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On a multiscale continuous percolation model
with unbounded defects

M.V. Menshikov, S.Yu. Popov! and M. Vachkovskaia®

Abstract. We study the multiscale (fractal) percolation in dimension greater than or
equal to 2, where the model at each level is the Poisson Boolean model [A, p]. Also,
the random radius p is supposed to be unbounded. We prove that if the rate A of Poisson
field is less than some critical value, then by choosing the scaling parameter large enough
one can assure that there is no multiscale percolation. Another result of this paper is that
if the expectation of p2¢ is finite, then the expectation of the size of the cluster raised
to the power « is also finite for small A, which is a generalization of one of the results
of [8].
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1 Introduction and results

In this paper we study the multiscale percolation of unbounded Poisson Boolean
models in the dimension d > 2.

The Poisson Boolean model is probably the most famous example of contin-
uum percolation models. It may be described in the following way: First, take
a realization of the Poisson field with rate A > 0 in R?. Then, into each point of
the field put a ball of random radius p independently of everything. The object of
interest is the union of all those balls. Models with balls substituted by defects of
arbitrary shapes also were studied (cf. [8, 16, 21, 22]). A complete review of the
subject can be found in [11]; cf. also in [1, 6, 19, 20] some recent developments.

The main goal that we pursue in this paper is to obtain an extension of the known
results for bounded models to the case of unbounded models (which is usually
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rather non-trivial task in the percolation theory). Let us explain this in more detail.
For the Poisson Boolean model, the case which is best studied is when p < const
a.s. When p is unbounded, some “strange” situations, which contradict to the
discrete percolation intuition, are possible. For example (cf. [8]),if Ep?*~! < 00
and Ep?? = oo, then for A small enough there are no infinite clusters almost
surely, while the expected size of the cluster is infinite, i.e. the critical points do
not coincide. Evenif p, forinstance, has exponential tail, the classical percolation
results, such as coincidence of critical points, exponential decay of the size of the
cluster in the subcritical phase etc. are unknown. In particular, the quantity A,
(defined below) may be different from the “classical” critical points, such as, for
example, the critical rate A, which separates percolation from the absence of
percolation. Therefore, Theorem 1.2 below (which is a generalization of one of
the results of [8]) is of independent interest.

In percolation theory some interest was attracted by the problems which arise
when the percolation model is formed by the following procedure. Some ran-
dom set is rescaled (probably, more than once), and the result is in some sense
superpositioned with the independent copy of the original random set. First such
model was introduced by Mandelbrot [10], and extensively studied later on, cf.,
for example, [2, 3, 4, 13, 14, 15, 17]. Continuum models of such kind also
attracted some attention, cf. [5, 11, 12, 14, 18, 20]. All the papers cited above
study models with bounded defects; here we consider the situation when the
model of each level contains the defects of arbitrarily large size. The main goal
of this paper is to obtain a generalization of Theorem 1.1 of [14] to the case os
unbounded defects. As noted above, in this case the study of percolation models
is indeed much more difficult, and in fact the attempt to use the method of [14]
straightforwardly fails.

Now, let us describe the model of interest. Consider Poisson Boolean model
Mo = [A, p]l (see in [11] the definitions and some general theory), where A > 0
is the rate of Poisson field and p > 0 is the random radius. Here and in the
sequel double square brackets [+, -] stand for a Poisson Boolean model. Also,
U[-, -T C R? denotes the union of all balls with positive radius in the model, and
XI[-, -1 denotes the field of the centers of those balls. We construct the multiscale
Poisson Boolean model in R? in the following way. Fix R > 1. Level-i model
is M; = [AR?, pR™']|, where the Poisson point process and the radii of the
balls are independent of what happens on all other levels. The balls from M; are
called level-i balls. Denote U") = U(M;). The object of interest is the random
set U = U2 U, Say that in this model percolation occurs if almost surely
there exists a continuous path y : R +— U, such that y is not contained in any
finite box.
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Denote
pn) = P{U 0| > n}, and
O(p) = {A>0:9m) =o0n?%,n— oo} CR,,

where U (0) denotes the connected component from U © which contains 0 and
U@ (0)|| denotes its diameter.
We suppose that the following conditions are satisfied:

Condition A. The set ®(p) is not empty.
Let
Ap ={supA : X € ©(p)}.

