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Abstract. Divergence-measure fields are extended vector fields, including vector fields
in L? and vector-valued Radon measures, whose divergences are Radon measures. Such
fields arise naturally in the study of entropy solutions of nonlinear conservation laws
and other areas. In this paper, a theory of divergence-measure fields is presented and
analyzed, in which normal traces, a generalized Gauss-Green theorem, and product rules,
among others, are established. Some applications of this theory to several nonlinear
problems in conservation laws and related areas are discussed. In particular, with the
aid of this theory, we prove the stability of Riemann solutions, which may contain
rarefaction waves, contact discontinuities, and/or vacuum states, in the class of entropy
solutions of the Euler equations for gas dynamics.
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1 Introduction

In this survey paper we present and analyze a theory of divergence-measure fields
established in Chen-Frid [7, 91 and discuss some of its applications. Divergence-
measure fields are extended vector fields, including vector fields in L? and

Received 9 December 2001.



402 GUI-QIANG CHEN AND HERMANO FRID

vector-valued Radon measures, whose divergences are Radon measures. More
precisely, we have

Definition 1.1. Let @ C R" be open. For F € L?(Q; RY), 1 < p < o0, or
F € M(Q; RV), set

|div F|(€2) := sup { (F, Vo) € Co(Q), lp(x)| <1, x € Q }

For 1 < p < oo, we say that F is an L? divergence-measure field over Q, i.e.,
F e DMP(Q), if

I Fllowvpie) = I1F | Lo(oymevy + 1div FI(£2) < oo. (1.1

We say that F is an extended divergence-measure field over Q, ie.,
F € DM (Q), if

[ F |l pavees @y == | F (D) + |div F|(D) < oo. (1.2)

If F € DM?() for any open set Q with @ € D C RY, then we say F ¢
DM/ (D); and, if F € DM®(Q) for any open set Q@ with @ € D C RY,

we say F € DM (D). We denote F € DM(R) either FF € DMP(2) or
F € DM (Q). Here, for open sets A, B C R¥, the relation A € B means that
the closure of A, A, is a compact subset of B.

These spaces under the norms (1.1) and (1.2) are Banach spaces, respectively.
Such fields arise naturally in the study of entropy solutions of nonlinear conser-
vation laws and other related areas (see §4.1).

These spaces are larger than the space of vector fields of bounded variation.
The establishment of the Gauss-Green theorem, traces, and other properties of
BV functions in the middle of last century (see Federer [18]) has advanced signif-
icantly our understanding of solutions of nonlinear partial differential equations
and nonlinear problems in calculus of variations, differential geometry, and other
areas. A natural question is whether the DM-fields have similar properties, es-
pecially the traces and the Gauss-Green formula as for the BV functions. At a
first glance, it seems unclear.

First, observe that one cannot define the traces for each component of 2 DM
field over any Lipschitz boundary in general, as opposed to the case of BV fields.
This fact can be easily seen through the following example.
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Example1.1. Thefield F(x, y) = (sin(ﬁ), sin(;l—y)) belongs to DM (R?).
It is impossible to define any reasonable notion of traces over the line x = y for
the component sin ( ;l—y).

The following example indicates that the classical Gauss-Green theorem may
fail.

(R?). As

loc

Example 1.2, The field F(x, y) = (= 7+ 5, 2ﬂz) belongs to DM!
remarked in Whitney [48], for @ = (0, 1) x (0, 1),

/ div Fdxdy =0# [ F-vdH' ==

Q a0

if one understands F - v{q in the classical sense, which implies that the classical
Gauss-Green theorem fails.

Example 1.3. For any bounded open interval I C R,
F(x,y) = (dx x u(y),0) € DM (I x R).

A non-trivial example of such fields is provided by the Riemann solutions of the
Euler equations (4.4)~(4.6) for gas dynamics, which contain vacuum states. See
Section 5.

Some efforts have been made in generalizing the Gauss-Green theorem. Some
results for several situations can be found in Anzellotti [1] for an abstract for-
mulation for ¥ € L*, Rodrigues [39] for F € L?, and Ziemer [50] for a
related problem for divF € L' (see also Baiocchi-Capelo [2], Brezzi-Fortin
[5], and Ziemer [{51]). Also see Harrison [24], Harrison-Norton [23], Jurkat-
Nonnenmacher [25], Nonnenmacher [36], Pfeffer [38], and Shapiro [43] for
related problems and references.

In this paper, we first present and analyze a theory of divergence-measure
fields established in Chen-Frid [7, 9]. Motivated by various nonlinear problems
from conservation laws, a natural notion of normal traces is developed by the
neighborhood information via Lipschitz deformation under which a generalized
Gauss-Green theorem is shown to hold for 7 € DM (£2). An explicit way is also
developed to calculate the normal traces over any deformable Lipschitz surface,
suitable for applications, by using the neighborhood information of the fields
near the surface and the level set function of the Lipschitz deformation surfaces.
Some product rules for these extended fields are also shown.

In Section 2, we show how the normal traces are developed under which a
generalized Gauss-Green theorem can be established for divergence-measure
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fields and present several remarks and applications about the generalized Gauss-
Green theorem. Their proofs require some refined properties of Radon measures
and the Whitney extension theory, and the notion of the domains with Lipschitz
deformable boundaries and related properties, among others.

In Section 3, we analyze some further properties of divergence-measure fields,
including several product rules.

Then we discuss some applications of this theory to nonlinear hyperbolic con-
servation laws and degenerate parabolic equations. We first discuss a connection
between divergence~measure fields and entropy solutions of hyperbolic conserva-
tion laws in Section 4. Then we show an application of this theory to the vacuum
problem for the Euler equations for compressible fluids in Section 5. The initial
and boundary layer problems for hyperbolic conservation laws are reviewed in
Section 6. Initial-boundary value problems for hyperbolic conservation laws and
nonlinear degenerate parabolic-hyperbolic equations are discussed in Sections 7
and 8, respectively.

2 Normal traces and the generalized Gauss-Green theorem

We now discuss the generalized Gauss-Green theorem for DM-fields over Q C
R¥ by introducing a suitable definition of normal traces over the boundary 9€2
of a bounded open set with Lipschitz deformable boundary, established in Chen-
Frid [7, 9].

Definition 2.1. Let  C RY be an open bounded subset. We say that 3Q is a
deformable Lipschitz boundary, provided that

(i) Vx € 9Q, 3r > 0 and a Lipschitz map y : R¥~! — R such that, after
rotating and relabeling coordinates if necessary,

QNO&,r)={yeRY : y(y, -, yv=1) <yn}NO(x,7),
where Q(x,r) ={y e RY : |x;—y|<r,i=1--- N}

() AWV : 3Q x [0,1] — Q such that ¥ is a homeomorphism bi-Lipschitz
over its image and W(w, 0) = w for all w € 3R2. The map WV is called a
Lipschitz deformation of the boundary d€2.

