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1 Introduction

The ridges of surfaces in 3-space were introduced by 1. Porteous [7] as the sets
of points at which the surface has a higher order contact with some of their focal
spheres. They are the image, through the exponential map, of the singular part
of the focal set off the umbilical foci. The generic structure of these sets may be
described by means of the analysis of the singularities of the distance squared
functions on the surface. The generalization of these ideas to hypersurfaces
in R” follows in a natural way (cf., [9]). The analogous study, applied to the
singularities of the height functions over submanifolds of codimension 2 in R”,
leads to the concept of flatridges. They were introduced by the third named author
and E. Sanabria-Codesal in [8] and are made of points at which the submanifolds
have higher order contact with some hyperplane. In fact, the flat ridges of an
(n — 2)-submanifold M coincide with the image of the intersection locus of the
ridges and the parabolic subset of the canal hypersurface C M through the natural
projection v: CM — M. The flat ridges may be classified in terms of the order
of contact of the submanifold with the hyperplanes. Those of maximal order are
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isolated points over generic submanifolds. An interesting fact, shown in [8], is
that these can be characterized as flattenings of the asymptotic lines, considered as
curves in the ambient Euclidean space. Asymptotic lines of (n —2)-submanifolds
of R" were introduced in [6].

The purpose of this paper is to develop the analogous theory in the context of
the submanifolds of hyperbolic spaces and their contacts with hyperhorospheres.
To do this, we introduce in Section 3 the hyperbolic height functions family on
(n — 2)-submanifolds of HY (—1). This functions measure the contacts of such
submanifolds with hyperhorospheres in H (—1) in a similar way than the height
functions do for submanifolds and hyperplanes in R". We define the hyper-
bolic canal hypersurface, CM, of M in H (—1) and relate the singularities of
hyperbolic height functions on M with those on CM. In fact, we see that the
degenerate singularities of the hyperbolic height functions on M correspond to
the singularities of the hyperbolic Gauss map on C M under the natural projection
v: CM — M (Proposition 3.3). This setting allows us to define the concepts
of horobinormals and osculating hyperhorospheres at the points of M, as well
as, horospherical ridges. The horospherical ridge points are the singularities of
type Ag>3 of hyperbolic height functions on M. They correspond to degener-
ate singularities of corank one for the hyperbolic Gauss map on C M under v.
We see that they are contained in the closure, c/(M*), of an open submanifold,
M*, of M and form regular submanifolds of codimension one when restricted
to M* (Proposition 3.9). In Section 4 we define the horoasymptotic directions
on submanifolds of codimension 2 of hyperbolic n-space that generalize those
defined in [4] for surfaces in Hj‘r(—l). We define horospherical flattenings of a
curve in hyperbolic n-space as those at which the curve has a contact of order
n + 1 with some hyperhorosphere. Then the ridge points of M are characterized
as horospherical flattenings of the normal sections of M in horoasymptotic di-
rections (Theorem 4.2). The horoasymptotic directions determine some tangent
fields over the closure of M* whose integral curves are the horoasymptotic lines
of M.

The main result in this section consists in the characterization of the maximal
order horospherical ridges of a submanifold M of codimension 2 in hyperbolic
n-space as the horospherical flattenings of its horoasymptotic lines, considered
as curves in H} (—1) (Corollary 4.8).

We shall assume throughout the whole paper that all the maps and manifolds
are C* unless the contrary is explicitly stated.
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ON THE HOROSPHERICAL RIDGES OF SUBMANIFOLDS 179

2 Basic notions and concepts

LetR"™! = {(x, x1, ..., x)|x; € R, i =0, 1, ..., n}bean (n+1)-dimensional
vector space. For any vectors x = (xq, ..., X,), ¥ = (Yo, ..., yp) in R"*! | the
pseudo scalar product of x and y is defined by (x, y) = —xoyo + Y _i_; XiVi-
The space (R"*!, (,)) is called Minkowski (n + 1)—space and written by R’f“.

We say that a vector x in R"T'\ {0} is spacelike, lightlike or timelike if (x, x) >
0,= 0 or < O respectively. The norm of the vector x € R"*! is defined by
x|l = /T{x, x)[. Given a vector n € R?*! and a real number c, the hyperplane
with pseudo normal »r is given by

HP(n,c) = {x e RI|(x,n) =c}.