Clearly, Condition A assures that A, > 0.

Condition B. The random radius p satisfies

, RYF,(xR)
lim sup ————= =
R=o0x>172 Fpy(x)

0, ()

with the convention 0/0 = 0, where I:”p (x) =P{p = x}.

Besides supposing that p has the tail which decreases rapidly enough, Condi-
tion B also requires some regularity of the distribution of p. But this requirement
is not very stringent, for example, if

* there exist y;, y» > 0 such that
exp(—yix) < F,(x) < exp(—yx), or
* there exist C;, C; > 0, y > d such that

Cix77 < ﬁp(x) < Cyx77, or

* p has Poisson distribution,

then Condition B is satisfied. Note that any bounded random variable p also
satisfies Condition B.

Our main result is the following

Theorem 1.1. If Conditions A, B are satisfied, then for any . < X, there
exists Ry = Ro(\) such that for all R > R there is no percolation in the set U.

Note that the set R? \ U has the Lebesgue measure 0, but Theorem 1.1 shows
that it may be the case that there is no percolation in the set U.

Bull Braz Math Soc, Vol. 34, N. 3, 2003



420 M. V. MENSHIKOV, S.YU. POPOV and M. VACHKOVSKAIA

Remark. Suppose that p = 1 a.s. Then, we have the results about the coinci-
dence of the critical points and the exponential decay of the size of the cluster
(cf. [16]), so Condition A holds and A, = A... As noted above, Condition B also
holds in this case. Thus, Theorem 1.1 indeed generalizes Theorem 1.1 of [14].

It is important to mention that the verification of Condition A may be very
difficult, because it involves the properties of the whole cluster, not just the
single radius distribution p. For example, one of the results of [8] implies that
if Ep = oo, then ||U© (0)|| = oo a.s. for any A > 0. Nevertheless, note that if
E|U©(0)]“"! < oo, then Chebyshev inequality implies that

P{IUD0)] > n} = O(n~“*D),

and so Condition A is satisfied. Then, we prove the following result, which may
be of independent interest. It is a generalization of one of the results of [8] where
the case o« = 1 was considered.

Theorem 1.2. IfEp>*? < oo for some a € N, then there exists Lo > 0 such that
E|UQ0)||* < oo forall & < X.

Thus, for Condition A to hold, Theorem 1.2 implies that it is sufficient that
Epzd(d"r]) < Q.

2 Proof of Theorem 1.1

Denote U, = U?_,U @, Let S,, C R? be the sphere of radius m centered at 0.
Following [14], to prove the absence of percolation in U it is sufficient to prove
that the sets U, are in the subcritical phase uniformly in n, i.e.

P{there exists a path connecting 0 to S,, in U,} < &4, (2)

where &, , — 0 uniformly in n as m — oo. Fix some n and consider the
percolation problem in U,,.

Definition 2.1. We say that one Poisson Boolean model [\, p1] is dominated
by another Poisson Boolean model [[\,, p>]] when it is possible to couple them
in such a way that U[[Ay, p1]] C U[[r2, o2 1.

We need the following

Lemma 2.1. Let [Aq, p1]] and [A2, p2]] be two Poisson Boolean models. If p;,
0> are such that

MFp (x) < Ao Fpy(x) 3)
forall x > 0, than [[A1, p1] is dominated by [[A;, p2].
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Proof. Note that we can make 1; = X, by enlarging the smaller of the lambdas
and adding the positive mass in 0 to the respective p. It can be easily seen that
this does not affect the validity of (3) (Gf A is enlarged up to A%, then for x > 0
F(x) is substituted by F*(x) F(x) SO thatAF(x) = k*F*(x)) So, without
loss of generality, suppose that M = Ay =: A*, and thus