Denote 92, = ¥ (3 x {s}), s € [0, 1], and denote 2 the open subset of
whose boundary is 9€2;. We call W a Lipschitz deformation of 3€2.
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Definition 2.2. We say that the Lipschitz deformation is regular if

lim DY, oy = Dy, in L. (B), (2.1)
s> 0+
where ¥ is a map as in Condition (i) of Definition 2.1, and ¥, denotes the map

of 02 into €2, given by W,(x) = W(x, s). Here B denotes the greatest open set
such that y (B) C 0€2.

Remark 2.1. It should be recognized that bounded domains with smooth
boundaries (say, C?) have always regular deformable Lipschitz boundaries. In-
deed, since there is an everywhere defined unit outer normal field v(r), one can
define the deformation W(y, s) = y — esv(y), which satisfies all the required
conditions for sufficiently small ¢ > 0.

Remark 2.2. Conditions (i)—(ii) of Definition 2.1 are also verified for both the
star-shaped domains and the domains whose boundaries satisfy the cone property.
For the former, there exists a point yp € §2 such that, for any y € 92, one has
y+ 68y —y) € Qford € (0, 1) and can then define W(y, s) =y + 5(yo — ¥).
For the latter, there exists a vector vg € R" such that, for any y € 9 and any
0 <5 < 1,o0nehas y + svyy € Q and then takes W(y, s) = y + svg. In both
cases, the deformation is regular.

Remark 2.3. Itis also clear that, if Q is the image through a bi-Lipschitz map
of a domain  with a (regular) Lipschitz deformable boundary, then € itself
possesses a (regular) Lipschitz deformable boundary.

We first discuss the Gauss-Green formula for fields in DM? with 1 < p <
oo. It is more delicate for fields in DM! and DM, which will be addressed
subsequently.

Theorem 2.1. Let F € DMP(RQ2), 1 < p < 0. Let @ C RN be a bounded
open set with Lipschitz deformable boundary. Then there exists a continuous
linear functional F - v|3q over Lip (0S2) such that, for any ¢ € Lip (RY),

(F - v]aa, ¢) = (div F, ¢>+/ Vé - Fdx. (2.2)
Q

Moreover, letv : W(3Q2x [0, 1) — RY be such that v(x) is the unit outer normal
to 32 at x € 3K, defined for a.e. x € WA x [0,1]). Leth : RY — R be
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the level set function of 0€2y, that is,

0, for x eRY —Q,
hix) := 1, for x € Q —W(G@Q x[0,1]),
s, for x €392;,0<s < 1.

Then, for any € Lip (0€2),

1
(F -v|yq, ¥) = —lim — EW)Vh - Fdx, (2.3)
5208 Juaax©,s)

where E(V) is any Lipschitz extension of Y to all RY .

In the case p = oo, the normal trace F - v|3q is a function in L*°(0L2)
satisfying | F - vz < Cl|F|lre ), for some constant C independent of F;
if 9 admits a regular Lipschitz deformation, then C = 1. Furthermore, for any
field F € DM™> (),

(F - v|sa, ¥) =esslin(1)/ oW HF. vdd™ !,
s> ETeR

forany ¥ € LY().

2.4)

Finally, for F € DMP(Q) with 1 < p < 00, F - v|yq can be extended to a
continuous linear functional over W'=1/P2(3Q2) N C(3Q).

Proof. Let F¢ be defined by (3.5) in Section 3. Since we have HV~1(3%Q;) <

+00, Federer’s extension of the Gauss-Green formula (see [18]) holds for ¢ F*
over 3Q,, for any ¢ € Lip (RM), and hence we have

/ ¢F€-vd%N*1=/ ¢divF8dx+/ V¢ - Fédx. (2.5)
CIen s 5

Now we integrate (2.5) in s € (0,45), 0 < § < 1, and use the coarea formula
(see, e.g. [18, 17]) in the left-hand side to obtain

- / ¢F* - Vhdx
W (2x(0,8))

:/Os{fgsqﬁdivFadx} ds+£8{/sv¢-F£dx}ds.

(2.6)
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Let s — 0. Observing that, by Proposition 3.3 below, the integrand of the first
integral converges for a.e. s € (0, §) to the corresponding integral for F, we
obtain

~/ ¢oF -Vhdx
W(2x(0,8))

:foa{‘/%(pdivF}ds+/()8{/QSV¢-Fdx}ds.

We then divide (2.7) by §, let § — 0, and observe that both terms in the right-
hand side converge to the corresponding integrals inside the brackets over £, by
the dominated convergence theorem. Hence, the left-hand side also converges,
which yields

2.7)

1
—lim - ¢F-Vhdx:f¢divF+/V¢-Fdx. (2.8)
8=0 3 Jy@x,8) Q Q

Now, for ¥/ € Lip (8€2), let E(y) € Lip (RV) be a Lipschitz extension of y
preserving the norm || - [|Lip = || - loo + Lip (-) (see, e.g., [17, 18]). We then
define

(F-v)e, ) =—1lim ! EW)Vh - Fdx. (2.9)
520 8 Jw0x©,5)

Because the right-hand side of (2.8) does not depend on the particular deforma-
tion W for 0€2, we see that the normal trace defined by (2.9) is also independent
of the deformation. We still have to prove that the normal trace as defined by
(2.9) also does not depend on the specific Lipschitz extension E(y) of y. This
will be accomplished if we prove that the right-hand side of (2.8) vanishes if
¢laq = 0. Denote it by [ F, ¢]3q, that is,

[F, dlag := {div F, §)o + (F, VEWY))q.

We claim that [F, ¢]sq = 0 if ¢lsq = 0. In fact, we may approximate such
a ¢ by a sequence ¢/ € C§(2), with [|¢/lc < ||¢]lc0, Such that ¢/ — ¢
locally uniformly in Q and V¢/ — V¢ in LI(Q)V, with % + 5 = 1. Hence,
[F, $loq = lim;_, ;[ F, ¢/] = 0, as asserted. In particular, for 1 < p < oo, the
values of the normal trace, (F - v[3q, ¢|aq), depend only on the values of ¢ over
L.

In the case p = oo, we can go further. Indeed, given ¢ € Lip (0Q2), we can
take a particular extension of ¥, £(¢) € Lip (R"), satisfying £(¢¥) (¥ (w, 5)) =
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Y (w), for (w, s) € IR x [0, 1]. In this case, using the area formula (see, e.g.,
[18, 17]), we easily obtain, from (2.9),

(F - viag, ¥) < CIF | o /BQ | dICN T,

where C > 0 depends only on the deformation W of d€2, and we can take C = 1
if ¥ is a regular deformation. Hence, we conclude that F - v{3q € L°°(0€2) and
|F-vipallLewpa < ClFllLxw). Therelation (2.4) is obtained in this special case
by first taking the limit as ¢ — 01in (2.7), observing that the limit of the left-hand
side exists for a.e. s € (0, 1), by the dominated convergence, and that the limits
of both integrals on the right-hand side exist by the dominated convergence and
Proposition 3.3 in Section 3 below. We then consider an extension of ¥ as just
mentioned, and let s — O with our observation that the right-hand side converges
to the right-hand side of (2.8), again by the dominated convergence.

