy (Df ) — A%)| < C'n.
It follows from the above estimates that for some uniform constant C’
IVF;(u) — Ky I3| < C'n for almost every u. (4.21)

The functions F; are defined within the cone only. Let F; be a Lipschitz con-
tinuous extension of F; to the whole set U such that (4.21) still holds for the
function F:

IVEjw) = KI5 < C'q for almost every u.
Therefore, by the property of generalized gradients,
10 F;(u) — K IFl<C'n foreveryu e U (4.22)

Since {I;,j = 1,2,..., N} is a basis, we can always assume that 7 is small
enough so that (4.22) implies that the set made of the vector /] and any selection
of N — 1 vectors in 3 F; (i), j # i is a basis.
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Consider the function G = G(e, w) € R" defined for (¢, w) in aneighborhood
of (0,0) € R x RY by
Gi(e,w):=1I-w.
Gi(e,w) := Fj(uo +erf+w) forj#i.
Differentiating with respect to w we get, for almost every (e, w),
3, Gi(e, w) = {7},
0.,G; (e, w) = auﬁ}(w{) +erf+w) forj#i

Observe that
G0,00=0

and, as explained earlier,
9,G(0,0) C 9,G1(0,0) x 3,G>(0,0) x --- x 3,Gn(0,0)

is of maximal rank. Applying the implicit function theorem (Theorem 2.6) to
the function G, we see that there exist an €; > 0 and a unique Lipschitz function
w; (-, ug) : (—e1, €1) = RY such that w; (0, ug) = 0 and

Fi(uo+erf +wile,uo)) =0 for j #1,

_ (4.23)
L wi(e) =0, €¢€(—e,e€).

Let us define

@i (€; uo) = up + €1 + wie, up),
oi(€; uo) = o (gi(€; uo)).
We need to show that these functions ¢; , o; are the ones for which we are seaching.

Taking the derivative in € to the equations of (4.23) and applying the chain rule
formula (2.6), we have

0=1f wi(e),

0=A; (] +wi(e, up)), forae.ee (—e,e€), J#i,
for some A; € 8Fj (up + erJ.* + w; (€, up)). Observe that the vector A; is closed
to K/ in the sense that d F; (ig + €r} + w; (¢, uo)) fulfills the estimate (4.22).

By writting
Aj = I(llj< + (Aj — Kll;k),
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and substituting it into the last equality, after re-arranging the terms, we have
—I(ll;< . w; = (Aj — Kll;) . (I"i* + wl')
That yields
(KNI - wil < 1A; ~ K51 (L =+ [wil) < CpdL + wi]),
1e.,
< Cn(l+ lwgl),
|Kyl

Besides, w; can be expressed in terms of eigenvectors by, observe that [* - w; = 0,

w; = Z(lj . w;)r;'-‘
J#i

JE22

| - wif

Hence, we find

C'n(l ! N-1
i = Yy < 30 SIEERD N Lo,

= T || | K|
ie.,
N -1
C'n
o= N-1_ "~
1-— C'n
| K1l
Since it is not restrictive to require that
N-1_,
1K, |
C > ) N — IC/ .
- n
IKy|

it follows that Lip .(w;) < C n, and therefore

115 - (i€, uo) — uo)l — y lgi(e, uop) — uol = le| — yle - rf — w;(e)|
> |e| — y(le] + Lip(w;)|e]) > |e|]— > ylel(1 +Cn) > 0,

provided y is chosen such that y < 1/(1 + Cn), and thus
pi(€;u0) € Cy i
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This enables us to replace F ; in (4.23) by F;. Therefore, the i-Hugoniot curve
@; (€; up) 18 uniquely defined.

Let us next consider with the relations (4.9). The first equality is obvious.
Observe that

l@i(€; ug) — rf| <Lip.(w;) < Cn forae. € € (—ey, €1),
which implies
[09;(0; ug) — r'[ < Cn. (4.24)

On the other hand, the upper semi-continuity property of generalized gradients
(Proposition 2.2, item c)) shows that given € > 0 there exists § > 0 such that for
all ju —ugl <6

af ([uo, u]) C 9f (uo) + € B(0, 1).

The right-hand side of the above inequality being convex we have
co 9f ([uo, ul) C 8f (uo) + € B(0, 1).

Since the eigenvalues and eigenvectors depend continuously upon their
arguments, it follows from the last inclusion that, for any matrix A(ug, u) €
co 3f ([ug, u]) with i-eigenvalue X; (1o, u) and i-eigenvector r; (ug, u),

| i (uo, w) — Ai(uo)| < C"e,

| (o, u) — ri(ug)| < C"€,
for some C” > 0, A; (o) € A;(ug), and r; (ig) € R; (ug). Thus, we get

Ai(ug, @i(€; uo)) = Ai(uo),

(4.25)
ri(uo, @i (€; ug)) — ri(ug) ase — 0.

