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A stabilization law for two semi-infinite
interacting strings of characters

A.A. Yambartsev! and A.A. Zamyatin?

Abstract. We consider a Markov chain that describes the evolution of two interacting
strings of symbols. The transitions probalitities of this Markov chain depend only on
the rightmost symbols of both strings. The main goal of the present paper is to prove a
limit theorem (stabilization law): the distribution of the rightmost symbols converges to
some limit correlation function.

Keywords: Markov chain, stabilization law, string of character.
Mathematical subject classification: 60J05, 60K35.

1 Introduction

A finite string is just a sequence of symbols from a finite alphabet S = {1, 2, ..., r}.
We consider Markov chains with the state space equal to the set of pairs of strings

(f,_)_)),i:(.X],... 7-xn)5)—):(y1"" 7ym)

where x;, y; take values from the alphabet S. One-step transition consists in
substituting x,, with some word y and y,, with some word §. Each of y and § can
have 0, 1 or 2 symbols. One-step transition probabilities depend only on x,,, y,
Ym» 8.

Some transience and ergodicity conditions for this Markov chain were given
in [6].

Note that if » = 1 then this reduces to well-known theory of random walks in
Zi. The case r > 1 is much more complicated.

We consider also semi-infinite strings which are infinite sequences
o = ...X,—1, X, with values in the same alphabet. Evolution of two interacting
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362 A.A. YAMBARTSEV and A. A. ZAMYATIN

semi-infinite strings is defined similarly by the same transition probabilities as
for finite strings. This Markov process will be called induced chain. The in-
duced chain is an uncountable Markov chain, and it describes the behavior of
our process far from the origin.

It is natural to introduce invariant measures for the induced chains, and with
invariant measures we associate drift vectors that give longtime behavior of the
process under consideration. The main problem is that the induced chain may
have continuum of invariant measures, so there may exist continuum of drift
vectors. We will say that an invariant measure, say with 2-dimensional drift
vector v = (v1, V), has the type (o1, 02), if 07 = sign(vy), oy = sign(vy). It
was shown [6] that some induced chains may have invariant measures of various
types.

The main goal of the present paper is to prove some limit theorems (stabiliza-
tion laws) for induced chains. Namely, let ;(¢) be the length (or coordinate of
the rightmost symbol) of i-th string at time ¢. Then, under an appropriate choice
of the initial distribution, one can show the following:

* ast — 00, the distribution of symbols inside strings tends to some invari-
ant measure [.

e ast —> o0

n;(1)
lz — v; (W),

where v; (1) are components of the drift vector corresponding to the in-

variant measure (.

To obtain the stabilization law we will suppose that for the induced chain all
invariant measures have the same type (—, +). In this case it is possible to
construct a local Lyapunov function for the induced chain.

Some stabilization laws for one string were given in [2, 3, 5], A stabilization
law for two strings, when there is the unique invariant measure of type (+, +),
was proved in [5].

The paper is organized as follows. In Section 2 we give definitions and for-
mulate the main result. There we prove also some auxiliary results. In Section 3
we prove the main result.

2 Definitions and Results

Finite strings. Fix a finite set (an alphabet) S = {1, 2, ...r}. A finite string is
a finite sequence of symbols from S:

o =X1Xp...X,, X;€S.
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A STABILIZATION LAW FOR TWO SEMI-INFINITE INTERACTING STRINGS 363

We denote by |«| the length of the sequence «, and by ¥ the empty string of
length 0. Let A be the set of all finite strings, including the empty one. The
concatenation of two strings & = x1x,...x, and 8 = y;y, ...y, is defined by
aff = X1X2. .. Xpym, Where X, 11 = y1, ... , Xugm = Yn.

Let A2 = A x A. Anelement @ € A? is a pair of finite strings

a=(x,a), o €A.

The concatenation of two pairs of finite strings @ = (a1, oz) and 8 = (B, B2)
is defined by o = (o181, ®28,). For any pair « € A? denote by

la| = (le], Jeea )

the vector of lengths of strings o, ap. We will write |a| < ¢ = (¢, ¢p), if
lo;| <c¢;,i = 1,2, where ¢y, ¢ € er.

Semi-infinite strings. A semi-infinite string is an infinite sequence
o = ...Yy—1Y, of symbols from the alphabet with a specified enumeration. The
set of all semi-infinite strings is denoted by A ;. The concatenation py of a semi-
infinite string p = ... y,—1yn € A and a finite string y = x1x...x, € A is
defined by py = ... Vn—1YnYust1 - - - Yutm, Where yop = x5, k=1,...,m.