We say that H P(n, c¢) is a spacelike, timelike or lightlike hyperplane if n is
timelike, spacelike or lightlike respectively.
The hyperbolic n-space is defined by

H!(=1) = {x e RT""| (x,x) = —1, xo = 0}
and the de Sitter n-space by
St ={x eRM|(x,x)=1}.

iven n vectors ai, as, ..., a, , we can define another vector a;
G t e R} defi th t A
a A --- A a, as follows:

—€o €] €n
a a a,
2 2 2
agNa AN---Na,=| % a, |,
n n n
aO al .. an
where {e, e, ..., e,} is the canonical basis of R "' and a; = (@}, a!, ..., a}).
We can easily check that
(a,ay Nar N --- ANay,) =det(a, ay, ..., a,),
soa; Aay A --- A a, is pseudo orthogonal to a; fori =1, ..., n.

We also define aset LC, = {x € R’f“ | (x —a,x —a) =0}, which is called
a closed lightcone with the vertex a. We denote

LCi:{x:(xo,...xn)ELco |xo > 0}
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and we call it the future lightcone at the origin. Given any lightlike vector

x = (xg, X1, ..., Xy), we have that xy # 0 and thus,
~ by X
X= (1,—1,...,—") €S ={x=(x0,%1,..., %) €LCT | xo =1}
Xo Xo

The subset SL’:I is known as the spacelike (n — 1)-sphere.

Let U C R"2 be an open subset and suppose that x: U — HY(—1) is an
embedding, so its image M = x(U) is a regular submanifold of codimension 2
in H(—1). We shall identify M with U by the embedding x.

Given p = x(u) € M C H{(-1), we have (x(u), x(u)) = —1, so that
(x;(w), x(w)) = 0, where u = (uy,uz,...,u,_») and x;(u) = (dx/du;)(u).
Hence the tangent space of M at p = x(u) is

TyM = (x1(u), x2(u), ..., Xp—2(u))R.

Let N, M be the pseudo normal space of M at p = x(u) in R’1‘+1 and choose
a pseudo normal vector n(u) € Sl(NpM N T,H!(—1)), where Sl(NpM N
T, H? (—1)) denotes the spacelike unit circle in N,M N T, H (—1). We remark
that u € U is not necessarily fixed, so that 7 (x) might be a pseudo normal vector
field along M. It follows that

X)) Axi(u) A AXxp_o(u) An(u)
e(u) =

1 ne
N ||.X'(u) /\xl(u) A /\xn_z(u) /\n(u)” € S (NPM N TPH+( 1))

Then we have the following Proposition:

Proposition 2.1. Under the above notations, we have
N,M = (x(u), n(u), e(u))Rr.
Moreover,
n;(u) € (x1(u), x2(u), ..., X,—2(u), e(u))r
and
ei(u) € (x1(u), x2(u), ..., xy2(u), n(u))r,

where n;(u) = (0n/ou;)(u), e;(u) = (de/du;)(u).
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Proof. By the above construction, {x, xy, ..., X,_2, 1, e} is a basis of the vec-
tor space T.,,R'l’fl, and thus we can write n; = Z';j Aoxj + pin 4 phe + b,
forsome)dj mpeR i, j=1,2,...,n—2and k =1,2,3.Since (n,n) =1,
(nij,n) =0,i =1,...,n—2. Thuswehave,ui] =0,i=1,...,n—2. On

the other hand, (x, n) = 0 and hence (x,n;) = —(x;,n) =0,i =1,...,n—2.
Therefore us = 0,i = 1,...,n — 2. Consequently we get

ni(u) € (xi1(u), x2(u), ..., Xp,—2(u), e(u))r.
The final assertion follows similarly. U

We shall consider a fixed unit pseudo normal vector field  on M C H (—1)
by the above construction through the whole paper.

3 Hyperbolic height functions on submanifolds of codimension 2

In this section we introduce the notions of hyperbolic height functions, hyperbolic
canal hypersurfaces and hyperbolic Gauss maps on submanifolds of codimension
2in HY (=1).

For aregular submanifold M (= x (U)) of codimension 2in H (—1), we define
a function

H:UxS_”;l—HR

by H(u,v) = (x(u), v), where v = (1,vy,...v,) € S_"[l. We call H the
hyperbolic height functions family on M. We shall denote h,,(u) = H (u, vy),
forany vy € § :‘_*1. Then we have the following proposition:

Proposition 3.1. Let M be a regular submanifold of codimension 2 in H (—1)
and H: U x Sﬁ’:l —> R the hyperbolic height function. Then (0h,/du;)(u) =
0G =1,....n—=2)ifand only if v = x/—l\—Tv(u,go), where w(u, p) =
cospn(u) + sinpe(u) and 0 < ¢ < 2m.

