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Abstract. Inthis article we derive strong conditions on the defining equations of asymp-
totically good Artin-Schreier towers. We will show that at most three kinds of defining
equations can give rise to a recursively defined good tower, if we restrict ourselves to
prime degrees.
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0 Introduction

The search for explicit equations of function fields over finite fields, specially the
ones coming from modular curves, has attracted interest since the works of Fricke
and Klein. Recently the interest on towers of function fields over finite fields was
renewed because of its applications to Coding Theory: via Goppa’s construction
of linear codes from algebraic function fields, Tsfasman-Vladut-Zink showed
the existence of long linear codes above the so-called Gilbert-Varshamov bound
(see [11], Section VIIL.2).

We will consider here towers of Artin-Schreier type; i.e., towers
F = (Fo, Fi, F», ...) of function fields F, over a finite field K = F, in
which every extension F,/F,_ is an Artin-Schreier extension. In the last few
years several asymptotically good towers of function fields of Artin-Schreier type
(precise definitions will be given below) have been found (see [4, 5, 9]). After
it turned out that some of these towers are explicit models of certain modular
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curves (see [2, 3]), the significance of them has become even more apparent.
In this paper we derive strong restrictions on the defining equations of asymp-
totically good Artin-Schreier towers (see Theorems 2.1 and 4.6). Particularly
interesting is the statement in Theorem 3.1 that a certain extension of rational
function fields is wild, which leads to the classification result in Theorem 4.1.
If a certain divisor is p-free (see Cor. 2.2) we show that the tower F is a bad
tower. We then consider recursive Artin-Schreier towers F given by

Yo(X)
Vi(X)’

where ¢ (Y) is an additive and separable polynomial, and where ¢ (X) is arational
function. If the tower F is a good tower, then the extension I, (X) /F, (¥ (X)) isa
wild extension (see Theor. 3.1). As a consequence we get Theor. 4.1 describing,
for good recursive towers of Artin-Schreier type, the possibilities for the rational
functions ¥ (X) in case deg ¥ (X) = p, where p denotes the characteristic.
Prop. 4.4 and 4.5 show that the case where ¥ (X) is a polynomial leads always
to a bad tower (see [10] for a similar result in the case of towers of Kummer
type over prime fields F,,). All known asymptotically good, recursive towers of
Artin-Schreier type of degree p are of the first kind; i.e., they all fall under the
item i) of Theor. 4.1.

p(Y) =y (X) =

1 Preliminaries

We give some details concerning notation and definitions, as well as some first
properties of towers. Throughout this note, K is a perfect field of characteristic
p > 0,and F = (Fy, F1,...) is a tower of function fields over K. This means
that

1) Fj is a function field (of one variable) over K, and Fy C F; C F>, C ...

ii) For all n > 1 the extension F,/F,_; is finite and separable of degree
[F, : F,_1] > 1.

iii) The field K is the full constant field of F,, for all n > 0.

iv) The genus g(F},) of F, tends to infinity, for n — oo.

Towers of function fields are of particular interest in the case when K is the finite
field IF, where ¢ is a power of the characteristic p. In this case we denote by
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N (F,) the number of F,-rational places (i.e., the number of places of degree
one) of F, /IF,, by g(F),) the genus of the function field F),, and by

. N(F)
M) =

the limit of the tower F. This limit A(‘F) > 0 always exists [8], and one has the
well-known Drinfeld-Vladut bound [1]:

MF) =g -1

We say that the tower F is asymptotically good (resp. asymptotically bad, resp.
asymptotically optimal) if A(F) > 0 (resp. A(F) = 0, resp. A(F) = /g — 1).

When studying the limit A (F) of a tower over IF, itis convenient to consider the
asymptotic behaviour of the genus and the asymptotic behaviour of the number
of rational places separately: i.e., one introduces the quantities

L g(F) . N(F)
y(F) = nll)rrolo —[Fn Fo] and v(F) := nlggo —[Fn TFol

It is easily seen that the above limits exist, and that we have
0<y(F)<oo and 0 <v(F) < N(Fy) < o0.

The following lemma follows easily from the definitions above.