Fp(x) < Fpy(x) 4)

for all x > 0. The rest of the proof is quite standard. Having the configuration
X1, X2, ... of Poisson point process with rate A* consider the sequence of inde-
pendent random variables ¢;, i = 1, 2, ..., uniformly distributed in [0, 1]. Let
Fp, =1-— I:”pj denote the distribution function of p;, j = 1, 2. We define the
coupling of the two models by p; (i) = F/ y 1(¢;), where p ; (i) is the realization of
the random variable p; at the pointx;, j = 1, 2. Now, if p; (i) > p»(i), then there
exists y > O such that F, '(¢;) > y > F (&), thatis, F,, (y) < & < F,,(y)
which contradicts (4). Thus, the proof of Lemma 2.1 is completed. [l

For L > 0 denote p=f¢ = pl{p > L} and p=¢' = p — p=L. Note that
without loss of generality one can suppose that there exists @ > 0 such that
p € {0} Ula, +00) a.s. To show that, first, let us prove that [A, o] is dominated

by
[0+ =]

Indeed, by Lemma 2.1 it is sufficient to prove that

P{p < a}

A, (x) < /\(1 P a

) Fpa) 5)

forall x > 0. As

ﬁwm={&uxihzm ©)

Fy(a), if0<x <a,

the inequality (5) trivially holds for x > a. For 0 < x < a we have P{p >
a}F x) < F (a), which is equivalent to

P{p <a}
P{p > a}

which proves (5). Now, as A < A,, choosing a small, one can make P{p < a}
small enough to assure that

WE,(x) < ,\<1 + )ﬁp(a),

)\(1 P{p < a}

mp>ﬂ)e®w>c®wym
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So one can consider p=¢ instead of p; it means that the radii of all the nontrivial
balls in [[A, p] are greater or equal to a.

Choose ¢ > 0,0 < a < 1 such that A + & € O((1 4+ «)p) (by the rescaling
argument, it is equivalent to (A + ¢)(1 + a)? € O(p)) and fix some oy < «,
ey < €.

Lemma 2.2. If Condition B is satisfied, then there exists Ry, o, such that for any
R > R, 4, the union of two independent Boolean models M; = AR, pR™]
and [(A+&0) RETV4 (1 4+ap) p)ZRR=+D is dominated by [ (A + o) R4, (1+
ag)pR,i=0,...,n—1.

Proof. Note that Condition B implies that

RYF -rp(xR
lim sup Ki;ﬂ() = 0. (7
R—00 450 F,(x)
Indeed, as
~ 3 i >
Foprp(xR) = { B Gef), - ilx 2 172, ®)
»(R/2), if0<x<1/2
we have
RYF,=rp(xR) RYF,(xR)
sup ——————— = sup ———.
x>0 F,(x) x=1/2 Fy(x)

Fixi € {0,1,...,n —1}. Denote 1y := ((1 +ap)p)=F and n; := (1 + o) p.
Note that the model [(A + &) R?, (1 + ap)pR™"] can be represented as the
union of two Poisson Boolean models: [AR?, (1 +ag)pR™'] and [eoR™, (1 +
ap)pR™"]. Clearly, M; is dominated by the first one, so it remains to prove that
[(A480) RV ((14-a) p)=R R=(+D] is dominated by [egR?, (1+ap)p R ].
By Lemma 2.1 we need to prove that for all R large enough

(A + e RV, ooy (x) < eR™Fy i (),

for all x > 0. For this, it is sufficient to prove that

Rd}?noR*(iH) (x) -0
n R (x)

uniformly in x, as R — oo.
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Due to (7) and the fact that F=r > F=ria4a) = F(14ag)p)=R if ¢y < 1, one
has

~

RUF g-aon(x)  RUE,(R™'x) N
= () Fy (R
uniformly in x, as R — oo. Lemma 2.2 is proved. U

Take R > R, q,. First, split [AR", pR™] into two independent models
AR, p<RR=] and [AR"™, p=RR"]. We apply the Lemma 2.2 to

[AR®D4 pR==D U [AR™, p=RR"]]
and obtain that it is dominated by
G-+ )R, (1 + o) pR™" V],
So, the model
[AR"=D4 o R==DY U AR, pR™]
is dominated by
G-+ )RV, (1 +ag)pR™"" DU [AR™, p=FR7"].