As for the last assertion, we recall a well-known result of Gagliardo [20]
which establishes, in particular, that, if d€2 is Lipschitz (that is, satisfies (i) of
Definition 2.1) and ¥ € W!~V/P-P(3Q), then it can be extended into € to a
function () € WhP(), and

NEW Iwrpy < cll¥ llwi-ire. 050, (2.10)

for some positive constant ¢ independent of yr. Moreover, if ¥ € C(3€2) E(¥) is
continuous and [[E(Y) || re@) < ¥l =), besides (2.10). Hence, using these
facts and (2.8), we easily deduce the last assertion. O

Remark 2.4. As an example, consider the normal trace of F'(x, y) in Example
1.1 over the line x = y where there is no reasonable notion of traces for the
component sin(x%y). Nevertheless, the unit normal v, to the line x — y = s is

the vector (—1/+/2, 1 / V/2) so that the scalar product F (x, x —s) - vy is identically
zero over this line. Hence, we find that F - v = 0 over the line x = y and the
Ganss-Green formula implies in this case that, for any ¢ € C3(R?),

0 = (diV Flesy, ) = —/ F - V¢dxdy.
x>y

This identity could be also directly obtained by applying the dominated conver-
gence theorem to the analogous identity obtained from the classical Gauss-Green
formula for the domain { (x, y) |x > y + s} whens — 0.
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As anticipated by Whitney’s example (see Example 2.1 above), it is more
delicate for fields in DM and DM¢*. Then we have to define the normal traces
as functionals over the spaces Lip (y, 3Q2) with y > 1 (see the definition below).
For 1 < y < 2, the elements of Lip (y, 9Q2) are (N + 1)-components vectors,
where the first component is the function itself, and the other N components are its
““first-order partial derivatives’’. In particular, as a functional over Lip (y, 982),
the values of the normal trace of a field in DM or DM** on 32 will depend not
only on the values of the respective functions over 3€2, but also on the values of
their first-order derivatives over 9€2. To define the normal traces for F € DM!
or DM, we resort to the properties of the Whitney extensions of functions in
Lip (y, 32) to Lip (y, RY); we recall the construction below. We first have the
following analogue of Theorem 2.1 which covers fields in DM and DM (see
[9] for the proof).

Theorem 2.2. Let F ¢ DM (Q) or F € DM (). Let @ C RN be a
bounded open set with Lipschitz deformable boundary. Then there exists a con-
tinuous linear functional F - v|yq over Lip (y, d2) for any y > 1 such that, for
any ¢ € Lip (y, RY),

(F-vlaq, ¢) = (divF, ¢)o + (F, Vo)o. 2.11)

Moreover, let h - RY — R be the level set Sfunction as in Theorem 2.1. In the
case that F € DM (), we also assume that 3, h is | F;|-measurable and its
set of non-Lebesgue points has |F;|-measure zero,i = 1, --- , N. Then, for any

Y € Lip(y,0Q), y > 1,

1
(F -vi|sq, ¥) = —‘}1_1)% ;(F, EW) Vh)wpax©.s) (2.12)

where E(¥) € Lip (v, RY) is the Whitney extension of ¥ to all RY .

Remark 2.5. In general, for F' € DM(D), the normal traces F - v|3o may be
no longer functions. This can be seen in Example 1.2 for F € DM] _(R?) with
Q = (0,1) x (0, 1), for which

T
F-vijo = 55(0,0) — dH" 50,

where F(! is the one-dimensional Hausdorff measure on 4£2.
We now recall the construction of the Whitney extension and some of its
properties used in Theorem 2.2 and its proof.
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Whitney extension. Let k£ be a nonnegative integer and y € (k,k + 1]. We
say that a function f, defined on C, belongs to Lip (y, C) if there exist functions
fPD,0 < |j| <k, defined on C, with f@ = f such that, if

) G+D
fm= Y LDy Ry,

1
lj+il=<k i
then
)] <M
@< M, | o3
|R;(x, )| < M|x —y|Y V!, foranyx,y€C, |j| <k.
Here j and / denote multi-indices j = (ji,---, jy) and ! = (I1,--- , Iy) with

jl=jl-jxLljl=ji+jo+---+ jn,and x :xilx?---xf{,". An element

of Lip (y, C) means the collection {f(x)}|; <. The norm of an element in
Lip (y, C) is defined as the smallest M for which the inequalities in (2.13) holds.
We notice that Lip (y, C) with this norm is a Banach space. For the case C = RY,
since the functions £ are determined by £, this collection is then identified
with f©,

The Whitney extension of order k is defined as follows. Let {f} ;< be
an element of Lip (¥, C). The linear mapping & : Lip (y, C) — Lip (y, RY)
assigns to each collection a function &, ( f*/)) defined on RY which is an extension
of f@ = f to R". The definition of & is the following:

Eo(fH(x) = fx), xeC,
(X)) =), fF(pDei(x), xeRY - C,

and, fork > 1,

E(fN ) = FOW), xeC,
E(fN(x) =X Px, p)gi(x), xeRY -C.

Here P(x, y) denotes the polynomial in x, which is the Taylor expansion of f
about the point y € C:

O —y) N
P(x,y):m‘:;———l!——, xeRY, yeC.

The functions {¢;} form a partition of unity of RY — C with the following
properties:
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(1) spt(g;) C Q; where Q; is a cube with edges parallel to the coordinate
axes and
¢y diam (Q;) < dist (Q;, C) < ¢y diam (Q;),

for certain positive constants ¢; and ¢, independent of C;

(ii) each point of RY — C is contained in at most Ny cubes Q;, for certain
number Ny depending only on the dimension N;

(i1} the derivatives of ¢; satisfy

921+ 2% (x)| < Aq(diam Q). (2.14)

Here p; € C is such that dist (C, Q;) = dist(p;, Q;), la| = oy + -+ + ap,
and the symbol Y indicates that the summation is taken only over those cubes
whose distances to C are not greater than one. The following theorem is due to
Whitney [49], whose proof can be also found in Stein [44].

Theorem 2.3. Suppose that k is a non-negative integer, y € (k,k + 1], and
C is a closed set. Then the mapping & is a continuous linear mapping from
Lip (y, C) to Lip (y, RY) which defines an extension of f© toRY, and the norm
of this mapping has a bound independent of C.

The following theorem plays an important role in establishing the generalized
Gauss-Green theorem for fields in DM! and DM®*; Its proof can be found in
Chen-Frid [9].

Theorem 2.4. Let C be a closed set in RY and
Cs:={xeR" : dist(x,C) <8}, for §>0.

Let & : Lip (y, C) — Lip (y, RN) with y € (k, k + 1] be the Whitney extension
of order k. Then, for any ¢ € Lip (v, RY) and any y' € (k, y),

€c(@lc) — dllLipycsy = 0, as § — 0. (2.15)

3 Further properties of divergence-measure fields

In this section we first discuss some basic properties of divergence-measure fields
in the spaces DM?(2),1 < p < oo, and DM (). Then we discuss some
product rules for divergence-measure fields.
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Proposition 3.1. (i) Let {F;} be a sequence in DMP (2) such that

F;—~F LY (G RY), forl<p<oo, (3.1)
F; 2 F  L2(RY), for p=oo. (3.2)
Then
I Fllr o) Slimjiggo I Fjllry,  |div FI(2) Slimjiggo |div F;1(€2).

