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The first Cohomology of Affine Z”-actions
on Tori and applications to rigidity*
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Abstract. Let ¢ a minimal affine ZP-action on the torus 79, p > 2 and ¢ > 1.
The cohomology of ¢ (see definition below) depends on both the algebraic properties
of the induced action on H'(T%, Z) and the arithmetical properties of the translation
cocycle. We give a Diophantine condition that characterizes those affine actions whose
first cohomology group is finite dimensional. In this case it is necessarily isomorphic to
R?. Thus the R”-action F, obtained by suspension of ¢ is parameter rigid, i.e., any other
R?-action with the same orbit foliation is smoothly conjugate to a reparametrization of
F, by an automorphism of R”.
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1 Introduction

Let Affine(7'?) denote the group of affine transformations of the torus 79. By
an affine Z?-action on T¢we mean a homomorphism ¢ of Z? into Affine(7?).
The action ¢ induces a Z”-action by automorphisms of the ring C*°(T'?) of the
smooth functions on 77 givenby £ - f = fo@({) for £ € Z? and f € C®(TY)
defining a Z”-module structure C°(T) on C*(T?). The cohomology of the
action ¢ is by definition the cohomology H*(Z?, C;O(T" ))of the ZP- module
C ;O(Tq), see for example [2].

The investigation of the cohomology of ergodic actions of higher rank abelian
groups(e.g., Z* and R¥ for k > 2) has attracted considerable interest in recent
years due to its connection with cocycle rigidity phenomena, i.e. every smooth
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cocycle is cohomologous to a constant one. Some cocycle rigidity phenomena
appear in connection with hyperbolicity. For example A. Katok and R. Spatzier
[10], [11] and [12] showed that real cocycles of certain Anosov actions of Z”
or R? (standard Anosov) are cohomologous to constant cocycle. Similar results
are obtained by A. Katok and K. Schmidt [9] for mixing expansive actions of Z”
on the automorphism group of an abelian group.

Another source of cocycle rigidity are certain Z”-actions on the group of
translations of the torus7'?. This actions are determined by linear foliations with
minimal leaves transverse to the fibers of the canonical projection of 7714 to
T?,see [1],[22], [15], [20], [6], [4].

In this paper we give a Diophantine condition for affine Z”-actions on tori.
Our main result states that the first cohomology group of an affine action is finite
dimensional if and only if the action satisfies the Diophantine condition, see
Section 1.2 for the precise statement of the result. This extends the work of J.L.
Arraut and N.M. dos Santos done for actions of translations.

A consequence of our result is that, if the first cohomology group of the action
is finite dimensional, then it is necessarily isomorphic to R”.

1.1 Geometrical consequences

Our main result, characterizing those affine actions with finite dimensional first
cohomology group, has the following geometrical consequence.

Associated to each Z?- action on 77 we have its suspension foliated bundle
T — (M, F) —° T? and an R”-action by automorphisms of the projection t,
called the canonical action of t. The leatwise cohomology H*(F) is isomorphic
to the cohomology of ¢ [22].

We say that a locally-free R”-action is parameter rigid if any other R”-action
with the same orbit foliation is smooth conjugate to it, up to a reparametrization
by an automorphism of R”. S. Matsumoto and Y. Mitsumatsu [19] proved that
a locally-free action of R” is parameter rigid if and only if the first cohomol-
ogy group is isomorphic to R”. Thus the locally free R”-action induced by an
affine ZP-action on TY is parameter rigid if and only if the action satisfies the
Diophantine condition, as defined below (Section 1.2).

This extends what was done by J.L. Arraut, N.M. dos Santos [1] and J. Moser
[20] for action of translations. They gave a definition of a Diophantine Z*-
action by translations on 77 and proved that the cohomology of such an action
is isomorphic to the cohomology of 79 with real coefficients.
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1.2 Statements of Results

An affine Z”-action ¢ on the torus 77 induces a Z?”-action by automorphisms of
H\(T1,7) = 749 and H (T4, Z), denoted by ¢, and ¢*, respectively. The set
o (¢,) of all eigenvalues of all ¢, (£) is referred to as the spectrum of ¢,. If ¢ is
minimal then o (¢,) = {1}. The cohomology of ¢ depends on both the algebraic
properties of ¢* and the arithmetical properties of the translation cocycle. The
isotropy group of ¢* at k € Z? will be denoted by I (k). Each isotropy group I of
@™ is a direct summand, i.e., there is a subgroup K of Z” suchthat Z? = I ® K.