Obviously, [AR", p<F R="])is dominated by [ (A+¢&0) R™, (14ap)p) <K R~™].
In the same way we obtain that

[AR®24 pR==DT U (A + 80) RV, (1 + ag)pR~ "7

is dominated by
[+ )R (1 + a0)pR™ " P U LG + e) R™™ DY, (1 + a0)p) “FR™V],
and so on. Thus we get that the union of independent Poisson Boolean models

n n

Un = JIrr" pr™1

i=0 i=0
is dominated by

LG+ 20). (1 + @0l U (1 + ) R (1 + 0)p)FR™T),
i=1
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where all the n + 1 Poisson Boolean models are independent as well. Abbreviate
DY = U 4 e0) R, (1 + a)p)“*R™], X; == X[(x + e0) R, ((1 +
a)p)<BR™,i = 1,...,n,and DO = UL\ + &), (1 + ap)pl, Xo =
XA + €9), (1 + ag)p]l. Remember that X[-, -] denotes the set of Poisson
points which carry a ball of positive radius in the respective model. Take 8 > 0
such that (1 + ag)(1 +B8) <1+, so

A+ee®(1+ag)(l+B)p). ©)]

Denote W® := U[ (A + )R, (1 + B)((1 + ap)p)<RR™'T,i =1,...,n and
WO = U + ), 1+ B + ap)pll. Also,let VO = U (X + &) R, (1 +
B ((1+ap)p)<BR™,i=1,... ,nand VO := U[(A+e0), (1+8)(1+ap) o],
where V) uses the same Poisson points process X; as DY), j = 0,1,... ,n.
Note that V; is in fact D; expanded by the factor (1 + ), j = 0,1,... ,n,
and V;-s are independent.

Fori =0, ... ,n — 1 consider a partition of the space into the cubes with the
edge length a R~ /+/d, which we call level-i cubes. Note that the size of the
cube is chosen in such a way that if there is a center of a ball from D) inside
the cube, then the latter is completely covered by the ball.

From this point on, we use some ideas of [14, 15].

We define now passable sets Py, ..., P,_1, and good sets Gy, ... , G,.

Definition 2.2. First, the good level-n set is defined by G, := D™. For the
level i < n, we say that level-i cube is passable if it has nonempty intersection
with some connected component of diameter greater than 2aBR~" of the good
level-(i + 1) set G;y1. The passable level-i set P; is defined as the union of all

the passable level-i cubes. The good level-i set G; is defined by G; := P,UV®,

Lemma 2.3. Percolation in U, implies percolation in G.

Proof. As we have seen, U, is dominated by D™ U ..U D©. Using this, one
gets that, to prove Lemma 2.3, it is enough to prove the following fact:

n k—1
(percolation in U DY )) = (percolation in Gy U U VU )> (10)
j=0 j=0

fork =n,n —1,...,0 (indeed, take k = 0 in (10) to obtain the statement of
Lemma 2.3).

We prove (10) by induction. First, for k = n, we have that G, = D™ 50 (10)
follows. Now, suppose that (10) holds for k + 1, let us prove it for &, i.e. let us
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prove that
k k—1
(percolation in Gy U U V(j)) = (percolation in G, U U 4% )>. (11)
j=0 Jj=0

Take any infinite continuous path y in Gy U V® U ... U VO, Consider
(Gip1 \ (D@ U ---U DW)) Ny, it can be decomposed into finite or countable
number of connected segments yi, y3, ... Take any y’ from that collection,
suppose that the two extremal points of it belong to D@ and D, where iy, iy <
k. There are two possibilities:

+ diameter of ' is less than 2af R~¥; in this case y’ C V(D U V),

« diameter of y’ is greater or equal to 2af R*; in this case ' is covered by
passable level-k cubes, so y' C P;.

In both cases we have
y cPUVOU...uvO =G, uv&Dy...uvO,
which gives the proof of (11), and, consequently, of (10) and Lemma 2.3. [J

One of the main ingredients of the proof of Theorem 1.1 is the following

Proposition 2.1. If for fixed ¢y, oy, B the scaling parameter R is large enough,
then G; can be dominated by W, i =0, ...  n.