(i) Let {F;} be a sequence in DM (QQ) such that
Fj - F Mloc(g; RN)
Then

IF|(Q) <lim inf |F;|(R),  |divF|(Q) <lim inf |div F;|(£).
J—= o0 j—ooo

This proposition implies that the spaces DM?, 1 < p < 00, and DM (RQ)
are Banach spaces under the norms (1.1) and (1.2), respectively.

Proposition 3.2. Let {F;} be a sequence in DM () satisfying

lim |div F;|(Q) = |div F|(2),
j—>o0

and one of the following three conditions:

F,—~F L! (RY), for 1 <p < oo,
F; > F LE(QRY), for p=oo,
Fi—=F My (Q;RY).

Then, for every open set A C Q,

|div F|(A N ) > lim sup |div F;|(A N Q). (3.3)

j—>oo
In particular, if |div F|(6A N Q) = 0, then

|div F|(A) = lim |div F;|(A). (3.4)
j=oo

Bol. Soc. Bras. Mat., Vol. 32, No. 3, 2001



THEORY OF DIVERGENCE-MEASURE FIELDS AND ITS APPLICATIONS 413

We will use the so-called positive symmetric mollifiers w : RY — R satisfying
w(x) € CPRY), o(x) > 0, w(x) = o(x]), fpy @(x)dx = 1, supp w(x) C
By = {x ¢ RY : |x| < 1}. A standard example of such mollifiers is

0, x| > 1,
w(x) = 1
CexP(ixP-—l)’ x| <1,
where C is the constant such that fRN w(x)dx = 1. We denote w,(x) =

e Nw(%) and F, = F * w,, that is,

Fexy=¢" ./RN F(y)w(?) dy = /RN F(x +ey)o(y)dy. (3.5)

Then F¢ € C*®(A; RY) for any A € Q when € is sufficiently small. We will
use some well-known properties of the mollifiers. In particular, we recall that,
for any f, g € L}(RY),

f fogdx = f feedx. (3.6)
RV RN

The following fact for DM fields is analogous to a well-known property of
BV functions.

Proposition 3.3. Let F € DM(Q). Let A € Q be open and |div F|(3A) = 0.
Then, for any ¢ € C(£2; R),

liII(l] (div F®, pxa) =< divF, pxa > .

£

Furthermore, if F € DM (Q) and |F|(0A) = 0, then, for any ¢ € C(2; RY),
lim < Féooxa>=<F,pxa>.
e~

Now we discuss some product rules for divergence-measure fields.

Proposition 3.4. Let F = (Fy,---, Fy) € DM(Q). Let g € BV N L*(Q)
be such that 9,,g(x) is | F;|-integrable, for each j = 1,---, N, and the set of
non-Lebesgue points of 9y, g(x) has | F;|-measure zero; and g(x) is | F|+|div F|-
integrable and the set of non-Lebesgue points of g(x) has |F|+ |div F|-measure
zero. Then gF € DM(Q) and

div(gF) = gdivF + Vg - F. (3.7)
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In particular, if F € DM*®(Q), gF € DM*®(R2) for any g € BV 11 L™(Q);
moreover, if g is also Lipschitz over any compact set in €2,

div(gF)=gdivF + F-Vg. (3.8)

In fact, for F € DM*®(2), one may refine the above result to yield that (3.8)
holds a.e. in a more general case, not only for local Lipschitz functions. In this
case, we must take the absolutely continuous partof Vg. For g € BV, let (Vg),c
and (Vg)sing denote the absolutely continuous part and the singular part of the
Radon measure Vg, respectively. Then

Proposition 3.5. Given F € DM*®(Q2) and g € BV (2) N L*°(2), the identity
div(gF)=gdivF+ F-Vg

holds in the sense of Radon measures in 2, where g is the limit of a mollified
sequence for g through a positive symmetric mollifier, and F - Vg is a Radon
measure absolutely continuous with respect to |V g |, whose absolutely continuous
part with respect to the Lebesgue measure in  coincides with F - (V). almost
everywhere in 2.

Finally, as a corollary of the generalized Gauss-Green formula in DM, we
have

Proposition 3.6. Let Q@ C RY be a bounded open set with Lipschitz boundary
and F; € DM®(Q), F, € DM®RY — Q). Then

Fl(y)’ y € £,
F(y) = ) 3.9
) { F(y), yeR"-Q o

belongs to DM>®(RY), and
I1Fllppeemyy < IF1llowve@ + I P2l oo my —g)

+ |IF v — F vl epo Y1 OQ).

4 Connection: hyperbolic conservation laws and

divergence-measure fields
We now discuss some applications of the theory of DM fields to various nonlinear
problems for hyperbolic conservation laws and degenerate parabolic-hyperbolic
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equations in Sections 5—-7. We first show a connection between DM-fields and
hyperbolic conservation laws.

The DM-fields arise naturally in the study of entropy solutions of nonlinear
hyperbolic systems of conservation laws, which take the form

o+ V.- f(u) =0, uelR" xeR", 4.1)

where f : R" — (R™)" is a nonlinear map. The condition of hyperbolicity
requires that, for any wave number £ € §"~!, the matrix & - V f (1) have m real
eigenvalues and left (right) eigenvectors. For the one-dimensional case, system
(4.1) is called strictly hyperbolic if the Jacobian V f(u) of f has m real and
distinct eigenvalues, A (¢#) < - -- < A, (u), and thus has m linearly independent
right and left eigenvectors r; = r;(u) and [; = [;(u):

Vfr;(u) = A;@r;u), L)V fu) =r;@lw).  (42)

The jth characteristic field is genuinely nonlinear or linearly degenerate in the
sense of Lax [29] if

rj‘V)»j;éO or I"j-V)‘.jEO. (43)

That is, the jth eigenvalue changes monotonically or remains constant along the
Jjth characteristic field for the genuinely nonlinear case or the linearly degenerate
case, respectively.

One of its most important prototypes is the Euler equations for gas dynamics
in Lagrangian coordinates:

9,7 — d,v =0, 4.4)

dv+dyp =0, 4.5)
02

o (e + E) + 9, (pv) =0, (4.6)

where t = 1/p is the specific volume with the density o, and v, p, ¢ are the
velocity, the pressure, the internal energy, respectively; the other two gas dy-
namical variables are the temperature 6 and the entropy S. For ideal polytropic
gases, system (4.4)—(4.6) is closed by the following constitutive relations:

pT = RO, e =c,0, p(r,8) =kt Ve, 4.7)

where ¢, R, and « are positive constants, and y = 14-¢,/R > 1. For isentropic
gases, the Euler equations become

7 — v =0, (4.8)
v+ o p(r) =0, 4.9)
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where p(t) = kt77,y > 1.