Combining (4.14), (4.24) and (4.25), we obtain the second and the third inclusions
in (4.9).

We are left with checking the shock admissibility inequalities (4.8). As indi-
cated above, we have

lpi(e; ug) —r| < Cn forae. € € (—ey, €1).
Therefore, by our genuine nonlinearity assumption it follows that
o;(e, up) < 0:(0) € A;(ug) forall —e; <€ <0,

agi(€,up) > 0;(0) € A;j(ug) forall) < e <€,

Bol. Soc. Bras. Mat., Vol. 32, No. 3, 2001



HYPERBOLIC CONSERVATION LAWS WITH LIPSCHITZ FLUX-FUNCTIONS 293

so that the first inequality in (4.8) is satisfied and the part {¢ > 0} of the i-
Hugoniot curve is excluded by violating (4.8). Considering the part of the i-
Hugoniot curve ‘‘between’’ ug and ¢; (¢; uo) as the Hugoniot curve issuing from

@i (€; uo),
u(s) == gi(e;ug) — (€ —s)rf —wi(e —s), €<s<0,
we find
u(0) = up, ule) = @;(e; up),
and
u'(s) =r’+wi(e—s)

which satisfies the genuine nonlinearity assumption. The shock speed
0;(s; ;i (€; up)) is increasing and, for —e; < € < 0,

a:(0; @i (e; uo)) > 0i(e; @i (€; uo)) € Ai(gi(e; uo)).

This establishes the second inequality in (4.8). The proof of Theorem 4.1 is
completed. 0

Foreachi = 1,..., N the i-shock set 8;(ug) is defined to be
8i(uo) = {pi(e; ug) / € € (—&y, 0]}

Next, we search for self-similar, Lipschitz continuous solutions u(x,) =
v(€),& = x/t to (1.1) connecting a given left-hand state ug to some right-hand
state u;. A rarefaction wave u(x,t) = v(§),& = x/t satisfies the differential
equation

dv d dv
—£ E@) + Ef(v(é)) = (—¢1+ Df(v(£))) E(S) =0. (4.26)
If (4.26) holds in the usual sense, then there exist right-eigenvector r; (v(£)) and
eigenvalues A;(v(§)) of Df(v(§)), and a scalar function ¢(§) such that for all
relevant values £:

di(f)— é)ri(w(§))
g5 &) = @), (4.27)

§=x1@®).

The function & +— r;(v(£)) is L* and continuous almost everywhere. Since the
right-hand side of (4.27) may be discontinuous, we have to understand solutions
of (4.27) in the sense of Filippov [4] and Dafermos [2].
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Let us consider the following ordinary differential problem

d
d“:<s; uo) = ri(d(s;u0)), ae.s €0, ), (4.28)
v(0; ug) = up.

For ¢ sufficiently small, a solution of (4.28) in the sense of Filippov exists (see
[4]). Precisely, there exists a Lipschitz continuous mapping v(s; ug), s € [0, €;)
satisfying

Z—f(s; itg) € Q cor; (ﬁ(s; ug) + 6B(0, 1)) a.e. in [0, €;),
v(0; ug) = uy.
The fact that r; is continuous almost everyWhere along the curve 9(.; ug) yields
() @i (36s: uo) +8B©, D) = {rs(@s: uo)} . in[0,€1).
3>0

The last equality simply means that the function v(.; uo) is a solution of (4.28)
in the usual sense as well. Thanks to the assumption of genuine nonlinearity,
the function A, (V(s; uo)) is strictly increasing and admits a Lipschitz continuous
inverse, denoted by

V1 [A(ug), A(V(er; u0))] — [0, €1]
§ > s =1(),

which is increasing as well. We now claim that the function
v(§) == 0¥ (€); uo), § € J :=[A(uo), Mv(e; uo))l,

is a solution of (4.24). Clearly, v is Lipschitz continuous. Besides, let £2; be the
set of all points at which © fails to be differentiable, which has Lebesgue measure
zero. Set

E={§eJ:y(¢) e}
By [3, Th. A.1] the measure D+ vanishes on E:

|DYI(E) = 0. (4.29)
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Therefore, (4.26) holds in the set E. For & € J \ E the function v satisfies

d d
V() = S YW E) v @)

d§
d - d
= ri(ﬁ(llf(%‘)))ggw(é) = Elﬂ(é)ri(v@))-

From the above analysis we obtain the wave curve
€ > ¢ (€; ug) 1= v(€; uo)

and arrive at the following conclusion.