Proof. Let us prove the proposition by induction. Clearly, by Definition 2.2,
the set G, = D™ can be dominated by W . Suppose that the proposition holds
for level k + 1; let us prove it for level k.

Fix some level-k cube K. Denote § = aR _(k+1)/ \/3 . Let

K5 = {x € RY : dist(x, K) < 8}

and choose some §-net N®(Kj) in Ks. Note that it is possible to choose this
d-net in such a way that card(N ©®)(Kj)) is proportional to RY, where card(A)
stands for the cardinality of the set A. We have

P{K is passable}
< Pf{there exists x € N®(Kj) which belongs to some connected
component of diameter greater than 2af R~ of G4} (12)
card(N® (K;))P{|UD O] > 2apR™)

A

Bull Braz Math Soc, Vol. 34, N. 3, 2003



426 M. V. MENSHIKOV, S.YU. POPOV and M. VACHKOVSKAIA

= card(N®(Ks))P{|UP (0| > 2aBR}
< ¢RY%(R) =: ¥(R) = R%(R™%) =0o(1), R — .
Note that, as

* we are interested (in the definition of passable cubes) in the connected
components of G, with diameter greater than 2a8 R, and

« the balls from V**+D have radius less than (1 + B)R*,

denoting b := 2 max{[28+/d], [2a~" (1 + B)~/d]} (recall that the edge of level-
k cube is equal to a R~% /</d), where [x] denotes the smallest integer greater or
equal than x, we have that if some two level-k cubes have at least b cubes between
them, then those two cubes are passable or not independently. So, when ¥ (R) is
small enough, by the result of [9] we get that the random field of passable level-k
cubes can be dominated by Bernoulli random field with parameter o (R), and
this parameter can be made arbitrarily close to O by choosing R large enough.
Note that the choice of R depends only on d, X, &y, o, but not on 7.

Now, in its turn the Bernoulli random field with parameter o (R) of level-k
cubes can be dominated by the field of balls of radius aR™*, centers of which
form Poisson field in R? with rate &’ R, and &’ can be made arbitrary close to 0
by choosing R. To justify this, we consider the following coupling between the
above two fields. If, given a realization of the Poisson fields of centers of the
balls, a given cube contains at least one point of the Poisson field, then the cube
is selected. Clearly, the states of the cubes are independent and

- pince st =10 (45

o (R) = P{the cube is selected} = 1 — exp <8 (\/E . (13)
Note that if the cube contains a center of the ball, then, as noted before, the cube
is completely covered by the ball, so the field of the cubes is indeed dominated
by the field of the balls. Since by choosing R large we can made o (R) arbitrarily
close to 0, we have that &’ determined by (13) will be arbitrarily close to 0 as
well. Take R such that &’ < ¢ — g.

Thus, the good level-k set G is dominated by
VO U[e'RM, aR™ ).

As ¢’ < & — gy we have that V® U [¢’R*, aR~*]] is dominated by W® . The
proof of Proposition 2.1 is completed. g

The proof of Theorem 1.1 is now straightforward. By Lemma 2.3,
(no percolation in GO) = (no percolation in Un).

By the choice of ¢, &, g and Proposition 2.1, the set G (and therefore U,) is in
the subcritical phase uniformly in n. Thus, Theorem 1.1 is proved. U
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3 Proof of Theorem 1.2

First, note that it is sufficient to prove the theorem only in the case when p
takes only positive integer values. Indeed, if p takes values other than positive
integers, then consider the model where p is substituted by p;,; := [p], where
[x7] denotes the smallest integer greater or equal than x. As p;,, < p + 1, itis
straightforward to get that if Ep?*? < oo, then Epizrf‘,d < 00. As p < Pins, 2
simple coupling argument applies.