An affine ZP-action ¢ on T satisfies the irrationality condition if for k € 74
such that dim 7 (k) > p — 1 there is £ € I (k) so that

{k,a(0)) & Z

where ¢(£) = ¢, (£) + (L) is a lifting of ¢(£) to the covering R? and (, ) is the
usual inner product on R?. Let I" be the set of fixed points of ¢* i.e.

[ ={keZi|¢*)k=kforall £ € Z").

We note that if o (¢,) = {1} then I # 0. An affine Z”-action ¢ on T satisfies a
Diophantine condition on T if there are constants 8 > 0 and C > 0 so that for
each k € I' — {0} thereis j, 1 < j < p satisfying

¢k, (el = Clk|™*

where {ey, ..., ep} is the canonical basis of Z”, |x| = sup; |x;| and [lx]| =
inf{lx —1| |1 €Z"}.
Our main result is

Theorem 1. Let ¢ be an affine 7. -action on T with o (p,) = {1},where p > 2
andq > 1.Suppose that ¢ satisfies the irrationality condition. Then the following
statements are equivalent

1. @ satisfies a Diophantine condition on T'.
2. HY(ZP, CX(T9)) = R
3. H\(Z», C(‘ZO(T’f)) is Hausdorff.

The main feature of an action by translations is that the induced action on
cohomology is trivial and this greatly simplifies the calculation of the cohomol-
ogy. This is not true for a general affine action and in fact the induced action on
cohomology can be rather complicated. For this reason Theorem 1 is a nontrivial
generalization of the corresponding result in [1].

The basic conjecture is that a minimal smooth Z”-action on T¢ whose first co-
homology is isomorphic to R?” should be smoothly conjugate to its corresponding
affine Z”-action. This conjecture is supported by [16] and [26].

Bull Braz Math Soc, Vol. 34, N. 2, 2003



290 RICHARD URZUA LUZ

1.3 Examples

We now give the simplest example of affine Z2-action which does not act by
translations and the first cohomology group is isomorphic to R?.
Let ¢ be an affine Z>-action on T2 generated on the covering R? by

orx,y) =& +oa,x+Yy)

and
(52()6’ y) = (xs y +ﬂ)

The action g satisfies the irrationality condition and Diophantine condition on I
if and only if « is a Diophantine number and S is irrational number. The second
cohomology depends on 8. Itis isomorphic to R if 8 is Diophantine and it is non-
Hausdorff if 8 is Liouville [15]. Contrasting with this a Z”-action by translations
on T is Diophantine if only if the first cohomology is finite dimensional and
thus its cohomology is necessarily isomorphic to the real cohomology of 77 [1].

An other interesting example is that of an affine Z?-action on torus 7° such
that the induced action on cohomology has infinitely many isotropy groups and
the first cohomology group of the action is finite dimensional. The action is
generated on the covering R> by

@1(x1, X2, X3, Xq, X5) = (X1 + X4, X2 + X5, X3 + B, X4 + @, X5)
and
@2(x1, X2, X3, X4, X5) = (X1 + ¥, X2 + X4, X3 + X5, X4, X5 + ).

If « is a Diophantine number and «, 8 and y are linearly independent over the
rational numbers then the action satisfies the hypothesis of the Theorem 1.

2 On affine minimal Z?-actions on 79

Let ¢ be a ZP-action on T9. Since ¢, acts by automorphisms of Z7 it induces
a ZP- action ¢g by automorphisms of 77 referred to as the linear part of the
action ¢. The action ¢ can be written uniquely as ¢(£) = t(£)po(£), L € ZP
where 7 : Z? —> T is acocycle over ggi.e. T(£+ L") = t(£)po(£)T(£') for all
£,0 € 7ZP. We call T is the translation cocycle of ¢. Alifting o : Z? — RY,
on the covering R? m o @ = 7 of 7 is not in general a cocycle over the action ¢,
but (£ +¢) = a(f) + p.(Da ) + kL, '), k(¢,¢") € Z1. The action ¢ can
be lift to a ZP-action ¢ = @, + « if and only if the affine Z”-action ¢ is isotopic
to its linear part ¢g.