Let A2 = A, x A. The concatenation py of the pair of semi-infinite
strings p = (p1, p2) € ﬂio and the pair of finite strings y = (1, y2) € A% is
given by py = (p1y1, p2y2)-

Define now a discrete time homogeneous Markov chain £, on the set lego.
Let£(¢t) = (£1(2), & (t)) denote the state of the chain at time . Fix some d € N,
and let d = (d,d). Assume that the transition probabilities P{&(r 4+ 1) =
BIE(t) = a} # Oonlyif B = pb, o = py, where p € A2, and y,0 € A?
such that |y| = d, |0] < 2d. Assume also that the transition probabilities
P{&(t+1) = pB|&(t) = py} donotdepend on p but only on y, 6. By definition,
we put

q(y,0) =P{E@ +1) = p0|§(t) = py}. ey

Invariant measures. LetZ_ = {... — 2, —1,0}. By By, = S% we denote
the infinite product space ]_[?:700 S;, where S; = S for all i, endowed with the
product topology. An element n € B, is a (left) semi-infinite sequence n =
...X_1X0, X; € S. One can consider a semi-infinite stringo = ... y,_1y, € Ao
as a pair (n(«), n(a)), where n(a) € Z is the position of the right most symbol
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of the string (or the position of the particle) and () is an infinite sequence (the
environment on the left of the particle), i.e. a function n(«) : Z_ — S such that

n(a) =...x_1x9 € Bs Where x; = y;y,,, n = n(a).

Let B, = Bo X Boo. The process £(1) = (§1(t), £(1)) can be represented as
£(t) = (n(t), n(t)), where

n(t) = (n1(1), na(1)) = (1(E1(1), n(&1)) € 22

is the vector of the coordinates of the right most symbols at time ¢, and

n(t) = (i (1), (1) = (& @), n(E(1))) € B

is the state of the environment on the left of the particle. Note that the component
n(t) is Markov chain also.

Let dy be any metric on S. Denote by P the set of all probability measures on
B2, with the weak topology. B, is a compact metric space, equipped with the
metric d(&, ) on By:

0
A m =Y 27 Mdy(xi, y),

i=—o00

So, P is a compact space in the weak topology.

For o € A, (B) we denote by [«], the rightmost substring of length #, i.e.
[a], = y, where |y| = n, means that « = py for some p € A,. With the
Markov chain £, we associate the following correlation functions:

pi(v1p) = p:(v1, valp) = P{LEI(D]1) = 1, [62(0)] ) = 1216(0) = p},

where y € A2 and p € ﬂgo is the initial state of the chain. Note that

pi(vlp) = P{Im@®]1 = vi, 2Oy, = v2 | n(0) = n(p)}.

The definition of the correlation functions does not depend on 7(0) and we will
assume that n(0) = (0, 0) unless otherwise stated, i.e. this definition depends
only on the component 7(¢), which is a Markov process on B2_; and when we
say about distribution of &£ (#) we mean the distribution of n(¢). If the initial state
of the chain has some distribution v € P we will write p,(y|v).

Foreach ¢ correlation functions p, (y |v) uniquely define the measure u(t) € P,
where 1 (0) = v. We will say that wu(¢) is the distribution of the chain £, at
time .
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A STABILIZATION LAW FOR TWO SEMI-INFINITE INTERACTING STRINGS 365

Definition 1. Measure u € P is called invariant for the chain L, if 1(0) =
implies u(t) = wu forall t.

Denote by M the set of all invariant measures for chain £,,. Obviously M
is a convex subset of P, closed in the weak topology. So M is compact, since
P is compact. By Krein-Milman’s theorem M is the closed convex hull of M,,
where M, is the set of all extreme points for M.

The following proposition from [6] is a simple consequence of compactness
of P.

Proposition 1. M is nonempty.

Let p,(y), ¥y € A2, denote the correlation functions corresponding to measure
€ M. To each invariant measure u we associate the drift vector v(u)

v(p) = (vi(w), v2(n) = Z(IQI —d)g(y,pu(y), (2)
y.0
where the summation is over all y, 6 such that || = d and |0| < 2d. With each

invariant measure @ we associate also the vector of signs

sign(p) = (sign(vi(n)), sign(v2(u))),

where sign(v;(i)) = {—, 0, +}. There are 9 of such vectors, and we will speak
about invariant measures of the corresponding type. An invariant measure [
is called (o1, 0z)-measure, or measure of type (o1, 02), if sign(n) = (o1, 02),
where o; = {—, 0, +}.

The idea to implement invariant measures to characterise the large time be-
haviour of strings is based on the following lemma.

Lemma 1. Suppose that we start with some invariant measure u € M,. Then

2l — v(p),

P, almost surely.

Proof. The proof is straightforward and follows from Birkhoff’s ergodic theo-
rem. U
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Invariant (—, +)- measure. In this paper we assume that all invariant mea-
sures have the same type (—, +). Introduce the following Lyapunov conditions:
there exist ¢ > 0 and a bounded function k = k(p), 0 < k(p) < C such that for
all initial configurations p p = (p1, p2) € .’Bgo, n=n,n) eZ?

E(mi(k(p)) —n1(0) [ §(0) = (n, p)) < —e, 3)
E(na(k(p)) —n2(0) | §(0) = (n, p)) > &. 4
The following result was proved in [6].
Theorem 1. The following statements are equivalent:

(i) the set M consists only of invariant measures of type (—, +);

(ii) Lyapunov conditions (3) and (4) hold.

Stabilization law. Below we will assume that d = 1, i.e. the transition proba-
bilities g (y1, ¥2; 61, 6») depend only on the rightmost symbols, i.e. |y1| = [y2| =
1 and |6;| < 2. Assume also that the initial distribution of the Markov chain & (¢)
has the form:

Mo =V X 8y, &)

where v = ®i_:°§v,~ is the Bernoulli measure, i.e. v; are i.i. distributions on S and
d,, is the Dirac measure, which assigns the mass 1 to p, € B.