Lemma 1.1. Let 'F be a tower of function fields over F,. Then we have

) MF) =v(P) /v F).

ii) The tower F is asymptotically good if and only if v(‘F) > 0 and y (F) <
Q. U

There is a simple criterion which implies in many cases that v(‘f) > 0, namely
the following: call a rational place P, of the function field Fy completely splitting
in the tower F if the place Py splits completely in all extensions F,,/ Fy (i.e., the
place Py has exactly [F, : Fy] places of F,, above it, for all n > 1).

Lemma 1.2. Let ' be a tower of function fields over ¥, and let t := #{Py| Py
is a rational place of Fy/F, which splits completely in the tower F}. Then we
have v((F) = t. In particular, ift > 0 then v(F) > O.
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Proof. Obvious. O

Let F be a function field with K as its full constant field. An irreducible
polynomial in F[Y] is called absolutely irreducible if this polynomial is also
irreducible as an element of E[Y ], where E is the compositum field of F" and an
algebraic closure of K.

As before we consider a tower F = (Fy, F, F», ...) of function fields over
the finite field F,. Assume there is a polynomial in two variables ®(X,Y) €
F,[X, Y] and elements x, € F, (r > 0) such that Fy = [F,(xo) is the rational
function field and, for all n > 1, the following holds:

1) Fy = Fy_1(x,) and @ (x,_1, x,) = 0.

ii) The polynomial ®(x,_1, Y) € F,_1[Y] is absolutely irreducible.

Then we say that the tower F is defined recursively by the equation ® (X, Y) = 0.
In case the polynomial @ (X, Y) has the specific form ® (X, Y) = ¢o(¥)-¥1(X)—
@1(Y) - ¥o(X), with polynomials in one variable ¢o(Y), ¢1(Y) € F,[Y] and
Yo(X), ¥1(X) € F,[X], we also say that the tower F is defined recursively by
the equation

oY) Yo(X)

oY)  yi(X)
Many interesting towers of function fields in the literature are of this type, see
[4,5,7,8,9].

Example 1.3. Consider the tower F of Artin-Schreier type defined recursively
over [, by the equation

X+ D=1

YP—Y =
Xr-1

’

where the characteristic p of the finite field IF, satisfies p > 3. If the cardinality
of the field I, satisfies ¢ = p”, then the places of the rational function field
Fy = F,(x¢) which are zeros of xj — xo — 1, are completely splitting in the
tower over IF,. Hence v(F) > p over IF,». It will follow from our results, that
this tower is asymptotically bad (see Example 4.3 below).

We say that the tower ‘F has finite genus if y(F) < oo. Now we give a
criterion which implies that F has finite genus. We call the set

V(F) :=1{QolQo is a place of Fy/F, ramified in some extension F, / Fy}
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the ramification locus of the tower F. The tower is said to be tame if all extensions
F, / Fy are tame (which means that the ramification index e(P|Q) is relatively
prime to the characteristic p, for all places Qy of the function field Fy and for
all extensions P of Qg in F},). Otherwise the tower F is said to be wild.

Lemma 1.4. A tame tower F with finite ramification locus V (F) has finite
genus.

Proof. This is a simple consequence of the Hurwitz genus formula, applied to
the extensions F;,/Fy. See also [8]. O

Combining the above results one obtains:

Corollary 1.5. Let F be a tower of function fields over F, having the following
properties:

1) The tower T is tame.
ii) The ramification locus V (F) is finite.

iii) At least one rational place Py of the function field Fy splits completely in
the tower F.

Then the tower T is asymptotically good.

We will see in Section 2 that the conclusion of Corollary 1.5 does not hold in
general for wild towers.

2 Towers of Artin-Schreier type

We keep all notations from Section . A tower F = (Fy, Fi, F», ... ) of function
fields over IF, is said to be a tower of Artin-Schreier type if for all n > 1 one has
F, = F,_1(x,), where the minimal polynomial of x, over F,_; has the form

On(T) — Zp—1

with a separable additive polynomial ¢,(7T) € F,[T] and with some element
Zn—1 € F,_; (recall that a polynomial ¢(7") of the form Zi>0 a; TP is called
additive; it is separable if ay # 0). Note that from the assumption that F is a
tower it follows that the polynomial ¢,(T) — z,_ is absolutely irreducible in
F,_1[T]. Itis clear that if there occurs ramification in F,,/F,_; then it is wild
([11]). Examples of asymptotically good towers of Artin-Schreier type are given
in [4, 5, 9].
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Our main result here (see Theorem 2.1) says that if a Artin-Schreier tower is
asymptotically good, then the determination of the genera of the function fields in
the tower will require pole-order reductions (see [11], Proposition II1.7.8) essen-
tially at all relevant places. In order to state Theorem 2.1 properly, we introduce
the following notation: Given a divisor D in a function field of characteristic
p > 0, one has a unique decomposition D = p - A + B, where the supports of
the divisors A and B are disjoint and

B = pr - P, gcd(bp, p) = 1 for all places P with bp # 0.