Proposition 2.1. If an affine Z”-action ¢ on TY is minimal then o (¢,) = {1}.
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Proof. We first show that 1 € o (¢, (£)) forall £ € Z”. In fact, if 1 € o (¢.(€y)
for some ¢y, € ZP then ¢(ly) has a fixed point xg = 7 (Xy) where xo = (id —
0 (L)' (ly), o : ZP — RY being any lifting of the translation cocycle of
¢ and w : R? — T be the covering map. So the closure of the ¢-orbit of x
is left fixed by ¢(£y) and as ¢ is minimal then ¢ () is the identity map of 77,
giving a contradiction.

Assume now there exist £y € Z” such that o (p.(€y)) # {1}. Let p(x) =
(x —1)™q (x) be the primary decomposition of the minimal polynomial of ¢, (£y)
over Q[x].

Thus there is decomposition R? = E| & E,, where E; = ker(id — ¢, (£y))"
and £, = kerq(¢.(£y)) are invariant by the action ¢,, and E; has a basis in
ZP. Decompose a lifting of the translation cocycle of ¢ as a({) = o(£) +
ar(£), £ € ZP. Now it is easy to verify that the translation T{ =id+¢,¢ =
(id — ¢.(£9)) a1 (£y) conjugate ¢ with the action ¢; given on the covering
RIby ¢1(£) = @s(€) + a1 (€) +7(L), r(€) € E2NQY, r(ly) =0, ie. p1(f) =
T-'o@)oT,, £c ZP and ¢, is not minimal since the orbit of 77 (0) lies in

o
finitely many tori of dimension less than ¢ if degree of g(x) > 1. 0

For p = 1 the above proposition is a result of F.J. Hahn [5].
There is an algebraic characterization of minimal actions.
Let I' C Z1 be the set of fixed points of ¢*, i.e.,

F={keZ!|¢*(Ok =k, forall £ € Z"}.

We say that ¢ satisfies the irrationality condition on I if for each k € I' — {0}
there exist £ € Z? such that
(k,a(0)) & Z

where ¢(£) = ¢, (€) + a(£) is any lift of ¢(£) to the covering RY.
We prove

Theorem 2. Let ¢ be an affine ZP-action on T with o (¢,) = {1}. The following
data are equivalent

1. @ satisfies the irrationality condition on I.

2. @ is ergodic with respect to the Haar measure on T1.
3. @ is uniquely ergodic.

4. @ has a dense orbit.

5. @ is a minimal action.
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Proof. 1. = 2. Itis sufficient to show that any function f € L*(T%, m) such
that

foel) = fae.
for all £ € Z” is constant a.e. In fact, the Fourier coefficients of f satisfy
oo k) = €2m(k’(¢*(z))_lw»ﬁw*(e))—'k = k) (1)

Ifk € I' {0}, then from (1) we obtain that f;, = ¢2/*(®) f and >/ |
since ¢ satisfies the irrationality conditionon I'. Thus f; = 0, forall k € I" —{0}.

If k ¢ T' — {0} there exist £y € Z” such that ¢*(£y) "'k # k. As o (¢*(£y)) =
{1}, the sequence {¢p*(nfy)k} is infinite. For each n € Z we take £ = nf, in
(1), as lim,,, 100 |@*(nLo)k| = lim,_ 1o |@*(£p)"k| = 0o0. By The Riemann -
Lebesgue Theorem gives ﬁ = 0.

2. = 4. Itfollows from the fact that ¢ is ergodic with respect to the Haar measure
onT9.

4. = 5. If ¢ = 1, a dense orbit trivially implies minimality because ¢ acts by
rotations of the circle. Let us assume that the result is true forqg = n — 1. We
show it is true for ¢ = n. Since o (¢,) = {1}, we may assume that the matrices
@+ (£) are lower triangular and thus have

9(£)(z1, 22) = (p1(O)(z1), B(O)z2B(£)(21)) (2

where z; € T" !, z, € T', B(¢) € T! for all £ € ZP, ¢, is an action of Z” on
the affine group of 7", and B(¢) is an homomorphism of 7"~ ! in T'!. Observe
that if the g-orbit of (z9,z3) by ¢ is dense in T", then the ¢;-orbit of z¥ is
dense in 7", so by the induction assumption ¢ is minimal. Therefore for each
z=1(z1,22) € T""' x T! we have

AR ={pO@) [€eZ Nz} x T # ¢.
As the orbit of ¢ at every point of {z} x T is dense in 7", then A(z) = T".