Theorem 2. Suppose that Lyapunov conditions (3) and (4) hold, and the initial
distribution g is given by (5). Then

(i) forally = (y1, ) € A?
lm p,(ylpo) = pu(), (6)

where p, (y) are the correlation functions of some invariant measure (L €
M. Moreover, the convergence in (6) is exponentially fast, i.e. there is
some x > 0, such that

pi(ylno) — pu(y)| < C(y)e ™, 7
for some C(y) depending on y.
(ii) Let v; (1) be given by (2). Then

it
nT() —> v; () a.s. whent — o0, ®)

where vi(u) < 0, vo(u) > 0.
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Formula for correlation functions of the invariant measure ;. We give a
formula for the correlation functions of the measure . Let us introduce the
following notation.

Define a strictly increasing sequence of random moments 7, by

™ =minft : n,(t) = n,(0) —n}, 7¥ =0 ©)

It follows from Lyapunov condition (3) that P{z™ < oo} = 1 for all n. We will
say that £ is the n-th renewal moment. It is evident that for all n the marginal
distribution of the first string at the moment ™ coincides with Bernoulli measure
v, and that P (™) = pu1(0).

Let 8, B1, B» € A\ {#} and

Bg = {peBs: [plp =B,
B.py = Bpg x Bg,

{p=(p1,0) € BL : [pilipy = Bis [o2]igs = Ba)-

Consider the following events:

Glt; Bl = {m@) € Bg,na(t) = na2(0) + [B] — 1
and for all k € (0, t] no(k) > n,(0)},
Fit;n] = {t% <, t""Y > randforany k <n

there exists s; € (t%, ] such that n,(s) < na(z®)).

For all finite strings 8, B1, > € A\ {#} and for all symbols b € S define the
quantities:

v(B.1) = » P{r™ =1.m(t) € By | o). (10)

n=1

t
w(b; Bi. fot) = Y P{ni(t) € By, Glt: o] Fltsn] | v x 8,5} (11)

n=1

By definition v(8, t) depends on the initial distribution o = v x §,,, but
w(b; B1, Ba, t) depends only on v and b. For sake of simplicity we will not
indicate this dependence.

We will show in Section 3.1 (Lemma 4 and Corollary 1) that for all nonempty
words B € A there exists a positive limit

lim (B, 1) = v(B).
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and

o0
w(b, i, )=y > wb; y1,ay, 1) < o0,

t=1 aeA

Db, y1, ) =) w(b; y1, 2, 1) < 00

r=I
Then the following representation for the correlation functions holds.
Theorem 3. The correlation functions of the invariant measure | are given by

pu(y) =D vBwbi vy + Yy, Y. vBbb; n,y"). (12)

beS beS y',y" € A\{0}:
r=v'y"

3 Proofs
3.1 Proofs of Theorem 2 and Theorem 3

The proof of main results is based on the following lemmas.

Lemma 2. Let g be the initial distribution given by (5) and let us fix y =
(71, v2) € A% Then

pivlno) = D Y v, ) Y wbi v, Bya ) (13)

beS t1+tr=t BeA

+>0 D v wbin,y" ) .0,

beS n+n=t y' y"c A\{B}:
y=y'y"

where
t
r(y.t) = Y _P{n() € B, and F[t; n] | o}
n=0

We will prove this lemma in Section 3.2.
Fix some nonempty finite word . Let

Ty = min{t™ such that n,(t") € Bg (14)

and forall t > ™ ny(t) > ny(r™)},

We will say that Tg is a B - renewal moment.

Bull Braz Math Soc, Vol. 34, N. 3, 2003



A STABILIZATION LAW FOR TWO SEMI-INFINITE INTERACTING STRINGS 369

Lemma 3. There exist constants C, §, such that

P{Ty >1|8,} <Ce™, (15)

for every initial state p = (p1, p2).
We will prove it in Section 3.3.
Corollary 1. There exist constants Cy, §; such that

1t

r(y,t) < Cre ",
w(b; Br, B, 1) < Cre,
forally = (y1,v2), vi, i € A\ {0}, b eS.
The corollary immediately follows from the evident inequalities
r(y,t) < P{minT, > ¢},
beS

w(b; Bi, Br,t) < P{min T}, > ¢}.
beS

Note that the constants in the corollary do not depend on y;, 8; and b.
Lemma 4. Suppose that o = v x 8,, be the initial distribution (see (5)) and
v(B, t) is given by (10). Then for all nonempty finite B € ‘A there exists

lim v(B, 1) = v(B) >0,

—>00

where v(B) does not depend on p,. Moreover, the convergence is exponentially

fast:
(B, 1) —v(B)| < Cpe™,

for some §,Cg > 0.