We call B the p-free part of D. If B = D the divisor D is said to be p-free.

Theorem 2.1. Let F = (Fo, Fi, F», ...) be a tower of function fields over F, of
Artin-Schreier type. Suppose that for all n > 1 we have

Fn = Fn—l(-xn) with QDn(xn) —n-1= Oa

where z,_1 € F,_1, ¢,(T) € F,[T] is an additive separable polynomial and
©0n(T) — 2,1 € F,_1[T] is absolutely irreducible. Suppose moreover that the
functions z, € F, satisfy the following extra condition: There exists a constant
€ > 0 such that

deg B, > € - deg D,, for infinitely many values of the index r,

where D, is the pole divisor of the function z, in the field F, and B, is the p-free
part of the divisor D,. Then the tower F is asymptotically bad.

Proof. Assume that the tower F is asymptotically good, then v((F) > 0 by
Lemma 1.1. Asthe sequence (N (F,)/[F, : Fol)u>0 is monotonously decreasing,
we have for all n > 0 that

N(Fy) zv(F) - [Fy 2 Kol

On the other hand the obvious inequality N(F,) < (¢ + D[F, : F,(z,)] holds
and we conclude for all n > 0 that

[Fu 2 Fg(zn)] = c1 - [Fy @ Fol, with ¢ :=v(F)/(g+1) > 0. ()

Now we choose an infinite sequence of indices 0 < r; < r, < r3 < ... such
that the p-free part B, of the pole divisor of Zr; in the field F, satisfies

deg B,, > € - [F}; : F,(z,,)], forall j > 1. 2)
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It follows from Equations (1) and (2), taking ¢c; = € - ¢; > 0, that
deg B,; > co[ F; : Fol, forall j > 1. 3)

Write B, = > by P, with places P, of the function field F, /Fy and b, > 0.
Using for example [11], Prop. II1.7.10 (d), we see that the different degree of
F,j+1 / F,J. is bounded from below by

deg Diff(Fr_,--H/Frj)

v

Yo (b + D([Fypg1 2 Fry1 = 1) - deg P,
> 3[F41: F 1Y bideg P,
= 3lFys1: Fyl-deg By = ¢35 [Frypr 2 Fol

with ¢3 = ¢,/2. Using the transitivity of the different, we obtain by induction
the following:

deg Diff (F +1/F:) = s - c3 - [F 41 : Fol, for all values of the index s.

Without loss of generality we can assume that the genus of the function field F},
satisfies g(F},) > O; then the Hurwitz genus formula for the extension F, 4/ F;,
implies that

1
g(F . 41) > > -8 - c3 - [Fr41 : Fol, for all values of the index s.

Hence y (F) = limy_, o0 g(Fy,+1)/[Fr,+1 : Fo] = oo. This is a contradiction to
Lemma 1.1. O

The proof of Theorem 2.1 shows that if there is a nonzero real constant ¢
such that deg Diff (F,1/F,) > c - [F,4+1 : Fp), for infinitely many values of the
index r, then the tower has an infinite genus. So Theorem 2.1 holds under the
more general assumption that there are infinitely many Artin-Schreier steps in
the tower satisfying this extra condition in the statement of Theorem 2.1.

As a particular case of Theorem 2.1 we have

Corollary 2.2. Let the hypotheses and notations be as in Theorem 2.1 apart from
the extra condition. Suppose that for all r > 0, the pole divisor of the function
Z, in the function field F, is p-free (i.e., B, = D, for all indices r > 0). Then
the tower F is asymptotically bad.