3. = 5. This follows from the fact that the only invariant measure is the Haar
measure.

2. = 3. If g = 1, then @ acts as rotations of the circle, theng is uniquely ergodic.

Let us assume that it is true for ¢ = n — 1. We show that it is true for g = n.
From (2) we see that if ¢ is ergodic then ¢, is ergodic and by the induction

hypothesis ¢; is uniquely ergodic,therefore ¢ is uniquely ergodic [21].

5. = 1. If ¢ does not satisfies the irrationality condition on I, then there exist &,
so that (kg, @ (£)) € Z for all £ € Z? and the function cos(2m (kg, x)) is invariant
by ¢ therefore ¢ is not minimal. O
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Problem 1. Let A a homomorphism of Z” into GL(g, Z) with spectrum 1.
Give a necessary and sufficient condition for the existence of a minimal affine
ZP -action on T? whose induced action on the first homology group of 77 is
precisely A.

3 The first cohomology group of affine Z”-actions on tori

A function f : Z? — C*(T?) is a 1-cocycle of an affine Z?- action ¢ on T? if
F+0) = fFO)+f()op(L), forall £and £’ inZP. Theset Z' (Z”, Co(T?)) of
all 1-cocycles f : ZP — C°°(T?) of an affine Z”-action ¢ on T?is an abelian
group. A l-cocycle f is trivial or a 1-coboundary if f(€) = h — h o ¢(£)
for some h € C®(T?) and all £ € Z”. The set B (Z”, C,2(T?)) of all 1-
coboundaries of ¢ is a subgroup of Z!(Z?, C,o(T?)) and H'\(ZP, Co(11) =
ZY(ZP, C>®(T1))/B'(ZP, C®(T?)) is the first cohomology group of ¢.

Since the Haar measure m is invariant by ¢ then to each 1-cocycle f of ¢ there
corresponds a homomorphism m(f) : Z¥ — R, m(f)(£) = [, f(£)dm,
£ € Z*. Thus we have the decomposition

AV/S C*(T%) = Hom(Z", R) & ker m (3)

where kerm = {f € Z!(Z”, Co(Th) | m(f)(€) =0forall £ € Z7}.
We now prove the Theorem 1.

Proof. The implication 2 = 3 is trivial. The main implication 1 = 2 is proved
in Section 5; we now prove the implication 3 = 1.

Suppose that ¢ does not verify any Diophantine condition on the fixed points
of ¢*. We show that the first cohomology group of ¢ is non-Hausdorff. In fact
there exist j, 1 < j < p and a sequence {k};>; in I" such that |k;| — oo as
§ — 00

0 < l[(ks, (el = [max (ks (eIl < lhs|™". (4)

We construct a non-trivial cocycle sequence f : Z? — C*°(T?) of ¢ where as
before ¢(£) = ¢.(£) + a(£) is a lifting of ¢ (£) to the covering R? which is the
limit in the C* topology of coboundaries. For each £ € Z? — {0} we consider
the function f(£) given by the Fourier series

o0

f(g) — Z [(1 _ e—2ni(ks,a(()>)¢_ks + (1 _ 6271'[<kx,0l(£)))¢k§:|

s=1

where as usual ¢ = e>71%¥),
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From (4) we get
0 < [[(ks, (@] = 161+ [1ks, eIl < 161+ 1| ™ 5)

which shows that the above Fourier series converges in the C* topology to a
C® function f(¥) : T? — R.

From (5) we see that f : Z? — C*(T?), £ — f(¥) is a cocycle since the
sequence {k,} consists of fixed points of the action ¢*. The partial sums S, (£) of
the Fourier series of f(£) also define cocycles S, (£) : Z? — C*°(T?) which
are clearly coboundaries. Now we show that f is not a coboundary. Suppose
that f(€) = h — h o ¢(£) for some C* function 4 and all £ € Z”.