We will prove Lemma 4 in Section 3.4.
For all y;, y» € A\ {#} and b € S introduce

o
U)(b, Y1, VZ) = Z Z U)(b, Y1, aya, t)v

t=1 aeA

w(b, yi, ) = Z w(b; y1, 2, ).

t=1
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Thanks to Corollary 1 the above series are convergent. Hence, Lemma 4 gives
that

lim pi(yluo) = Y v@wb. iy +) Y v@'DBG. .y

beS beS y/,y”e_%\/{,@}:

n=yv

and the convergence of correlation functions is exponentially fast. This proves
Theorem 2 and Theorem 3. U

3.2 Proof of Lemma 2

Let us fix some p = (o1, 02) € .’Bgo and consider the following set of trajectories
of the process L:

Q,(t) ={I' =gog1..-& : g0 =10,0), pl},

where g = [n(k), n(k)] = [(n1(k), no(k)), (ni(k), n2(k))] s the state of the
process at the moment k, and |I"| is the length of trajectory I', |I'| = ¢ 4 1. Let
us fix some pair of finite words ¥ = (y1, y2) € A% Define subset ,(y, 1) C

Q,(1) :
Q,(y.1) ={T € Q,(t) : n(1) € B}}.

The correlation functions p;(y|8,) can be given by the formula

py1s,) = ) 1), (16)

FeQ,(y.1)
where 7(I") is the weight of the trajectory I':
t
1) = [ [Plait — &t
i=1

Fix a symbol b € S. With each trajectory I' € ,(y, t) one can associate a
sequence of moments T;(I", b), i =1, ..., n(T", b) such that

(1) forall k < T; ny(k) > n(T;), i.e. T; is a renewal moment; if n{(0) —
ni(T;) = n, then we will write 7, = t;

(i1) na2(T;) € By;

(iii) for all k € (T;, t] na(k) > nyo(T;).
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A STABILIZATION LAW FOR TWO SEMI-INFINITE INTERACTING STRINGS 371
If for a fixed I' it is not possible to define 7 satisfied (i) — (iii) then we put
n(,b) =1and T\ (', b) = 0. Inany case 0 < T;(I", b) < t. Let

o) =gy, ey, (T 6)

Divide the set ©2,(y, t) into two nonintersecting subsets

Q.0 =20 2. 1).

where

Q) (y,0) = {T: o) #0},
Q1) = {[:o)=0},

and split sum (16) in the following way

Z 1) = Z 1) + Z 1(T). (17)

TeQ,(y,t) reQ)(y.n reQ2(y.n
Then we have
P (Vo) —/ P (v 18,)dmo(p) (18)
/ 3 1Ddue(o) + f S 2)dpo(p).
B FeQl(y,n B TeQZ(y,n

The set Qf)(y, t) consists of trajectories for which event F[¢, n] occurs for some
n > 0. It follows from the fact that

Y 1) =) P € B, Flt;n] | 8,),

reQ} (. n=0

that
Y AMduo(p) =r(y, ).
B2

> reQ2(y.0

Consider the first sum in the right-hand side of (17). We divide the set of tra-
jectories 2} (y, 1) into two nonintersecting subsets QJ'(y, 1) and Q)(y, 1),
where

Q) y, 1) = (LeQy,n: m©@) <n@) - |nl,
Q. 1) = (T eQy,0: mo@)>n@) -yl
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The sum of weights of all trajectories from QL*I (y, t) can be rewritten as follows

> 5’<F>=22i > 1), (19)

FGQ},’](}/J) beS t1+n=t n=1 F:C'(F):Tn(l",h)
:'[(”):[]

and

Z 7(I) (20)

[0 (D)=Tyr pn=1"=1
%)
- Y Yy X ey
Melrl((p1l.b,t1) m=1BEAT2eI2(b,[0,p11m;v1.By2.12)
Here I'!'([p1],, B, t) is the set of trajectories I with length |I"| = ¢ + 1 such that
(1) n(0) = (p1, p2), n(0) = (0, 0);

(ii) forallk <tni(k) >n(t) = —n,ie. 1™ =1,
(iii) n2(1) € Bg;

the set T'2(b, [p11m; a1, 2, t) consists of trajectories I with length || = ¢ + 1
such that

(1) 11(0) = p1, n2(0) € By and n(0) = (0, 0);
(ii) forall k € (0, ¢] ny(k) > 0, n(t) € B2 ) and n,(t) = |ap| — 1, i.e. the

(1,00

event G[t; ax] N (n1(¢) € By,) oceurs;
(i) m = —ming<x<, n1(k);
(iv) the event F[t; n] occurs for some n < m.

Note that the sum of weights over all trajectories from I''([p;],, B, t) does not
depend on 6, p;. Let

Ldpde, B)= Y, 1(D). @1)
rell(p1ln.B.1)

Note also, that for any p, such that 17,(0) = p,b the sum of all weights over
trajectories from I2(b, [p1]n; @1, a0z, t) does not depend on p; and 6, p;. Let

L(b, [pily; a1, 0, 1) = > A, (22)

Lel2(b,[p1ln;an,02.1)
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Together with v(B, ¢) and w(b; a1, an, t) for all p = (p1, p2) € iBio we define
vp(,B’ t)v wpl (ba oy, g, t) :

V(B 1) = D> PE™ =1,m() € Bg | 8,),

n=1
t
wp] (bs 1817 1827 t) = Z P{nl(t) € Bﬁl’ G[ta 132]7 F[t, n] | S(pl,pzb)}‘
n=1

Using formulas (21) and (22) we can represent v, (B, ) and w,, (b; oy, a2, t) in
the following way:

(1) = Y Nilpila, B 1), (23)
n=1

wpy (b a1, 0, 1) = D L(b, [pil; o, @2, 1). (24)
n=1

So, we have

v(B.1) = / 0, (B. V(o)
Boo

:Z Z pv(@)I(a, B, 1) (25)

n=1 a€A:|la|=n

w(bv alaaQ,at) - / wp](b; al?“th)dv(lol)
Boo

:Z Z po(@) (b, a; ap, a, 1) (26)

n=1 aeA:|a|=n

Integrating the first term in the right-hand side of (17) over initial measure
we get

oD 1Mduep) @7
B reQly,n
[ X e+ [ Y 1.
P peallya P peal?ya)
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Consider the first term in the right-hand side of the above formula. By formulas
(20), (23), (24) we find

o2 1Mdp(p) = / > AMydv(py)
B reQy!' (v.n Boo reey! (r.n

/B Z Z le(m]n,b ) x

® peSs ti+h=t n=1

X Z Z IZ(b [(9;1101 ms V1» IBVZv t2)dv(pl)

m=1 feA

Using formulas (25), (26) we get

o2 IMdpe(p) =) Y v(bn) Y wbin, fyas ).

0 FEQ,IJ’I()/ 1) beS t1+n=t BeA

The right-hand side of the above display is equal to the first term in formula (13).
Rewritting in the same way (see (19) and (20)) the sum of weigth of all trajec-
tories from 2}%(y, 1) we have

> 1(I) (28)

o (F)=Tn(l",b)=f("):[l

- 3 3 > arhir?)

vhyeAD b TeT ! ([p1]n, yb,11) m=1T2T2(b,[6,p11m:v1,y":12)
v=v'v"

Using formulas (28), (23), (24) (25), (26), we find

2. 1MDduo(p)
Ool“eQ/l;z(yt)

_Z Z Z v(b, mw(b; y1, Byz, 1r).

beS t1+n=t y/ y"cA\(®
y2= V’y”

The right-hand side of the above display is equal to the second term in formula
(13). The lemma is proved. Il
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3.3 Proof of Lemma 3
LetP, ,{-} := P{- | n(0) = p, n(0) = n}. Ifn(0) = (0, 0), we will write P,{-}.
Proposition 2. There exists ¢ € (0, 1) such that

P, p{forallt > 0, ny(t) > n(0)} > ¢ > 0, (29)

forall p € B, n €7
Proof. In order to prove the proposition it is enough to show that there exist
N, & > 0 such that for any p € Bgo,n e 7?

P, piforallt > 0,n,(t) > ny(0) — N} > ¢ > 0. (30)

This probability does not depend on n and without loss of generality we can
assume that n,(0) = n,(0) = 0.

It follows from Lyapunov conditions (3), (4) that there exist posititive §, C
such that for any p

P,{ni(t) >0} < Ce™, (31)
P,{na(t) <0} < Ce™. (32)
Let -
By = [ ina(t) > 0}.
Then
Py{Bu} =1 —P,{ J{na(t) <0} > 1 =) "P,{na(t) <0}
and by (32)

D Pina(t) <0} < Cre™™".

t=m

for some constant C; > 0. Hence, there exist y, mg, such that for any m > my
P,{Bu,} >y > 0. (33)

Thus, we obtain (30). Proposition 2 is proved. O
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Now we construct an infinite sequence of nonintersecting A; C €2, where 2,
is the set of all trajectories of L., provided that it starts at point p. We do it by
induction. Let

él) :=min{r > 0: (thereexistsn : ™ =1) N (n2(t) € Bg)}.

Put
={weQ,: forallt > tél) ny(t) > nz(t;jl))}.
With each trajectory w € €2, \ A; we associate the moments
fi() = min{r > 0: mo(t +15") < na(e§")},
(2)(a)) := min{t > 0: (for all k < ‘L'(l) +t +t
(k) > ni(ty” + 1 +t)) N(a(ty’ + 1 +1) € Bp)}.
Using these moments we define

={weQ,\ A;: forallt > 1§ + 1, +1;”

() > m(ty” +t + 1),
and so on. Suppose now that we have constructed the subsets
A, Ay, Ay
Forallw € @, \ (U/_, A;) put by definition

t,(w) := min{t > 0 :
ny(t +1t (1) + - (")) < nz(t(l) -+ té"))},
t5" (@) == min{t > 0: for all k < zg“ +1+- —i—t(") +1
ny (k) > nl(t(l) +1 - +t(") + 1, +r),
and (15" + 11 + - +r,§") + 1, +1) € By},

and introduce A, C 2, \ (U/_, A;) as follows

Apyr = {w € Q, \ (U A;) such that
(1)+t1+ +t(n)+t,,+t
na(t) > my(ty” + 1+ 17+, 1))

forallt > ¢ (n+1)

It follows from the above construction that for all w € A,
To(@) =t + 1+ 157+ 15 + 1, + 15
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where Tg is B-renewal moment. By (29) we have
P{A,} < (1 —¢&)" L.

In order to prove the exponential estimation for 8 - renewal moment we need the
following proposition.

Proposition 3. There exist positive C, § such that

P.plti >t} < Ce™, (34)

Puofts) > 1} < Ce™, (35)

where constants C, 8 do not depend on p and n.

Proof. Inequality (34) follows from (32). To prove (35) it is sufficient to show
that for A small enough

arg)
E (e ) <c(h), (36)
where ¢(A) — 1 as L — 0. Let
M, = {foralli < n n(t?) ¢ Bg, m(t™) € Bg).