Proof. The extra condition in Theorem 2.1 is satisfied with € = 1 for all indices
r>0. ]
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3 Recursive towers of Artin-Schreier type

In this section we want to study the asymptotic behaviour of recursive Artin-
Schreier towers [ over the finite field Fy; i.e., towers F defined recursively by
equations of the form

_ Yo(X)
Vi(X)’

where ¢(Y) € F,[Y] is a separable additive polynomial and where (X)),
Y1(X) € F,[X] are relatively prime polynomials. Observe that we assume
tacitly that, for all n > 1, the polynomial ¢ (Y) — ¥ (x,—1) /Y1 (x4—1) € F,—11Y]
is absolutely irreducible. Examples of equations of the form (4) leading to
asymptotically good recursive Artin-Schreier towers are given by (see [5] and

[9D):

@(Y) C))

X4

Yi+Y=———
* X141

over qu,

or by
2

Y?+Y =
+ X+1

+ 1 over Fg.

Theorem 3.1. Suppose that F is an asymptotically good recursive tower over
IF, of Artin-Schreier type, defined by Equation (4) as above. Assume in addition
that the rational function Y (X) = Yo(X)/Y1(X) satisfies y(X) ¢ F, (XP),
where p = char(IF,). Then the following holds:

i) deg(Y) = deg ¥ (X), where deg ¢ (X) := max{deg ¥/o(X), deg V1 (X)}.

i) The extension of rational function fields F,(X)/F, (¥ (X)) is wild (i.e., at
least one place is wildly ramified).

Proof. i) By our assumptions, the polynomial ®(X,Y) = ¢(¥) - ¥1(X) —
Yo(X) is separable in both variables X, Y. Hence assertion i) follows immedi-
ately from [6].

ii) Assume that the extension IF, (X) /I, (¥ (X)) is tame, i.e. that assertion ii) does
not hold. We show by induction that, for all n > 1, the extension F,/F,(x,)
is tame. For n = 1, the function field F; is the compositum of F,(xo) and
F,(x1). Since the extension I, (xo)/F, (1 (xo)) is tame by assumption, it fol-
lows from Abhyankar’s lemma (see [11], Prop. II1.8.9.) that F;/F,(x;) is
tame. Now we prove the induction step. With the same argument as before
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one sees that F, (x,, x,41)/F,(x,41) is tame. The induction hypothesis states
that F,, /¥, (x,) is tame; again from Abhyankar’s lemma we conclude that the ex-
tension F,11/F,(x,, x,41) is tame. Since the extension F, (x,, X,+1)/F, (xn41)
is also tame, it follows that the extension F; ;| /IF,(x,41) is tame. Assuming that
F,(X)/F,( (X)) is tame, we have thus proved that all extension F, /F, (x,) are
tame. Denoting by z, = ¥ (x,), we see that all extensions F, /FF,(z,) are tame
extension and hence that the pole divisor of the function z, in F, is a p-free
divisor. The theorem now follows from Corollary 2.2. U

In the next section we will investigate in more detail the case deg ¥ (X) = p.

4 Recursive towers of Artin-Schreier type of degree p

We keep the notations of the previous sections. In particular I, denotes the
finite field with g elements and p = char(F,). According to Theorem 3.1
rational functions v/ (X) such that the extension F,(X)/F,(y(X)) is wild, are
interesting for the construction of recursive towers. In case deg ¢ (X) = p, we
give in the next theorem a complete list of all rational functions v (X) such that
the extension IF, (X) /T, (¥ (X)) is wild.

Theorem 4.1. Let y(X) = Yo(X)/Y1(X) € Fy(X)\F,(X?P), with yo(X),
V1 (X) relatively prime polynomials in F [ X] satisfying the additional property
that max{deg ¥o(X), deg 1 (X)} = p, where p = char(IF,). Then the extension
F,(X)/F, (¥ (X)) is wild if and only if one of the following cases holds:

) Yv(X) = (X —=b)?/Y1(X)+a, with elements a, b € F, and a polynomial
¥1(X) € Fg[XT\F, [X”] of degree deg ¥\ (X) < p and (D) # 0.

i) ¥(X) = v¥o(X)/(X —a)?, with an element a € ¥, and with a polynomial
Vo(X) € Fy[XI\F,[X"?], where deg yo(X) < p and yo(a) # 0.

iii) ¥ (X) = 1/¥1(X) + a, with an element a € F, and with a polynomial
Vi1(X) € F [ XI\F,[X?], where deg ¥ (X) = p.

iv) ¥ (X) € F [ XI\F,[X?] and deg ¢ (X) = p.