Thus for s > 1 we have

F@ k) = (1 — Xtk

and ﬁ(ks) = 1, contradicting the Riemann-Lebesgue theorem. O

The distributions on 79 which are invariant by ¢ play an important role on the
computation of the cohomology of ¢, and are discussed in the next section.
4 Invariant distributions and the first cohomology group

Let ¢ be an affine Z”- action on 77 and I be an isotropy group of the induced
action ¢*. Choose a subgroup H of Z” so that I N H = {0}. Fix k € Z? so
that 7 (k) = I. Since ¢*(£)k # k for all £ € H and the Fourier series of any
h € C°°(T1) is absolutely convergent, see [14], the series

3 (o p@) k)

teH

is also absolutely convergent. Thus

Py =" (o p(@) (k). h e CX(TY) (©)
teH

defines a distribution p}? invariant by the restriction of ¢ to H i.e.
p,f"(h op()) = p,f(h), foreach h € C*°(T?) and for all £ € H.
Moreover a routine computation shows that
pi (hog(l)) = W OO ] (), forall £ € ZP. (7)
Thus if € € I, then p/T(h — h o p(£)) = (1 — > k@O pH (1),
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We denote by p,f the distribution corresponding to the cyclic group H generated
by ¢ € ZP — I. This distribution is invariant by ¢ (£).

Proposition 4.1. Let ¢ be an affine ZP-action on T with o (¢,) = {1}. If the
first cohomology group of ¢ is finite dimensional, then @ satisfies the irrationality
condition.

Proof. Suppose that ¢ does not satisfies the irrationality condition, then there
exist k € Z¢ — {0} so that dimI (k) > p — 1 and

(k,o(£)) € Z, forall £ € I(k). ®)

We show that the first cohomology of ¢ is infinite dimensional. We first notice
that I (nk) = I (k) and (nk,x(£)) € Z foralln € Z, n # 0.
We consider two cases.

Casel. [I(k) =7Z"*.

We construct an infinite sequence of cocycles f,, n € Z — {0} giving linearly
independent cohomology classes in the first cohomology group of ¢. Since
(nk, p(£)x) — (nk, x) is integer for all £ € Z” and each n in Z then f,(¢) =
Lycos2m(nk,-), £ = (£y,...,L,) € ZP defines a cocycle for each n € Z.
Moreover for any smooth function # : 79 — R we have that

(h o ¢(£))(nk) = h(nk), forall £ € ZP and all n € Z.

From this we see easily that the cocycles f, give an infinite linearly independent
sequence of cohomology classes.

Case2. dimlI(k)=p—1.

In this case there is, 1 < i < psothate; ¢ I(k). Thus Z7 = I(k) ® H
where H is the subgroup generated by ¢;. Let p, as in (6) be the distributions
invariant by ¢(e;). Now we choose functions 2, € C*°(T?), such that h,(k) = 0
if k does not belong to the orbit p*(je;)nk, j € Z of nk for each n € Z — {0}.
We now define an infinite sequence of cocycles f, of ¢ as follows f,(je;) =
hy + hy o @(e)) + -+ + hy 0 9((j — Dey), for j = 0 and f,(je)) = —(h, +
h,o@(—e)+ -4+ h,op(—( — 1e;)), for j < O forall £ € I(k). Thus
fn(je) o (k) = fu(jer). We see from (8) that (¢*(O)nk, a(€)) = n(k, c(£))
is an integer. The mappings f, : ZP —> C*>(T?) given by f,(¢) = f,(P(£))
where P is the projection onto H, Z” = I (k) @ H are easily seen to be linearly
independent cohomology classes in the first cohomology of ¢. O
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Let ¢ be an affine Z”-action on the torus 77. For each isotropy group of ¢*
we consider the submodule M; = {f € C*°(T?)|f(k) = 0forall k, I(k) # I}
of C;O(T‘f). For each f € C*°(TY), f; denotes the projection of f onto M.

Lemma 4.2. Let ¢ be an affine ZP-action on the torus T? and I # ZP be an
isotropy group of the action ¢*. Suppose that for some £ & I and f € C*(T?)
we have the equations

,o,f(f) =O0forallk € 79, satisfying I (k) = I. 9)
Then there is a function h; € M, so that
hy —hpoe(t) = fr.
Moreover for each r > 1 the Fourier coefficients of h; satisfy the inequality
|l/z\1(k)| < C)|k|™" forall k, suchthat I (k) =1

where the constant C(r) dependent only on r, f and .