Theorem4.2. Givenug € B(u,, 8o) andi = 1, ..., N, there exists a Lipschitz
continuous curve [0, €1) 3 € > ¢;(€; ug) € B(uy, 8o) (defined over some small
interval [0, €1)) such that the state ug can be connected to ¢;(¢; uy) from the
right by a rarefaction wave.

We define the i-rarefaction curve R;(u) by

Ri(uo) = {¢i(€; uo) / € € [0, €)}.
The i-wave curve issning from ug is
Wi(uo) := 8; (uo) U R (uo).

We are at the position to state the main result of this section.

Theorem 4.3. There exist§; > 0and e; > 0 such that for every ug € B(u., 8;)
andi =1, ..., N, there is a wave curve issuing from u

Wi (o) = {¥i (€5 u0) / € € (—e1, €)).

Given data u;, u, € B(u,, 8)), the corresponding Riemann problem (1.1)-(1.2)
admits a self-similar, piecewise Lipschitz continuous solution made of N + 1
constant states

Up=uyg, Uy, ... , Uy = U,

separated by elementary waves. The intermediate states satisfy u; € W;(u;_;)
with u; = (el u;_) = tﬁj(ej)(uj_l) for some (wave strength) € €
(—e€1, €1). The states u;_| and u; are connected by either a rarefaction wave if
€’ > 0 or by a shock satisfying the generalized Lax shock inequalites (4.8) if
e/ < 0.
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Proof. Consider the mapping obtained by combining wave curves together

e=(c', e ..., M) > W(ie) = Yn(EeMoyn_1(€¥" Do ..o (e ) —u;.

It satisfies
w({0) =0.

According to Theorems 4.1 and 4.2 we have
Pi(€) () € u + € R;(u) +o(e)B(0, 1).
Hence, we get

W(e) C )€ Ri(w)) +0()BO, 1),

where
vi = Vi1 Ho...oy(e)u), fori=2,..,N,
v = Uy.
Thus, we have
dW(0) C (Ri(u1), Ro(va), ... Rw(vw)). (4.30)
The upper semi-continuity of the generalized gradient,
3f (v;)) C af (uy) +€B(0,1) forv; near u,

implies that R; depends continuously on its argument upon small perturbation,
1.e.,
Ri(vi) C Ri(u)) + O(€)B(O, 1).-

We can assume that 7 and €’ are sufficiently small so that the last estimate and
the hyperbolicity property imply that any selection of the vector sets R;(v;) is
a basis of RY. Therefore, the matrix W (0) shown by (4.30) is of maximal
rank. Applying the inverse function theorem (Theorem 2.5) we conclude that,
for |u, —u;| sufficiently small, there exists a unique vector € = (6(} , 63, cees e(’)V )
such that

W(eg) = u, — .

In other words, we have

Un(El) o yn_1(e) ) oo Y€y = u,,

which completes the proof of Theorem 4.3. U
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5 A model from compressible fluid dynamics
In this last section we consider the Riemann problem for the so-called p-system

ur + p(w)x =0,

v, —u, = 0.

(5.1)

Here v > 0 and u denote the specific volume and the velocity of the fluid,
respectively. The pressure p = p(v) is assumed to be smooth everywhere in
v > 0 (say of class C?) except at one point v,. More precisely, we assume that

pL(v) < pi(v), p'wE) >0,
p'(wv) <0, p'(v)y>0 forv#uv,, (5.2)
lim p(v) = +o0, Iim p(v)=0.
v—>0+ v—>+-00
These conditions are typical in models arising in fluid dynamics when the equa-
tion of state is defined by distinct formulas above and below some critical thresh-
old. We set U = (v, u)? and f(U) = (—u, p())T, so that (5.1) has the form

(1.1) with U playing the role of u in (1.1). For v # v,, the Jacobian matrix of
the system is

Df(U) = (p,(()v) _01> (5.3)

and the generalized Jacobian (in the sense of Section 2) at the point (v,, u) is

0 -1
0f () = ([p'_(v*), pLw)l 0 ) (5-30)

Eigenvalues and eigenvectors are given by
M e{-Vi/ieapm), @ e {Vi/ieipn),
n@=(1-4w)", o) =(-1L0nw)"

The system (5.1) is strictly hyperbolic since

5.9

A1v) < 0 < Az(v).

Furthermore, away from v # v, both characteristic fields of the system are
genuinely nonlinear since

P’ (v)

VA (u) - ri(v) = 2—:——\/—%

> (.
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Finally, we set also

Q= {(v, w/0<v< v*}, Q. = {(v, u)/v > v*},
Q, = {(v, u)/v= v*}.