For j = 1,2,... denote p; = P{p = j}. If there is a ball of radius i, the
number of balls of radius j which have nonempty intersection with it (we denote
this number by 1"/)) has Poisson distribution with mean v /) := Am (i +j) p;
(cf. [8]), where 7, is the volume of d-dimensional unit ball. Now, following [8],
we are going to construct a multitype branching process 2y, Z1, 25, ..., which
majorizes the percolation process. Here 2, = (Z,ll, Z,zl, Zi, ...), where Z} is
the number of particles of type j (i.e., balls of radius j) in the n-th generation,
and Zyp = ¢;, where ¢, = (0,...,0,1,0...), with 1 on the i-th place. The
dynamics of the branching process is described as follows: each particle of
type i is substituted by n"/) particles of type j independently of all the other
particles, and the random variables /), j = 1,2, 3, ... are independent and
have Poisson distribution with mean ¢/,

As in [8], we have

pij i=En®) =y < Cril jp; (14)

for C = 297,. We are going to use the following simple fact: if 7 has Poisson
distribution with mean v, then (see [7], Section 1.3)

k
En* =) By’ (15)
j=1
for some positive constants B, j =1,... ,k,k=1,2... If L < 1, using (14)
and (15) we get
E(“Mt < cait ¥ p; (16)

for some positive constant C = C(«) forall k < «.

Let us introduce some notation. In the course of the proof of this theorem, we
will often need to deal with collections of positive integers, where those positive
integers are not necessarily distinct. It is then natural to group the equal numbers
together, thus representing the collection as

(t,w,h) = (t1,wy; ... ty, wy; h) € N1

Bull Braz Math Soc, Vol. 34, N. 3, 2003
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where all #;-s are different, w; can be viewed as the number of repetitions of #; in
the collection, and # is the number of distinct elements in the collection. Now,
given the collection (t, w, &), denote

ot w, h)y = "%

ot w,h) = "y,
Zi(t,w,h) = (Z])" - (Z])",
whwn = EZit.w h)| Zo=e).

We will write (t, w, &; B) when it is necessary to keep track of the total num-
ber of elements 8 = Z?:l w;. Also, let F,, be the o-algebra generated by
20,215 Zm.

Lemma 3.1. For A small enough we have
Wy < K"THCR) DK, v @), (17)
where C > 0 and K > 0 depend only on «.

Proof. We prove the lemma by induction. For n = 1, using (16) and the
independence of 1"/ for different j, it can be easily seen that

W ko < CH“ DAL K, y; ) (18)
ifCxr < 1.
Suppose that the lemma is proved for n — 1. We have
(n) = liyki by iy
Kiakyey = E(E(Z)D™ | Fa)- - BAZD)™ | Fa-1) (19)
= E(Al e A)/)’

where A,, = E((ZI"Yon | Fmp),m=1,...,y.
Let us estimate A,,.

A, = E@mb | Fuot)

1,1n) 1,0n) 2.0 2 b
N E(n( ot 77( 1 + ni : Tt 77Z2 1) +- ) (20)
i Sm Um,i
= (t”ll [m
=2 2 2. E[][Iw
sm=1 (tw. Uy .Smikm) J1=Cj1,: =Lt 1), i=1 B=1
Jsm=CUsm, g:B=L, ... .um sp)
km Um,i

- Y ¥ Il @

sm=1 (ty, W ,Sm3 km).]l»---ijm
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k"l
< CMEpL Y Y e s k) Za 1 (6,0, 55 k).

Sm=1 (tm , W, Sm s km)

The last inequality holds because E(n(t’ ohm) | nﬁf’ i) )<C M”’” ’dl tim,i pi, (asthe

Um,i
n.(,t.'" ") are Poisson random variables with mean AT (tyi + 1) < Zdndkt,fl lli

and with possible repetitions), and the number of summands in the third sum
in(2l)is Z,_i(t,u, 5,5 k).
So,

E(A;---A) = (CH"PLK, y)

Z > et u ) e(ty,uy, )

V1 (G5,

]<s,<k, 1<m=<y

xE(Z,-1(ty, g, 81) -+ Z,1(t,, 0y, 5,)) (22)

< CAOULK M@ Y "o @ W hie)  (23)
(t,w,h;a)

< Cro(0Kk,y)M(x) (24)

x> et w, hi )K" (CRY i D (t, W, hi o)

(t,w,h;a)
= (CV"““P0 K, y)M()K"? Z O (t, 2w, h; ).