Proof. Consider the number given by (9) we have

Rk =" (fopmO)k) = — > (f o p(—n) (k) (10)

n>0 n=1
forall k € Z4, I (k) = I. R
Now we show that the Fourier series » keza.1(=1 N(K)$p defines a function

in Mj i.e., for each m > O there exist C(m) > 0 such that |71\(k)| - k™ < C(m),
forall k € Z9 — {0}, I1(k) = I. For each k € Z4 — {0}, I (k) = I there exist
ko € Z4 in the orbit of k by ¢*(£) such that

lp*(nl)ko| > |ko|, forall n € Z.

By Lemma A in the appendix there is aconstant £ > 0 so that |p*(nf)ky| > E|n|
for all n € Z. Consider ng € Z such that k = (p*(n,QE)ko. Since f € C*(T?)
then for each s > 0 there exist C’'(s) > 0 so that | f (k)| - |k|* < C’(s). There
two possibilities.

If ny > 0 we choose in (10) the equation

Rk ==Y (fop(n0)(k) = Y &0 Fp* (noyk).

n>1 n>1

Taking s = m + r, where r will be chosen later, we have that

7001 - k" < C' K" e l¢* (noOkol"
RG] 1K™ = C'm +1) Y ey = C'0n +1) 3 it

n>1 n>1
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Aso (¢*(£)) = {1} then N (¢£) = ¢*(£)—id is anilpotent matrix, thus N (£)¢ = 0,
for some 1 < d < g. Thus there is Cy > 0 so that for every ny € Z

|9*(no8)| < Comax(l, |ngl™").

Hence |¢*(nol)ko| < Comax(1, |n0|d_1)|ko| and

-~ m / m max(1,]no|*~")" [ko|™
|h(k)| : |k| = C (m + r)c() [@* ((n+no)O)ko |+
n>1
d—1\m
< C'm+nCypE™" )y  muCanl )7

n>1
Choosing r = m(d — 1) + 1 + &, for some ¢ > 0 we have that
néd—l)m 1
< .
(n+ng) — (n+ng)tte

Thus |2(k)| - [k|™ < C(m), where

1
nl+s

C(m)=C'(md +1+&)ClE™ )

n>1

depends on £ but not on /.
The case ny < 0 follows in a similar way considering that

Wy =" fopmo)) =Y keI,
n>0 n>0

From (10) we easily that i; — h; o p(£) = f;. [l

5 Computing the first cohomology group

Lemma 5.1. Let ¢ : Z7 — Affine(T?) be a minimal action and I be an
isotropy group of ¢*. Let £ ¢ I and h € LY(T?,R). If3*h=h—hop() =0
then h(k) = 0 for all k € Z1 such that 1 (k) = 1.

Proof. The equation 34 = 0 implies that h — h o ¢(n€) = 0 for all n € Z.
Thus R _ R
h(k) — 62711((/2 (7n€)k,oz(n€))h(p*(_n£)k'

then since £ ¢ I 1im, . |¢*(—n)k| = oo and since h € L'(T%,R) we con-
clude that (k) = 0. [l
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Let f € Z'(Z”, ker m) be an 1-cocycle. We prove that for each isotropy group
I of ¢* the cocycle f; : ZP — M;, f;(£) = f(£); as in Lemma 4.2 is trivial,
1.e., there is h; € M; so that

fil) =h; —h;o@(), forall £ € ZP

where f(£); denotes the projection of f(£) € kerm onto M;. Moreover we
prove that for all » > 1 there is C(r) > 0 independent of I such that

|l < ORI
So h =), h; defines a function in M, such that for all £ € Z”

h—hogp(l)= f().
This proves that f € Z'(Z”, ker m) is a coboundary and H'(Z?, ker m) = 0.
Proof of the Theorem 1. It remains to prove the implication 1 = 2. Let I be

an isotropy group and let {ey, ... , e,} be the canonical base of Z”. Let f be a
1-cocycle.