The firstis decreasing while the second is increasing. We determine the rarefac-
tion waves for the system (5.1) as follows. Let Uy = (vo, uo) be a fixed state. The
rarefaction waves issued from Uy are continuous solutions U(§) = (w(§), #(§))
(in each interval where u(£) ¢ Q) to the problem

(5.5

d
EU(S) =a@)riwE), &=k, (5.6)
§=21E), U = U,

wherei = 1 or2 and o = «(§) is some real-valued function. Differentiating the
relation & = A; (v(§)) away from the region 2, yields

d
| = VA (u(E)) - d—"(s)
v
— () VA (0(E)) - 1 (v(E)).

Substituting (5.7) into (5.6) we obtain

(5.7)

12V =P 2—p
v(E) = (—D’“—,,M, u'(E) = ——,,M
p’(v) p"(v)

Since v'(£€) # 0 this system of ODE’s enables us to write u = u(v; Up)

d .
= )P ). (58)

dv

For i = 1 the condition A; (v) > A{(vp) yields p’(v) > p’(vo) and, therefore,
v > v, since p’ is strictly increasing by assumption. Hence, from (5.8) it follows
that the 1-rarefaction curve is

Ri(Up) = {u(v; Up) = ug +/ v=p'(ydy, v> Uo}- (5.9

Similarly, for i = 2 the 2-rarefaction curve is

Rao(Uy) = {u(v; Ug) = uo ~f V=P ()dy, v< vo}- (5.10)
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For U; € R;(Uy) the i-rarefaction wave & — U (&) connecting Uy to U; on
the right is given by

Uo, 5 < Ai(UO),
UE) = (vE), uE); ug)), Xi(ve) < § < X: (), (5.11)
ui, & > Ai(vy).

It is solely a Lipschitz continuous function in the variable & = x/¢. There may
exist a new intermediate constant state, which is a direct consequence of the
discontinuity in characteristic speed. The profile v(£) in (5.11) is determined by
inverting the relation & = A;(v(£)). For i = 1 one gets

(=P D, E<—/—p (v) or
v(§) = —/ =P (V) <& < —/—p'(+0) (5.12)
Vy, —4/ ~p'_(U*) <&=< v _pif—(v*),

and, fori = 2,
(—p)7NED), P Fo0) <& < /=pi(v) or
v(é) = £ > /—pl(vs) (5.13)
Vs, —V=PL () <& < /=pL().

We now summarize the above discussion.

Proposition5.1. Foreach Uy = (vy, ug) such that vy > 0 andforeachi = 1,2
the rarefaction curve v \— u = u(v; Up) issued from Uy, R;(Uy), is globally
defined by (5.9) and (5.10). Fori = 1 this mapping is increasing and concave in
v and for i = 2 it is decreasing and convex. Moreover, each mapping u(v; Up)
is locally Lipschitz continuous in (v; Uy). For each fixed Uy it is of class C?
in the variable v # v., but its derivative exhibits a jump at v = v,. The same
regularity holds true for u(v; Uy) considered as a function of vy while keeping v
and ug fixed.

We turn to the investigation of shock waves of the system (5.1). That is,
discontinuous solutions of (1.1) connecting two constant states Uy = (vy, ug)
and U = (v, u) at some speed s. Using the Rankine-Hugoniot condition and the
generalized Lax shock inequalities (i = 1, 2)

Air(W) <5 < A;(vg), (5.14)
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and relying on the assumptions (5.2) and (5.5) we easily determine the shock
curves:

81(Ug) == {M(U; Up) = ug — \/—<p(v) - p(vo)> (v—19), O<v< vo},

s =s51(v;v) = 4/ _%ﬁ’o@o)’ » (5.15)

and

82(Up) = {u(v; Up) = uo +\/— (P(U) - P(Uo)> (v—w), v> vo}»

s = 85(v; vg) 1= /—%@. (5.16)

We conclude that:

Proposition 5.2. For each Uy = (vg, ug) (with vy > 0) and each i = 1, 2 the
shock curve v — u(v; Up) issued from Uy, 8;(Uy), is globally defined by (5.15)
and (5.16). Fori = 1 the mapping u(v; Uy) is increasing and concave in the
v variable and, for i = 2, is decreasing and convex. Moreover, each mapping
u(v; Up) is locally Lipschitz continuous in (v; Uy). For Uy fixed it is of class C 2
in the variable v # v, but its derivative exhibits a jump at v = v,. The shock
speed is a locally Lipschitz continuous function, which is of class C 2atv # v,
Finally, we have

u(vo; Uo) = uo, ' (vp; Uo) = (—1)'"'/—p(vo),
i (vo; v0) = (= 1)/ — pe(vo).-

If, in addition to the assumption (5.2), the function p satisfies (for instance)
/; 1°° ~/—p (v)dv = +00, then the Riemann problem for the p-system admits a
unique self-similar solution made of shock and rarefaction waves.
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