The main feature of nonlinear hyperbolic conservation laws, especially (4.4)—
(4.6), is that, no matter how smooth the initial data are, solutions may develop
singularities and form shock waves in finite time. One may expect solutions
in the space of functions of bounded variation. This is indeed the case by the
Glimm theorem [21] which indicates that, when the initial data have sufficiently
small total variation and stay away from the vacuum for (4.4)—(4.6), there exists
a global entropy solution in BV satisfying the Clausius inequality:

S =0 (4.10)

in the sense of distributions. However, when the initial data are large, still away
from the vacuum, the solutions may develop vacuum states in finite time, even
instantaneously as ¢ > 0, or approach the vacuum states indefinitely. In this
case, the specific volume T = 1/p may then become a Radon measure or an L'
function, rather than a function of bounded variation (see Wagner [47] and Liu-
Smoller [32]). This indicates that solutions of nonlinear hyperbolic conservation
laws are generally in M(R, x R"), the space of signed Radon measures, or in
LR, x R"), 1 < p < co. On the other hand, the fact that (4.4)—(4.6) and
(4.10) hold in the sense of distributions implies, in particular, that the divergences
of the fields (z, —v), (v, p), (e + v?/2, pv), (S, 0), in the (¢, x) variables, are
also Radon measures, in which the first three are the trivial null measure and
the last one is a nonnegative measure as a consequence of the Schwartz Lemma
[40]. This motivates our study of the extended divergence-measure fields (see
Definition 1.1).
For general hyperbolic conservation laws, we have

Definition 4.1. A function n : R”™ — R is called an entropy of (4.1) if there
exists g : R™ — R” such that

Vaqr(u) = V)V fi(u), k=1,2,--- ,n. 4.11)

The function g (u) is called the entropy flux associated with the entropy n(u),
and the pair (n(u), g (u)) is called an entropy pair. The entropy pair (n(u), q(u))
is called a convex entropy pair on the domain K C R™ if the Hessian matrix
V2n(u) > 0,foru € K. The entropy pair (n(u), g (u)) is called a strictly convex
entropy pair on the domain K if V25(u) > 0, foru € K.

Consider a 2 x 2 strictly hyperbolic system with globally defined Riemann
invariants w;, j = 1, 2. The Riemann invariants w; : R? — R satisfy

Vw;@)V f(u) =Ar;(w)Vw;(u), j=172,
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and hence diagonalize system (2.1), for smooth solutions, into
atw_/+Aj8ij=0, _]:1,2

Lax’s theorem [30] indicates for such a system that, given any bounded domain
K & IR?, there exists a strictly convex entropy pair (1(), g («)) on the domain
K. That is,

V2n(u)ZcK > 0, uc k.

For m > 3, system (4.11) is overdetermined, thereby generally preventing the
existence of nontrivial entropies. Friedrichs-Lax [19] observed that most of the
systems of conservation laws that result from continuum mechanics are endowed
with a globally defined, strictly convex entropy. Systems endowed with a rich
family of entropies were described by Serre [42].

Available existence theories show that the solutions u(f, x) of (4.1) are in the
following class of entropy solutions:

1) u(t,x) e M(R, x R"),or LPF(R, xR"),1 < p <o0;

i) u(t, x) satisfies the Lax entropy inequality:

Om(u(t, x)) + Vi -qu(t, x)) <0 (4.12)

in the sense of distributions, for any entropy pair (n,¢) : R* — R x R”
with convex 1, VZn(u) > 0, so that (n(u(t, x)) and g (u(t, x)) are distributional
functions. If we take n = £u, we see that any entropy solution is a weak solution.

One of the main issues in conservation laws is to study the behavior of solutions
in this class to explore all possible information of solutions, including large-
time behavior, uniqueness, stability, and traces of solutions, among others. The
Schwartz lemma indicates from (4.12) that the distribution

aln(u(tv x)) + VJC ‘ Q(u(t7 X))
is in fact a Radon measure, that is,
div ¢ o (n(u(t, x)), q(u(t, x))) € MR x R"). (4.13)

In particular, for u € L, (4.13) is also true for any C? entropy pair (17, g)
(n not necessarily convex) if system (4.1) has a strictly convex entropy, which
implies that, for any C? entropy pair (1, g), the field n(u(z, x)), q(u(z, x))) is a
DM-field.
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Divergence-measure fields also arise in various nonlinear problems involving
some extended vector fields whose divergences are Radon measures. For exam-
ple, see Bouchitté-Buttazzo [4] for such fields in the characterization of optimal
shapes and masses through the Monge-Kantorovich equation.

From the previous discussion, it is clear that understanding more properties of
DM-fields can advance our understanding of the behavior of entropy solutions
for hyperbolic conservation laws and other related nonlinear equations.

In Sections 5-8, we discuss some applications of the theory of DM-fields
described in Sections 2-3 to several nonlinear problems for conservation laws
and related nonlinear equations.

5 Stability of Riemann solutions in a class of entropy solutions with the
vacuum for the Euler equations

In this section, we show how the theory of DM fields can be applied to establish
the uniqueness and stability of Riemann solutions that may contain the vacuum
for the Euler equations for gas dynamics in Lagrangian coordinates.

Denote B2 = (0, o0) x R and RZ = [0, o0) x R. We consider 7 € M (R3)
satisfying 7 > ¢ £? for some ¢ > 0, where LF is the k-dimensional Lebesgue
measure. Let v € LOO(R%F) and 75 € MT(R) with 75 > ¢ L. We assume that
7, v, and 7y satisfy

/f (Tt — vy drdx) +/ (0, x) to(x) =0, (5.1)
RZ R
for any ¢ € C}(R?).

Definition 5.1.  Let t and 7o be as above. We say that a function ¢ (, x) defined
on R? is a r-test function if it satisfies the following:

(1) spt(¢) is a compact subset of @ and ¢ is continuous on R? ;

(2) ¢, and ¢, are T-measurable; and ¢, is T-integrable over ]R%r, that is, the
integrals [ fRi (¢:)+T exist and at least one of them is finite;

3) }irr(l) ¢(t,x) = ¢ (0, a) for rp—a.e. a € R.

X—a

Theorem 5.1. Let t, v, and 1y be as above. Then
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(1) the nonnegative measure t admits a slicing of the form T = dt ® u,(x)
with i, € MY (R) for L'-a.e. t > 0. More precisely, for any ¢ € C, (]Ri),

//(M’X)T:/</¢(Iax)m(x)) dt.

(2) the points (t,x) € ]R%r such that u,(x) > 0, with the exception of a set of
H'-measure zero, form a countable union of vertical line segments, called
vacunm lines. In particular, ©{l) = 0 for any non-vertical straight line
segment [,

(3) the identity (5.1) holds for any t-test function ¢ (¢, x).

As a corollary, we have

Corollary 5.1;_Let T, v, and 1y be as above. Let p(t, x) be a nonnegative
function over R%, continuous on R, such that ¢ p is a T-test function for any
¢ € CoRY), pr <0, t-ae, and p, € L}, (R%). Then, for any nonnegative
function ¢ € C(% (R),

lim sup / £() Bt x) e (x) < / £(x) 5O, x) To(x). (5.2)
=0+

We now consider the solutions of the Euler equations (4.4)—(4.6) for gas dy-
namics in the sense of distributions such that 7 is a nonnegative Radon measure,
with T > ¢£? for some ¢ > 0, and v(z, x) and S(¢, x) are bounded 7-measurable
functions, along with our understanding that the constitutive relations (4.7) for
(t, p, e, 0, S)(¢, x) hold £2-almost everywhere out of the vacuum lines, in the
set where 7 is absolutely continuous with respect to £?, and both p(z, x) and
e(t, x) are defined as zero on the remaining set with measure zero in R? , includ-
ing the vacuum lines.