Casel. I =7". Fork € I exist £’ such that e27/%-2®)) £ 1 Define

7@ k)

h(k) = | _ e2nilka@))

From the cocycle equation

JU+E) = O+ f()op) = fU)+ f(D)op)

we get

fW) = f)opl)= f() — f() o) forall £ € ZF
thus
f(g Yk)(1 — i ka([) f(g)(k)(l 2 (ko (¢ )))

and we have (k) (1 — e27ike©)y = F(0) (k).
By the Diophantine condition there exist § > 0 and C > 0 such that for each
of k e I, thereis j, 1 < j < p sothat

|{k, a(e;))]l > Clk|~*.

and for all r > 1 there exist C(r) > 0 such that ||(k, a(¢;))|| = G > 0.
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~ o Flep®
Thus h(k) = m and therefore
~ Fe))k C(r)C™!
o= HEeWl o

|1 _ eZni(k,a(ej))| - |k|r—/3

Thus the function h; = ) . ﬁ(k)d)(k) € M satisfies hy — h; o (£) = f(£)y,
forall £ € I = 7P, where f(£); € M| is the projection of f(£) € My onto M;.

Case2. diml =p—1. Letl <i < psuchthate; ¢ I. By the, irrationality
condition, for each k € Z9 — {0} such that I (k) = I there is £’ € I so that
eZritka)) £ 1 From the cocycle equation

JU) = f)ogle) = fle) — fle) op(t)

we get pi (3¢ f(e1)) = pf (3% f(£')) = 0. From (7) and the irrationality condi-
tion we see that p,fi (Be/f(el-)) = 0. By Lemma 4.2 there is #; € M, such that
fled)r=h; —hjope).

Projecting the cocycle equation onto M; we get

J1(0) = fi(€) o p(ei) = fle)r — fle)rog(l) =
=h;—hyo@) — (h; —hoe(l))op(e)

Thus by Lemma 5.1 we see that f(£); = h; — h; o ¢(€) forall £ € Z7.
Note that Lemma 4.2 implies that for every » > 1 there is C(r) > 0, only
depending in f(ey), ..., f(e,) and independent of /, such that

Ry (k)| < C(r)lk]™".

Case3. dim/ < p — 1. There are ¢; and e; so that H N I = {0}, where H is
subgroup generated by e; and e;. Thus for each k € Z9, I (k) = I we have that

©*(Dk # kforall ¢ € H. (11
From the cocycle equation
flej) — flej) ogle) = fle) — fe) ogle;)
a routine computation shows that

oi (f(e) = pi(f(ei) o p(ne;)) foralln € Z
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from (7) we get

P (f () = X CHeNbaCeD ol i(f(en) foralln € Z. (12)

Since the series in (6) is absolutely convergent from (11) we see that
nlin;o p;i*(_nej)k(f(ei)) =0.

Now from (12) we get p,f" (f(e;)) = 0 and we proceed as in the Case 2 above.
In both case 2 and 3 Lemma 4.2 implies that for every r > 1 thereis C(r) > 0,
only depending on f(e;), ..., f(e,) and independent of /, such that

iy (k)| < C(r)lk| ™" O

Appendix

Lemma A. Let A € GL(q, Z) such that 6 (A) = {1}. Then there is C > 0
such that for all n € 7 and all k € 79 satisfying Ak # k, either |A"k| > C|n|
or k| = C|n|.

Proof. By Jordan canonical form theorem there is a P € M(q, Z) such that
P AP~ !isinupper triangular Jordan form, which means there is a decomposition
of PAP~!into a direct sums of Jordan blocks. It is enough to prove the lemma
for each Jordan block.

If J is am x m Jordan block then there is €(m) so that

1 1 j—1
|—(1—==)--(1—-=——)|>e€(@m)foralln € Z
Jj! n n
and j, 1 < j <m — 1 suchthatn > j or equivalently
| <;’> | > e(m)|n}/ foralln € Zand 1 < j <m — L suchthatn > j. (13)

Take C = mil, suppose that |k| < C|n| for some k € Z% — {0} such that Jk # k

and n € Z — {0}, we show that |J"k| > C|n|. In fact, the first coordinate of J"k
is equal to

k1+nk2+-~+(’;)k,+~-+(m”_1>kmwherek:(kl,... o).

Let j,0 < j < m — 1 be the largest integer so that (’;) k; # 0. Since Jk # k
then j > 0.
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Note that,

lky + -+ (j ﬁ 1) ki_1| < mln|/™!

m .
n| = glnl’.
1

m +

Now from the inequality (13) we get

n n m : I3
ki+ky+---+ ki| > kil — > .
k1 2 <J) ]|_|<J~) il 18|n| = 1|n|

Thus |J"k| > —*—|n| and the lemma follows for J with C = &m) Il

m+1 m+1"
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