Forw € M,, tél)(w) = 7™ (w) and we have

oo oo
1 D] n
E, % =Y E (" Iy,) = Y E @ Iu,). (37)
n=1 n=1

We need to prove the convergence of the above series. Note that there is € > 0
such that for any n,
Po{n(t™) € By} > €,

uniformly in p € B% . Hence,

Po{M,} < (1 —e)" ' (38)
It follows from (31) that

P(tV >t} < Ce™,

so, for A small enough
E, o™ <),

Bull Braz Math Soc, Vol. 34, N. 3, 2003



378 A.A. YAMBARTSEV and A. A. ZAMYATIN

where c;(A) — 1, as A — 0. By (38) we have that for some g € (0, 1), A >0
E, e’”(])IM1 <gq, E, e’”(])lﬁ1 <q.
Let p, = n(t,). Then one can write

(n) n @) _L(—=1)
Eo(e" " Iny,) = E (" == )

() _g(n=1) n=1(L()_(—1)
= E,(E ("™ D Xm0y | o, 1)
n—1 i)_(i—1)
<gq Ep(ek PN CARER S )IMH)’
which yields immediately

o)

Ep(e’\ In,) <q".
So, series (37) is convergent for sufficiently small A . Proposition 3 is proved. [J
Corollary 2. For any i

Po{t: > 1} < Ce™ and P{ry’ > 1t} < Ce™™.

To complete the proof of the lemma we need the following fact.

Proposition 4. There exists & > 0 such that
E, M < (1), 39)

where the function c;(A) does not depend on p.

Proof. Define

(1) = max{t™ 1™ <1},

b(t) = ni(t) —ni(r())
and let ¢ (p, 1) = E, ¢*7#. This exponential moment can be represented as

E, P = Z(Ep e’\TﬁlAn).

n=1

Consider functions ¢, (p, 1) = E,(¢*#1,,). Note that
¢n(107 0) = Pp{An} < (I- S)nil,
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where ¢ is from Proposition 2. It is sufficient to prove that there exist g €
(0, 1), A9 > 0 such that for any positive 1 < XA

Galp, 1) < g"" (), (40)

uniformly in p € Bgo. Suppose that the initial state is p’ = (p;, p28). In this
case tél) = 0. Let us estimate ¢, (p’, A). Note that

o)
da(p' 1) < Ep’(emﬂtﬂ Io\a,).
We have

(2)
At +At
E,(e b Ig\ay)

=Y ) > TP =s1n(s1) = p.bls) = n. 1) =)

51,82 p n

= ZZZe“‘ Py{ti = s1,n(s1) = p, b(s1) = n}

s1,82 p n

x Pyt = s |ty = s1,0(s1) = p, b(sy) = n)

= ZZZe“I Py {ti = s1,n(s1) = p, b(s1) = n}
s1 P n

x Y Pty = 53| (s1) = p.b(s)) =n},

5

where

Y Pt =55 | n(s1) = p, bis1) = n} < fM)e(h).

52

Here c;(A), c(A) are from the proof of Proposition 3. Thus,

Ep/ (eM' +At/<3) IQ\AI) @n
<Y > Pyt =5.b(s) = n)cf (We).

By Cauchy-Schwartz inequality

P, {t = s, b(s) =n} < \/P,,/{tl — 5}P, (b(s) = n}. (42)
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By Proposition 3 we have
Pyib(t)) = n} < Py{ty > n} < C". (43)

Combining (42) and (43) with Proposition 3, we get that there exists » > 0 such
that series (41) converges. Since

sup [¢2(p', A) — ¢2(p’, 0)| = 0, when 1 — 0,
0’

there exist Ag and g € (0, 1) such that
Ey (e Ig\a,) < q. (44)
Now we can estimate ¢, (p, A). Indeed,

(0, 1) < Ep(@ T Ig 1),

Let p, = n(tél) +H+-+ Até”)). For any A < Ao we have

(1) (n)
ATg _ Ayt 45
Ep(e IQ\U?;|1Ai) == Ep(e B B IQ\U:lillAi)

YR e
= E,(E, (" T 0 g ot | o))

QY] (n—1) (n)
_ Aty 1+t ) Aty_1+At
= Ep(e 4 p IQ\U?:IIA,* Ep(e ! B | pn—l))

M (1)
Ay ety )
<qE, (" B Q\U?;'Ai)

0 (n-1)
A 1y et
<qE,(e" B Isz\u;'jA,-)

which yields immediately

1 (36)
Ep(e”f’IQ\U;:IlAi) < qg"! E, M < g" le(h).

So, the formula (40) holds. The Proposition 4 is proved. U

3.4 Proof of Lemma 4
Define an increasing sequence of random moments:
r/gl) = min{t® : n(z¥) e Bg},

1) = min{t® > ré"_l) : (™) € By}
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Let n(0) = (0, 0) and

(n)

Fglt;n]l = {zg (1)

<t 74 =tandforany k <n

there exists s, € (¥, ] such that n,(sy) < na(z®)).

Consider the following probability:

fp) = Z P{Fg[t; n] and for all k € (0, t] np(k) > n2(0) | v X 8,8).

n=0

Proposition 5. Forall B € A\ {0}

v(B, )= Y v(B, 1) fy(t) +r(B,1), (45)
t+n=t
where
r(B, 1) =Y P{Fslt; n] | o). (46)
n=0

Proof. Letp € Bgo and let Y, (B, 1) be the following set of trajectories.