We consider the Cauchy problem for (4.4)—(4.6):

(T, v, $)li=0 = (70, Vo, So) (x), (5.3)

where 7o(x) is a nonnegative Radon measure over R, 75 > cL! for some
¢ > 0, vp(x) and Sp(x) are bounded 7y-measurable functions, and ep(x) =
e(tp(x), So(x)) a.e. out of the countable points {x;} such that 75(x;) > 0, the
initial vacuum set.
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SetTl; = (0, T) x Rand IT;, = (—~o0, T) x Rfor T > 0. Let D and F be
functions or measures over [1y. Let Dy be a function or a measure over R. By
weak formulation on Il for the Cauchy problem:

D,+F, =0, (5.4)
D|i=o = Dy, (5.5)

we mean that, for a suitable set of test functions ¢ (¢, x) defined on IT%.,
f (¢:D+¢XF)+/¢(0,X)D0=0- (5.6)
Iy R

Analogously, if the identity ‘¢ " in (5.4) is replaced by Tor ff <,
the weak formulation of the correspondmg problem (5.4) and (5 5) is (5.6) with
’replaced by ©“ < *’or ** >, respectively, for a suitable set of nonnegative
test functions defined on IT7.
Denote W = (t, v, S), f(W) = (—v, p(z, 5),0), n(W) = e(z,S) + =,
q(W) = vp(z, S), and

(W, W) = n(W) = n(W) = V(W) - (W = W),
BW, W) =q(W)—q(W) = V(W) - (f(W) — f(W)).

Observe that V(W) = (—p, —v, 0).

Definition 5.2. We say that W (¢, x) is a distributional entropy solution of (4.4)—
(4.6), and (5.3) in I17 if 7 is a Radon measure on [17 with T > ¢L? for some ¢ >
0, v and S are bounded 7-measurable functions such that the weak formulations
of (4.4)—(4.6), (4.10), and (5.3) are satisfied for all test functions in C (IT7), and
S, -) — So(-),ast — 0, in the weak-star topology of L (R).

Observe that the weak formulation implies that p, — 7 in M(R), and
v(t, -) — vo(-), and E(t, -) — Fy(-) in the weak-star topology of L*(R),
ast — 0, where E = e + v%/2. We also remark that these convergences can
be strengthened to the convergences in L], .(R) in the case that 7 is a bounded
measurable function, as an easy consequence of the DM theory in Sections 2
and 3.

As shown by Wagner [47], by means of the transformation from Eulerian
to Lagrangian coordinates, bounded measurable entropy solutions of the Euler
equations in Eulerian coordinates transform into distributional entropy solutions
of (4.4)—(4.6) and (5.3), satisfying the additional restriction that the weak for-
mulation of (4.4)-(4.6), and (4.10) holds for test functions with compact support
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in II7 such that ¢, = g, ¢, = h 7, where g, h € L>*(Ilr, 7). Itis also shown
through an example in [47] that distributional entropy solutions without the ad-
ditional restriction may have no physical meaning.

Now we consider the Riemann solution W (¢, x) associated with the Riemann
problem for (4.4)—(4.6) with initial condition

— Wr, x <0,
w = 5.7
o(x) {WR, >0, (5.7)

where W, and Wy, are two constant states in the physical domain {W = (z, v, §) :
T > 0). First, we address the case where W(z, x) is a bounded self-similar
entropy solution of (4.4)-(4.6) which consists of at most two rarefaction waves,
one corresponding fo the first characteristic family and the other corresponding
to the third one, and possibly one contact discontinuity on the line x = 0. Then,
W(z, x) has the following general form:

Wi, x/t <&,
Ri(x/1), &1 < x/t <&,
W= m b =x/t <0, (5.8)
W, 0 <x/t <&,
R3(x/1), §3 <x/t <&,
Wk, x/t > &.

Theorem 5.2. Let W(t,x) be the shock-free Riemann solution (5.8) and
W(t, x) be any distributional entropy solution of (4.4)—(4.6) and (5.3) with
Wo € L®(R; R?). Then there exist positive constants C and Ky, and a function
w € L>(I1y), positive a.e. in Ty, such that, for any X > 0 and a.e. t > 0,

|Wae (£, x) — W, x)*0@, x) dx

Jxj=X

(5.9)
<c f Wolx) — Wo(e) oo (0, x) dx.

[x|<X+Kot
Sketch of proof. Givenany X > Oand ¢ > 0, let#5 € (0, t) and

Qe ={(0,x) 1 x| < X+ Kot —0), tg <o <t}
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with Ky > 0 to be suitably chosen later. We consider the measure
w= (W, W), + B(W, W),.

Using the product rules (Proposition 3.4) and the Gauss-Green theorem (Theorem
2.2), we have

/'L(Qto,t) = (((X, 18) v vlano,t’ 1)

We can show that, for a.e. ¢ and #; as above,

(@B Ving 0= [ Waettox) = W, mPolex) dx
[xl=X

- / W) = n(W) — (v — 0) + p(p — T) = 6(S = )},

lx|<X+Ko(t—19)
o=fy

where we have also used that.jt, — 1, as 0 — o + 0, for a.e. 75 > 0, and that
p is continuous on [fg, 1] X R.
On the other hand,

4
Qi) =Yl N Q) + N Quy ) + (R0 N 2y o)

i=1

+ (3 N Q) + (e — (UL UTU R UR)),

where Q; and Qs are the left and right rarefaction regions, ;)1 <i<4,are
the lines bounding the rarefaction regions §2; and 3, and / is the line {x = 0}
where W (¢, x) has a contact discontinuity.

We first observe that, on €, , — (Ulei,- Ul U2 U 3), the measure p reduces
to —04, 8 which is nonpositive. Now, we have

u = —div(F + F> + F3),
where
Fi=ow—0,p—p), Fo=-p(t—1,0—v), F3=0(5-S5,0),
and div := div, . Applying the product rule (Proposition 3.4), we get

div F; = v,(v — 0) + 0x(p — p), div Fa = —p(t — 7) + px(v — V).
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Hence,
div Fi(; N Q) =div AN Q) =0,  j=1,---,4,
since div F} is absolutely continuous with respect to £2. Also,
div F5(I; N Q) > 0, j=1,--,4
On the other hand, since F3 € DM™ (2, ;) and v|; = (0, 1), we have
div F3(I N Q) = [(F3 - v];, 1)] =0,

where the square-bracket denotes the difference between the normal traces from
the right and the left, which make sense for F; € DM because the normal
traces of DM fields are functions in L* over the boundaries.