Proof. For simplicity we write ¢ := ¥ (X). Observe that the extension
F,(X)/F,() is separable since ¢ F,(X”). We assume first that the ex-
tension I, (X)/F, () is wild. It follows from the Hurwitz genus formula that
there is exactly one place Q of the field F,(v) of degree one which is wildly
ramified in F, (X)/F,(¢). Let P be the unique place of I, (X) lying above Q.
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Then we distinguish the following four cases which correspond to the cases in
the statement of Theorem 2.1:

1) Q is the zero of ¥ —a in F, () and P is the zero of X — b in F, (X).
ii) Q is the pole of ¥ in [F,(¥) and P is the zero of X — a in [F, (X).
iii) Q is the zero of ¥ — a in[F, () and P is the pole of X in F,(X).
iv) Q is the pole of ¥ in F, (¥) and P is the pole of X in I, (X).

Conversely, it is obvious that in all four cases there is a wildly ramified place
in the extension F, (X)/F, (). O

Definition 4.2. We define a recursive tower of Artin-Schreier type to be of the
first, second, third, or fourth kind if its defining equation corresponds to case
one, two, three, or four in Theorem 4.1.

Note that till now all known asymptotically good, recursive towers of Artin-
Schreier type of degree p are of the first kind ([5, 9]). We will show later that
recursive towers of Artin-Schreier type of the fourth kind are asymptotically
bad. We do not know whether or not there exist asymptotically good towers of
Artin-Schreier type of the second or third kind.

Example 4.3 (Example 1.3 continued). We show that the tower considered in
Example 1.3 is asymptotically bad. This follows directly from Theorem 4.1,
since for p odd the rational function

Y(X) =X+ DX —1/xr!

is not of one of the four forms mentioned in that theorem. More generally for ¢
a power of an odd prime number p, one can show using Corollary 2.2 that the
Artin-Schreier tower defined recursively by

YO+Y =y(X) =X+ DX —1)/x97!

is bad, since all pole orders of ¥ (x,) are of the form 2" (¢ — 1).

We will now start our investigation of recursive towers of Artin-Schreier type
of the fourth kind.

Proposition 4.4. Let ‘F be a recursive tower of Artin-Schreier type over the finite
field ¥, defined by the equation

Y? 4+ aY¥ = ¢(X),
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with a € F,\{0} and ¥ (X) € F [ XI\F,[X?] such that deg (X)) = p. If F is
an asymptotically good tower, then

Y(X) =bX? +cX +d,
for certain b, c € F,\{0} and d € F,,.

Proof. For simplicity we write z := ¥ (xo) and we define inductively G :=
Fy(x1) and G, := Gp1(xp11), With x| +a-x,41 = ¥ (x,). We will first prove
the claim that, with the exception of the pole of z, every place of the function
field IF; (z) is unramified in the extension I, (xo) /I, (z). For that we assume that
Fq, an algebraic closure of I, is the full constant field of the function fields
in the tower; i.e., we have performed a constant field extension to an algebraic
closure of IF,. Suppose that the place P of F,(z) is ramified in the extension
F,(x0)/F,(z) and thatz = A (mod P) forsome A € Fq. Let Q be aplace of the
function field I, (xo) lying above P such that the ramification index e(Q|P) > 1
and define e := e(Q|P). There exists @ € Fq such that xp = a (mod Q).
From the defining equation of F we see that the place Q is unramified in any
extension F),/Fy. Choose R to be one of the p" places of the function field F,
lying above Q. Further write S := R N G,_;. Note that S N [F,(z) = P, since
RNF,(z) = (RN F) NF,(z) = QNF,(z) = P. Again from the defining
equation of the tower we see that e(S|P) = 1 and hence that e(R|S) = e. Since
we chose R lying above Q arbitrarily, we see that there exist at least p” pairs
(R, S), with R a place of F,, and S a place of G,,_; such that R lies above S and
such that e(R|S) > 1.