Y,(B,1) = {I' = gog1 ... 8& suchthat n(0) = p, m(t) € Bg
and n(t) < n;(k) for all k < t}.

So

(B, 0= Y 1) (47)

TeY,(B,1)

Forany I' € Y, (B, t) define the moment o (I") as the maximal time 7" such that:
(1) forallk < T ny(k) > n(T);
(i) forall k € (T, t] ny(k) = ny(T);

(iii) 72(T) € Bp.
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If there is no T with the above properties put o (I') = 0. Split the sum (47)

dYooam+ Y 1), (48)

reY)(B.0) TeYZ(B.1)
where
’Y‘;(,B, t)={T: o) #0}and Tg(ﬂ, t)y={: o) =0}.

Consider the second sum in (48). The set Tﬁ (B, t) consists of all trajectories for
which event Fg[t; n], n > 0 occurs. So we have

Y. 1) =) P{Flrnl | 8,),

reY2(B.1) n=0
and, by integrating over initial distribution po, we come to

g =[ 3 1. (49)

re2(p.1)

Remark 1. It follows from the definition of T (see (14)) that

r(B,1t) < P{Tp = 1| po}.

By Lemma 3 r (8, t) converges to zero for all nonempty finite words g ast — oo.

Denote by I',([p114, B. 1), p = (o1, p2) € BE, B € A, n € N the set of all
trajectories satisfying the following properties:

@ n(0) = (o1, P2B);

(i) m () = 6,p1,m2(t) € Bg;
(i) ny(k) > ny (1) forall k < 1;
(iv) na(k) > ny(0) for all k € (0, 1];

(v) forallt’ < t, for which (ii), (iii) hold, there exists k' such that#’ + k' < ¢
and n,(t' + k') < n,(¢'); in another words, at the moment ¢’ + k’ the word
B is destroyed.
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Note that the sum of weights over trajectories from the set I', ([ 011, B, ), does
not depend on p,. Let

fiowps = Y, 1D (50)
rel,(p1ln.B.1)
and
Fors @ =" fipnp®: (51)
n=1
Then one can write
Jp(0) = / Jor.p@®dv(p1). (52)
Boo

For the first sum in (48) we have

t 1

Yooam=) ) 1(T)

e} (B.1) ti=1 n=I1 Ig(M)=rMW=x

=YY Y MWfaas (53

Htn=t n=1 TeY,(B.1):
n1(0)—ny(t;)=n

= Z Z Iy ([p1]ns 1) fo,00,8(12),

t1+r=t n=1
where

Ko, )= ) 2D

TeY,(B.0):
n1(0)—ny(t1)=n

Using formulas (48), (49), (53) and integrating over initial distribution wg, we
get

v(B,1) = / Y 1M)dpo(p) = / Y AM)dv(p)
B2 B

% TeY,(B.t) % TeY, (B.t)

= /B Z ZIT([,Ol]n,fl)fe,,pl,ﬁ(fz)dv(pl)+V(,3,f)

o t1+tHh=t n=1

= > Y > p@r(an) / Sonor.p(2)dV (0, p1)
Boo

t+n=t n=1 o:|la|=n

+rB.ry= > v(B. 1) fst) +r(B.1).

H+n=t

Bull Braz Math Soc, Vol. 34, N. 3, 2003



384 A.A. YAMBARTSEV and A. A. ZAMYATIN

This completes the proof of (45). U

Proposition 6. For any g € A\ {#}
Y =1
=1

Proof. Consider measures p such that

u{p = (o1, p2) : p2 € Bg} = 1. (54)

Denote
p(uV, B) = P{forall t, ny(t) > n2(0) | u}. (55)

It is obvious that this probability depends only on the marginal measure p" of
the first string and on the fixed rightmost finite word § which belongs to the
second string. For JTASE 8p1» P1 € B, we will write p(p;, B) instead of
p(uV, B). Under condition (54) we have

p(uV, p) = /

p(p1, Bdu(p).
2,

Let 7(0) = (p1, p28), p = (p1, p2) € B, and
A(p1, p2B) = {for all t ny(r) > nz(0)}.

Now we define function o (I") on the set A(p;, p28). For any trajectory I' =
8081 ---8 -+ € A(p1, ;B) put o(I') be equal to the minimal moment 7T satis-
fying the conditions:

(1) forallt > T ny(t) > ny(T);
(i) forallr < T ni(t) > ni(T);
(111) 7’]2(T) € Bﬁ.