Concerning F,, we have

div Fz(l}ﬂQ,Oyz)zo, j=1,--,4,

since p, is T-integrable and r(l~j) =0,j=1,---,4. On the other hand, p,
vanishes on [ so that
div F,(d N2y y) =0.

Finally, we have
n(€2;) <0, w(€23) <0,

since v, (f, x) > 0 everywhere over Q; and ;.
Putting all these estimates together, we have

/ Wae(t, %) = W(t, 0)Poo(t, x) dx
Jrl=X

< / (W) = n(W) — 0(v — 0) + p(uy — T) — (S — S)}.

x| =X+Ko(t—10)
o=y

Now, applying Corollary 5.1, we finally arrive at (5.9).

Corollary 5.2.__ Let W (¢, x) and W (¢, x) satisfy the conditions of Theorem 5.2
and Wp(x) = Wo(x). zhen T(t, x) is absolutely continuous with respect to L?
inTly and W, x) = W, x) ae in Hr.
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We now consider the case that the Riemann solution, with the initial condition

(5.7), has a vacuum line at x = (. In this case, the Riemann solution W, x)
has the following form:

W, x/t <§p,
Ry(x/1), gL <x/t <0,
W, x) = 3§ (51 +D2)/2, (0p — v)tdt ® Sg(x), (S + Sr)/2), x =0, (5.10)
R3(x/1), 0 <x/t <§g,
Weg, x/t > &p.

Here R, (x/t) and R3(x/t) are as above the rarefaction waves of the first and
third characteristic families, respectively,

o tim TR
v Eglg_v(é), vy Eg&v(é)

Er_ld 8(x) is the Dirac measure over R concentrated at 0. It is easy to check that
W (t, x) is a distributional solution of (4.4)—(4.6) and (5.3). The values of v and
S on the line x = 0 could be taken as any other constants instead of
U1 + U2 Si + Sk
and —————,
2 2

respectively, while the formula of T at x = 0, (v, — v1)tdt ® 80(x)®, is dictated
by the fact that (4.4) must hold in the sense of distributions.

Using the theory of DM fields and following similar line of arguments as in
the proof of Theorem 5.2, we can show

Theorem 5.3. Let W(t, x) be a Riemann solution comtaining the vacuwn as
described in (5.10). Let W(t, x) be a distributional entropy solution of (4.4)-
(4.6) and (5.3) in Ty with Wy € L®(R; R?). Then there exist positive constants
C and Ky, and a function @ € L®(I1r), positive a.e. in Ty, such that, for all
X >0andae. t >0,

f W (1, %) — W (b, 2)20t, 1) dx

lxj<X

(5.11)
<c / W) — Wolx) P (0, x) dox.

Ix|<X+Kor

Corollary 5.3._ Let W(z,x) and W(t, x) satiﬁ‘y the hypotheses of Theorem 3.3
and Wo(x) = Wo(x). Then (v, 8)(t, x) = (@, S)(¢t, x), L?-a.e.inTlr, andt =T
in M(IT7).
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6 Initial layers and boundary layers

We are first concerned with initial layers and uniqueness of weak entropy solu-
tions for the Cauchy problem of scalar hyperbolic conservation laws:

ou+ 9. f(u) =0, (6.1)
u(x,0) = up(x). (6.2)

The weak entropy solutions we address are defined in the following sense.

Definition 6.1. (1) A function u(¢, x) € L™ is called a weak entropy solution
of (6.1)-(6.2) if u : (t, x) — u(t, x) satisfies the following.

(2) u is a weak solution: For any function ¢ € C§° (]Ri), Ri = [0, c0) x R,

/oo /oo(u oo+ f(u) d,¢)dxdt + /00 uo(x)¢ (0, x)dx = 0. (6.3)
0 -0

—00

(b) For any nonnegative function ¢ € C(‘)’O(]RfL — {t = 0}) and any convex
entropy pair (n(u), g(u)), n" () > 0, q'(w) = n'(u) f'(w),

/ / (n(w)d,¢ + qu) dcp)dx di > 0. 64)
0 —c0

(2) In contrast, a function u(¢, x) € L* is called a Kruzkov solution if u (¢, x)
satisfies, besides (6.3)—(6.4), the following property of (weak) L!-continuity in
time: For any R > 0,

1 (7
— / / lu(t, x) — up(x)| dxdt — 0, when T — 0. (6.5)
T 4 ix]<R

(3) We say that a function u(z, x) satisfies the strong entropy inequality if, for
any convex entropy pair (n(u), q(u)) and any ¢ € C§° (Ri), ¢ >0,

oo

/0 / (W3 + q(u) d:d)dx di + / N0 (X (x, 0)dx = 0. (6.6)

It 1s easy to check that any function u(r, x) satisfying the strong entropy in-
equality (6.6) is a Kruzkov solution. This fact can be easily achieved with the aid
of basic properties of divergence-measure fields, especially the normal traces.
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First, we pick a trivial entropy n(u) = Zu in (6.6) to conclude that u satis-
fies (6.3) and has a trace u(0,, -) = ug on the set r = 0, defined at least in the
weak-star sense in L. Then, using the Gauss-Green formula (Theorem 2.1), we
conclude from (6.6) that, for any strictly convex entropy 7, the trace n(u) (04, -)
of n(u) at r = 0, satisfies

nw) Oy, ) = nuo) = nuO04, ).

Then the strict convexity of n implies that the trace of # on the sett = 01is in
fact defined in the strong sense in L', which immediately implies (6.5).

The main objective here is to establish the uniqueness and L strong continuity
in time of solutions satisfying only (6.3)-(6.4), provided that equation (6.1) has
weakly genuine nonlinearity, that is,

There exists no nontrivial interval on which f is affine. 6.7)

Observe that the solutions defined in (6.3)-(6.4) are in general weaker than the
Kruzkov solutions. It has been proved ([27, 15], see also [41] for the extension
to the L? case) that the Kruzkov solutions are uniguely defined.

For approximate solutions generated by either the vanishing viscosity method
or a total variation diminishing (TVD) numerical scheme, e.g. a monotone
conservative scheme, one can easily show that the limit function u (¢, x) satisfies
(6.6), even if the initial data 1y (x) are only in L°°. Then, by the above arguments,
there is no initial layer, which implies that the solution u(, x) is unique and stable
in L.

However, when we consider the limit behavior of other physical regularizing
effects, especially the zero relaxation limit, there is definitely an initial layer,
unless the initial data are already at the equilibrium; see [11]. Therefore, the
uniqueness of limit functions becomes a crucial problem, as observed in [33]
(also see [26]). In this connection, we recall the following result of Chen-Rascle
[12], to which we refer for the proof.

Theorem 6.1. Assume that (6.7) is satisfied. Letu(t, x) be an L™ weak entropy
solution of the Cauchy problem (6.1)-(6.2). Then u(t, x) satisfies (6.6), which
implies that u(t, x) is the unique Kruzkov solution.