(t,w,h;0)

To pass from (22) to (23) the terms with the same ¢-s and Z,_;-s were grouped,
and on the passage from (23) to (24) the induction assumption was used. The
constant M («) is defined in the following way. Let M (t, w, i; o) be the number
of ways to decompose

t,w, h; @) = (t;, wy; ... th, wy; h; )
into (t;,uy, sy), ..., (t,,u,,s,), where
(to, g, s9) = (Tg,1, Up,15 - s To55 Up 555 So)
such that forany 8 =1, ..., h we have
Z Up y = Wg.
0,x:1p=tg x

Put

M(x) = max M(t,w,h; ).
(t,w,h;)
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As M(t, w, h; @) infactdepends only on (wy, . .. , wy,) and the number of distinct
collections (wq, ... , wy; o) is finite, M (@) is finite as well.
Now, we have

> ot 2w hia) = Z > Z;Z’”ld P

(t,w,h;a) h=lyw: 3" =«

— Z Z Ep2w1d . ~E,02w’1d —- L(a) < 00,

h=1 . Z?:l wi=a

(25)

as Ep?*? < oo (to see this, take the term corresponding to 4 = 1 in (25)). Thus,
p Y g

taking K = M («)L(a), we complete the proof of Lemma 3.1. O

Now we want to find a way to estimate quantities of the form

E(Z,fI . ~Z£‘;). (26)
Grouping equal values of n, let us rewrite the collection (n;;i = 1,...,a)
as (my, y1; ... Mg, Y53 ), my < mp < --- < m,. Here y; is the number of
nj=m;in (ny,...,ng), 80> ;_, ¥s = a. Let

(jl’ ey _]Ol) - ((jl7 ul9 Ul; Vl)’ LA | (jSa uSa US; )/S))a
where
Ui Wi v ¥i) = (its Wits -+ - 5 Jiowes Wisws Vis Vi)
Here uy , is the number of terms Z;ff;,x in (26). So
s Vg .
Ez] -z} = [[]]E«@m)

0=1 x=1
== E(Zml (jla uj, Ul) T Zm: (jm Uy, Ux))~

Lemma 3.2. For A small enough

E(Zml (jly uy, Ul) e st (jsv Uy, Us))

ad gy s : @7
=< (C)")mSKms_ ia cD(J],lll, U]) "'q)(JS,HS, vs)'
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Proof. We prove the lemma by induction in s. Note that the case s = 1 was
studied in Lemma 3.1. We have

E(Zml(jla uj, vp) - me(js, ug, vy))

A

A

IA

E[(Zy,Gi,wr, v1) - Ziny (15 W1, V1) (28)
XE(Zm_v (jsv Uy, vx) | .Tm_ﬁl)]

CAD (js, us, v)M ()E[Z,,, i, w1, v1) -+ - Zyyy  Gs—1, Ws—1, V5—1)  (29)
XY @t Wi Ay V) Z i (6, W B )]

(t1,wi,h1:vs)

C)\.M(Ol)cb(j;, Uy, US)E[E(ZWH (jl: up, Ul) e stfl (js—lv U1, Us—l)(30)

X Z O, Wi, his V) Z—1 (61, Wi, B ¥) | Fmg—2)]
(t1,wi,h13ys)

C)\'M(a)q)(jsv U, US)E[ZWH (j] , Uy, U]) te Zm_;_] (jS*ls U1, 'US,]) (31)

XY et Wi b YOE(Z, 1 (6, Wi i 1) | Fy )]
(1, w115 ys)

C)‘M(a)qD(js’ Uy, US)E[Zn‘ll(jl’ up, vl) T stfl(js—l’ Us—1, Us—l) (32)
XY @t Wi by )@t Wi Ry )

(t1,wi,h1;ys)

XCAM(a) Y @(ta, Wa, ha: ) Zi,—2(ta, Wa., o )]
(t2,w2,h2;5)

(C)V)Z(M(a))zq)(jb» U, vx)E[Zml (jla uj, Ul) te st_| (jsflv U1, vsfl)
X Z (2, Wa, ho; V) Zin—2(ta, Wa, o} )]

(t2,w2,h2;v5)

x Z D(ty, 2wy, hy).