If for a fixed trajectory I' it is not possible to define the moment T satisfied (i) —
(ii) then we put o (I') = 0. Divide the set A(p;, p»f) into two nonintersecting
sets:

A(p1, p2B) = Ai(p1, p28) U Ax(p1, p2B),

where
Ai(p1, p28) ={I: o(') # 0},
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Az(p1, p2B) ={I' : o(T') = 0}.
Now we will prove that for any 8 € A \ {#}
P{I': T € Ax(p1, ;2B)} = 0. (56)

Indeed, we have

P{I': T € Ax(p1, p2B8)}

t
< lim P(r™ <t "™V > tand forany k < n
< Jim D PU5” <65 yk=
o

there exists s; € (), ¢] such that n,(s;) < nz(t("))}
= lim P{Ts >t |48 .
Jim P{Tg = 1 [ 3p1.0,p)}

Thus, (56) follows from Lemma 3.
Consider now the set A{(p1, p28). By definition of o () we get

P{A(p1, 028)} = P{A1(p1, 028)}
= P@r) = / P(dr). (57)
; /;,: o(l)=t ; ; I':o(M)=tM=¢

Let the initial measure be © = v x §,,4. Consider the probability of the event
{for all #, ny(t) > n,(0)} provided that the initial measure is w. Using (57) we
come to

p(, B) :f P{A(p1, p28)}dv(p1)
Boo

- ZZL Jio11a.p @) p(Enp1, B)dv(p1)

t=1 n=I
o0 t

= > > 2 @ fus® /B P@upr. B)dV(Grp1)

t=1 n=1 a:|la|=n

P, BY Y D pu@) fup®) = fO)p, B).
t=1

t=1 n=1 a:|la|=n

Here the last equality holds because

Jp(®) =/B fphﬂ(t)dv(,ol):/;; Y fion s @Odv(pr)

® n=1

-y fﬂ fions Odvo) =3 S pue) fup0).
n=1 0

n=1 a:la|=n
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Hence,

P, B) =" fr()p(, B).

t=1

Proposition 6 is proved. O

Proposition 7. Let condition (54) hold for the initial measure . Then

fp@) < P{Tg =1t | pu}.

Proof. Let
C; = {there exists fy < t such that n,(#y) < n,(0)}.

Then

fpt) < P{Tz>1, C|u)
< P{Tg>1t, C | uy+P{Tg>1t, C | ny=P{Tg >t | pn}.

The proposition is proved. U

By Propositions 6, 7 and Lemma 3

o0

th,g(t) < Q.

=1

Note that equation (45) is a renewal equation. By the renewal theorem we obtain
that there exists the limit

lim v(B, 1) = v(p) (58)
and, moreover,
X
R ST

Since we have exponential estimates for fg(¢) and (B, t), standard arguments
(see, for example, Chapter 7 of [1]) show that the convergence in (58) is expo-
nentially fast.

Proposition 8. Let 1o = v x 8,,, where p, € Bu,. Then

P, B r(B =1, (59)

t=1

for any p,, where p(v, B) is defined by (55).
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Proof. Let the initial distribution be ,, p = (p1, p2). The distribution of the
B-renewal moment Ty can be represented as follows

t
PiTy=11=)_ >, 10)pE.p.p).
n=l Ter2(.1):
n1(0)—ny(t)=n

Let
L(lpdn B.)= Y 1(D).

TeY2(B.1):
n1(0)—ny()=n

Integrating over v, we get

P{Ts =1 | po} = f P(T;" = 1ldv(p)
Boo

=Y [ e B 0p@p . ()
n=1 Boo

' (60)
=Y Y pu@hpB,1) / p©up", BYdv(6,p")
n=1 a:|a|=n B
=YY" pu@h( B, 0pw,B).
n=1 a:la|=n
Since
R D S SR T
Boo p=1 reY2(B.0):
n1(0)—ny(t)=n
=Y > b8,
n=1 a:la|=n
the sum (60) can be rewritten as
> pu@be, B, B) =r(B. Hpv. B).
n=1 a:|a|=n
So
P{Ts =1 | no} = p(v, B)r(B, 1). (61)
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Since

D Pl =1} =1
t=1

using formula (61), we come to (59).

Corollary 3. v(8) does not depend on the state of the second string at the initial
moment.

The Lemma 4 is proved. O

As we noted before Theorems 2, 3 follows from Lemmas 2 — 4.

References

[1] G.Fayolle, V.A. Malyshev and M. V. Menshikov, Topics in the Constructive Theory
of Countable Markov Chains. Cambridge University Press, (1995).

[2] A.S. Gajrat, V.A. Malyshev and A.A. Zamyatin, Two-Sided Evolution of a Random
Chain. Markov Proc. Relat. Fields 2: (1995), 281-316.

[3] V.A. Malyshev, Stabilization Laws for Processes with a Localized Interaction.
Rapport de Recherche INRIA, No. 1635, (1992).

[4] V.A. Malyshev, Interacting String of Characters. INRIA, Rapport de recherche
N.3057, (1996).

[S] A.A. Zamyatin and A.A. Yambartsev, Tranzient Dynamics of Two Interacting
Strings. Fundamental and Applied Mathematics, 2(4): (1996), 1029-1043, (in
Russian).

[6] A.A. Yambartsev and A.A. Zamyatin, Dynamics of Two Interacting Queues.
Markov Proc. Relat. Fields, 7: (2001), 301-324.

A.A. Yambartsev

Instituto de Matematica e Estatistica
Universidade de Sao Paulo

Rua do Matao 1010

CEP 05508-900, Sao Paulo, SP
BRASIL

E-mail: yambar@ime.usp.br

A.A. Zamyatin

Laboratory of Large Random Systems
Faculty of Mechanics and Mathematics
Moscow State University, 119899, Moscow
RUSSIA

E-mail: zamyatin @lbss.math.msu.su

Bull Braz Math Soc, Vol. 34, N. 3, 2003