Remark. An interesting observation is that, under condition (6.7), even a weak
solution which is not an entropy solution, but whose entropy production is con-
trolled, is also strongly continuous in L' at time ¢ = 0. Indeed, if one replaces
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the entropy condition (6.4) in Theorem 6.1 by
(n(u(z, x), qu(t, x))) € DM((0, 00) x R), (6.8)

for any C? entropy pair (17, q), then (6.5) still holds, but of course that does not
imply that u is the Kruzkov solution, if « does not satisfy (6.4)!

Theorem 6.1 can be applied to clarify the initial layers and uniqueness of zero
relaxation limits for various physical relaxation systems whose initial data are
not at the equilibrium.

Theorem 6.1 was generalized with slightly strong nonlinearity condition by
Vasseur [45], with the aid of the generalized Gauss-Green theorem and normal
traces (Theorem 2.1) combined with the kinetic formulation of Lions-Perthame-
Tadmor [31].

Theorem 6.2. Let 2 C R"™ have a regular deformable Lipschitz boundary.
Assume that f € C*(R; R") satisfies

Wl +¢- f/(€) =0} =0,

Jorevery (v, ¢) € R x R" and (7, ) # (0,0). Then, for every weak solution
u € L%(2) that satisfies the entropy inequality in the sense of distributions in Q,
there exists u™ € L°(0Q) such that, for every 02-regular Lipschitz deformation
Y and every compact set K € 9€2:

ess ling)/ lu(¥ (s, z)) —u"(2)|dH"(z) =0,
s=>0 J g
In particular, for every smooth function G, we have

[G)]" = Gu™).

7 Initial-boundary value problems for conservation laws

The existence of normal traces for divergence-measure fields is a crucial property
which makes DM-fields a natural class in connection to entropy solutions in
L of initial-boundary value problems for conservation laws and has greatly
motivated its study. The basic question of the formulation of the way in which
the boundary conditions should be interpreted is the key point in this analysis.
For example, given a bounded open set Q C RR", we consider the following
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initial-boundary value problem in Q7 = (0, T) x Q:

du + div f(u) = 0, (7.1
Ulr=0 = uo(x), (7.2)
u(t, x) = up(t, x), (t,x) eI'r :=(0,T) x 022, (7.3)

where u : Q7 — R™, f = (f1, -, fu) with f; : R™" — R™, for ug € L®(2)
and up, € L>(I"). Although the formulation of the concept of entropy solutions
of (7.1)—(7.3) may be given in a general setting, an existence theory is currently
available only for the cases m = 1 and general n (multi-D scalar conservation
laws), and n = 1 and general m for special systems, however, the results for
m = 2 cover almost all models of interest in applications. Here, for simplicity,
we consider mainly the cylindrical case, in which the space-time domain is a
Cartesian product; but the concepts and results also extend to more general non-
cylindrical space-time domains in [7]. We refer to [7, 8] and the references cited
therein for a more general and detailed discussion of the topic in this section.

Let ©2 be a bounded open domain in R” with Lipschitz deformable boundary,
and let ® : 3Q x [0, 1] — Q be a regular Lipschitz deformation for 3Q. We
consider the deformations W of d @7 which, forany é > 0,overI'rN{r € (§, 7 —
8)}, are given by W ((¢, w); s) = ®(w, s) for (w, s) € Q2 x [0, 1]. Clearly, one
can define the deformations of 3 Q7 with this property. The weak formulation of
the boundary condition (7.3) is prescribed with the help of parametrized entropy
pairs (a(u, v), B(u, v)) such that, for each fixed v € R”, (a(-, v), f(-,v)) isa
convex entropy pair satisfying

a(v,v) = B(v, v) = d,a(v, v), (7.4)

or which are uniform limits on compact sets of C? pairs satisfying (7.4). We call
these pairs, boundary-entropy pairs, following a denomination proposed in [37].
Examples of such pairs are the Kruzkov entropy pairs for scalar conservation
laws

a(w,v) =lu—v|, Bi@,v)=signu—v)(fiw)— fi(v)), i=1,---,n,

and the Dafermos entropy pairs, obtained from a C? convex entropy pair
(n(u), q(u)) by

au, v) = nu) — () — Vn@)(u — v),
Bi(u, v) = qi(u) — q;(v) — Vn()(fi(w) — fi(v)), i=1,---,n,
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among others. Denoting I'; = W(I" x {s}), v, the unit outer normal to €2, the
weak formulation of the boundary condition (7.3) is translated by the imposition
that

ess }irr(l) Bu oW, (), up(r)) - (v 0 P F)) Y dH (r) = 0, (7.5)
=0 Jp,
for all nonnegative ¢ € L'(T"). Observe that the limit on the left-hand side of
(7.5) exists due to the properties of DM fields (see (2.4) above). Using a weak
formulation of (7.3) of form (7.5), the existence and uniqueness of L solutions
of (7.1)-(7.3) was proved by Otto [37] (see also [34]) for scalar conservation laws.
In [8], many existence results are given for systems in the one-dimensional case.
We refer to [7, 8] for other references on this problem.

8 Nonlinear degenerate parabolic-hyperbolic equations

Here we briefly mention some applications of the theory of DM fields to initial-
boundary value problems for nonlinear degenerate parabolic-hyperbolic scalar
equations. In [35], Mascia, Porretta, and Terracina used the properties of DM?
fields to study the initial-boundary value problem

du +div f(u) = Aa(u), (8.1)
uli—o = uo(x), (8.2)
u(t, x) = uy(t, x), (t,x) e 'y :=(0,T) x 382, (8.3)

where a(u) is assumed to be continuous and nondecreasing, possibly
assuming a constant value over a non-trivial interval. The definition of
entropy solutions of (8.1)-(8.3) requires that, for each fixed v € R, the
field (A(u(t, x), v), B(u(t, x), v)) defined by

A, x),v) = |u(t,x) —v|, (8.4)
B(u(t, x), v) = sign (u(t, x) — v)(f (u(t, x)) ~ f(v))
= Vila(u(t, x)) — a(v)l, (8.5)

belongs to DM?(Q7r) and satisfies

(Au(t, x), V)¢, + B(u(t, x),v) - Vi) dx dt > 0, (8.6)
or

for any nonnegative ¢ € C§°(Qr). Now, setting
Hu(t, x), v, up(t, x)) 1= Bu(t, x), v} + Bu(t, x), up(t, x)) — Bup(t, x), v),
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the weak formulation of the boundary condition (8.3) is then given by

s
lim l { H (1o W (r), v, up(r)) - (v 0 @ (r)) £(r) dﬂ{”(r)} ds >0, (8.7)
506 0 I'r

for any v € R and all nonnegative ¢ € L!(I'). Again, observe that the limit
in the left-hand side of (8.7) exists by the properties of DM? fields. The initial
condition (8.2) is required to be attained in the standard L Isense. The uniqueness
of entropy solutions of (8.1)-(8.3) was proved in [35]; the existence of entropy
solutions for general L initial and boundary data is still open.

As another example, we mention an application of the properties of DV fields
in the study of a free-boundary problem for a degenerate parabolic-hyperbolic
equation arising as a model of pressure filtration in [6]. In this case, the boundary
conditions are of the Neumann type that are imposed on the normal traces of the
field (u, f(u) — V,a(u)). We refer to [6] for the details.
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