(t1,w1,h13v5)

The passage from (28) to (29) is justified by (23) together with the remark that

E(Zn—l(t’ W, h) | fn—l) = Zn—l(t7 w, h)
(n—1)

(recall that Ki ey = EZ,_i(t,w, h)). As ¥y, < «, we have (cf. (25) in the
proof of Lemma 3.1)

Z O(ty, 2wy, hy) < L(a) < o0.
(1, Wih15vs)

Continuing in this way, we get that (to save the space, abbreviate N; := m; —

ms—l)

E(Zm1 Gi,ug,vy) - L, (s> uy, vg))
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s—1

(COM M E@)™ (L@)™ 0 Gy, us, v)E[ [ Zng g up. vp)
p=1

X > PN, W, AN ¥s) Ly (ENg, W B ys)]

(tNg Wiy BNg 3 Vs)

> €N M @) (L) s g, vy)

(tng  WNg NG 5 ¥s)

s—1
XE[( l_[ Zmg(jp, ug, vﬂ))ZmH ((js—ls g1, v5—1) + (ty,, Wa,, Ang; )/s))]
p=1
XN, WNy, BN ¥s)
> @M M@ (L) oG, s, v5)
(ENg s W ENg 3 V)
x(Cryms=t KMs=1= 14 o () ay, vy) - D (g2, Us_2, Us_2)
Xq)((js—lv U1, Us—1) + (tn,, W, Bings %))@(tz\/_;, W, NG Vs)
> €N M @) (L) Dy, vp)
(tng ,WNg  Ng 3 Vs)
X (C)™ VK™ 1%y uy, vy) - - D (g, U2, Ug—2)
XD (jy—1, Us—1, Vs—1) P (tn,. Wi, Bing; Vo) (tN,, Wa,, BN Vs)
(CL)™ (M (@)™ (L)~ K™l
XCI)(j], u,vy)- - q)(jss uy, V)
X > Pty WN,, by vs) @ty Wy, A vs)
(tng . W liNg 1 Vs)

(€A™ K™D (i, up, v1) - - - D (s, Uy, V).

Here we use the induction assumption, the multiplicativity of Z;(-, -, -) and
d(., -, -), and the fact that, as y; < «,

Z O(tn,, Wr,, b v) @ (ty,, Wa,, b, V)

(g Wy NG Vs)

= > @ty 2wy, hy,) < L(@).

(tng  WNg NG 5 Vs)

As before, K := M(x)L(«). Thus, Lemma 3.2 is completely proved. Il

Since [UQ )| < 32, > 2i2j Z1, now it only rests to estimate, with the

Bull Braz Math Soc, Vol. 34, N. 3, 2003



ON A MULTISCALE CONTINUOUS PERCOLATION MODEL 433

help of Lemma 3.2,

B 02) =« X i i@z (33)

n=1 j=1 - <na
Jie-

u11 RV
Z 2 i

mi<..<ms (j;,u;,v;)
lss<a j=1,..s

XE(Zy, (i, w, v1) -+ - Zy, (s, Uy, V)
C/l-ota' Z (C)\,)ms Kms—l

mp<..<mg
1<s<«a

A

IA

IA

. LUl . .
X Z ][ITIIYI"']l,vlvlq)(Jl’ulavl)"'q)(.]s’us,vs)

Gy, vp)
I=1,...,s

C” Z (CKM)™s

mi<..<mg
1<s<a

IA

C// o
< ?Zam“(CK)»)’" < 00

m=1

for A < (CK)~!, where C’ and C” are positive numbers which depend only on
«. Here we used the fact that

.U LU . .
Z ]1,11.1 e ]l,v;}qu(.]la up, vl) e qD(.]M Uy, vs) < o0,

Grswg,vp)
I=1,...,s

which can be easily proved analogously to (25). Thus, the proof of Theorem 1.2
is completed. O

Remark. Let N(U©(0)) be the number of points in the cluster U (0) and
|U©(0)| be the volume covered by the cluster. Then, in the same way it can be
proved that if Ep?*? < oo, then for A small enough we have E(N (U© (0)))* <
oo and E(|U© (0))* < oo (substitute j Z7 in (33) by Z; in the former, and j9Z;
in the latter case.)
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