Define the tower j—"\ inductively by f?\o = F,;(y0) and f = Fn 1(¥n), with
Yy = yn Fa- . Note that since F i isa tower, so is j: Further observe
that ‘F has the same genus as j—" and that v(j—") = v(F). Since for every n > 1
the extension F / F,, 1 is isomorphic to the extension F,/G,_1, we see from
the above that ramification occurs at least p” times in fn/ ﬁn,l. This means
that deg Diff (1/7\,1 / 1/7\,,_ 1) = p", forall n > 1. However, it then follows from
Proposition 2.5 of [5] that f (and hence ¥) is asymptotically bad. This proves
the claim that, with the exception of the pole of z, every place of the function
field IF, (z) is unramified in the extension I, (xo)/F, (z).

Now let o be zero of //(X) and write Q for the place of the function field
Fy defined by xo = o (mod Q). Further write P := Q NF,(z) and A := z
(mod P). Since ¥'(o) = 0 we see that « is a multiple zero of ¥ (X) —
This means that e(Q|P) > 1, contrary to what we have seen above. Hence
¥'(X) does not have zeros, which means that it is a constant. This proves the
proposition. O
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Similarly as in Proposition 4.4 one can show that if F is an asymptotically
good, recursive Artin-Schreier tower defined by the equation ¢ (Y) = ¢ (X), with
@(Y) an additive separable polynomial and ¥ (X) € F,[X]\IF,[X”]apolynomial
such that deg ¢ (X) = deg ¢ (Y), then ¥ (X) is of the form a - X + ¥ (X?), fora
certain a € F,\{0} and some polynomial ¢ (X).

Proposition 4.4 gives a strong restriction on the form the defining equation of
an asymptotically good, recursive tower of Artin-Schreier type of the fourth kind
can have. Now we investigate if an equation of this form can define a tower.

Proposition 4.5. Let a, b, c € F,\{0} and d € F,. A recursive tower of Artin-
Schreier type with defining equation

Y?P +aY =bXP +cX +d

does not exist.

Proof. Suppose that a tower J' = (Fy, F1, .. .) does exist with defining equa-
tion as in the proposition. Define by induction on n the functions té’) = X;
and . '

1O = D _pl/t O
Further we define ¢; := d and for all n bigger than one ¢,, := d - ]—[;’;} (1—bl/P").

We show that for all n > 1 the following holds:
N +a-1D = —a-b""") -1, +¢,, foralli > 0. (5)

For n = 1, this is clear from the equation x| +a - x;41 = b - x + ¢ - x; +d.
Assuming the result for n, we find:

(tﬂl)p +a- tﬂl = @) a0 P ()P 4 a - 1D) —
a- (VP plurty . tD =(c—a-bP

n+1

)4+ g

Here we first used the inductive definition of tﬂl and then the induction hy-
pothesis in combination with the definitions of ") and ¢, . Note that t") is a
linear combination of x1, X3, .. ., X,4; wWith coefficient of x,,,; equal to one. This
and Equation (5) imply that if an n exists such that ¢ = a - b'/?", F is not a
tower. For in this case the minimal polynomial of t,go) over F,_1 is not absolutely
irreducible, which implies either that the constant field of F,, is larger than that
of F,_; or that F,, = F,,_;. Hence we can assume that for all n the inequality
¢ #a-b"" holds.
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Define the place P of the function field IF, (xo) to be the pole of the function
Xo. It is easy to prove by induction (using Equation (5)) that for all n > 1 the
place P is totally ramified in the extension F, /Fy. Define P, to be the unique
extension of P in the function field F,,. It also follows easily that for all n > 0
we have vp, (1) = —1. However, by construction, the function ) € F, does
not have poles apart from P,, while at P, the pole is simple. This implies that
F, =T, (t,(lo)) and hence that for all n > 0 the genus of the function field F, is
equal to zero. This implies that F is not a tower, contrary to our assumption.
Therefore the proposition follows. g

The above propositions lead to the following theorem (see Definition 4.2):

Theorem 4.6. Let ‘T be a recursive tower of Artin-Schreier type of degree p. If
F is asymptotically good, then it is of the first, second, or third kind.

Proof. By Theorems 3.1 and 4.1, the tower F is of the first, second, third, or
fourth kind. However, by Propositions 4.4 and 4.5 towers of the fourth kind are
asymptotically bad. O
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