Proof. We remark that (dh,/du;)(#) = 0 if and only if (x;, v) = O for each
i =1,...,n—2and v € S '. This is equivalent to the condition that v €
(x,n,e)rN Sj’__l. Therefore, v = Ax + un + & e for some real numbers A, u, &.
Since (v, v) = 0, u? + £2 = A2, It follows that

A (x + %n + %e) = A(x + cos pn + sin ge),
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where /A = cos ¢ and £/) = sin ¢. This means that v = x/—l\—_l/u(u, ¢), where
w(u, ) = cospn(u) + singe(u) and 0 < ¢ < 2. The converse follows from
straightforward calculations. O

The hyperbolic canal hypersurface of M in H}(—1) is defined by
CM = {(x),v) e M x S v =x + w, 9),
w e S (Nx@wM N TxwHL (=)}

Let DH: M x ST' — R x ST ; DH(x(u),v) = (H(u,v), ) be the
unfolding associated to the family H. The singular set of DH is given by

> (DH) = {(x(u),v) € M x $}”"| (dx, v) = 0}.

It follows from Proposition 3.1 that Y (DH) = CM.
We can consider the hyperbolic canal hypersurface of M, as a hypersurface of
H! (—1) by means of an embedding, x: U — H(—1) defined by

X(x(u), ¢) = coshOx(u) + sinh 6 (cos pn(u) + sin pe(u)),

where U = M x [0, 27) and || a sufficiently small positive real number.
We can define the hyperbolic height functions family on CM by

H:CM x S"" - R; H((x(u), 9), v') = (x(x(u), ¢), V).

We denote that ﬁvo (u, ) = H((x(), ©), vg), for vy € Si_l. The following
proposition characterizes the singular points of the hyperbolic height functions
over CM.

Proposition 3.2. Let CM be a hyperbolic canal hypersurface of M in H (—1)
and H: CM x Sfr_l —> R the hyperbolic height function on CM. Then
(Ohy/0u;)(u, ) = (Bhy/d0)u,9) = 0 (G = 1,...,n — 2) if and only if
v = m(u, @), where w(u, ¢) = cospn(u) + sinpe(u) and 0 < ¢ < 2m.

Proof. We have
X (u, ¢) = coshOx(u) 4 sinh 6(cos pn(u) + sin pe(u)) € (x(u), n(u), e(u))r.
Hence,

X;(u,p) = coshOx;(u) + sinh 6(cos pn;(u) + sin pe; (1)),

X,(u, ) = sinh6(—singn(u) + cos pe(u)).

Bull Braz Math Soc, Vol. 35, N. 2, 2004



ON THE HOROSPHERICAL RIDGES OF SUBMANIFOLDS 183

We denote
N(u, ¢) = sinh Ox (u) + coshOw(u, p) € ST,

where w(u, ¢) = cos pn(u) + sin pe(u) € Sl(N,,M NT,H!(—1)). It follows
that w; (4, ¢) = cosen;(u) + sinpe; (u) € (x;(m),...,x,_ o), n(u), e(u))r
and w,(u, ) = —sinpn(u) + cospe(u), where w; (u, ¢) = (Qw/ou;)(u, )
and wy,(u, ¢) = (Qw/9¢)(u, @). Itis easy to calculate that (N (u, ¢), X (u, , ¢))
= 0. Moreover, we have

(N(u, @), x;(u,p)) = (sinhfx(u)+ coshBw(u, @),
coshf0x;(u, ¢) + sinhbw;(u, p))
= (coshOw(u, ¢), cosh0x;(u, ¢))
cosh? 6((cos on(u) + singpe(u)), x; (u, ¢)) = 0.

On the other hand, we have

(N(u, ), x,(u,p)) = (sinhOx(u)+ coshOw(u, ¢),sinhOw,(u, ¢))
= (sinh6x(u), sinhOw,(u, ¢))
= sinh®6(x(u), — sin on(u) + cos pe(u)) = 0.

This means that N (u, ¢) = sinh0x (u) + coshOw(u, ¢) € S| N N;CM, where

x(u,p) = p. Thus {x,Xx;,...,%X,_2,X%,, N} is a basis of the vector space
TI—,R’fH. Hence there exist real numbers A, A;, u (i = 1,...,n —2) and p,
such that

n—2

v = ()Jc + Zkiii + ux, + pN)(u, ).

i=1

Therefore (3h,/du;)(u, ) = (dhy/d@)(u,9) =0 G = 1,...,n — 2) if and
onlyif (x;(u, ), v) = (¥,(u,¢),v) =0 =1,...,n—2)andv € Sﬁ'r_l. This
is equivalent to the condition that A; = u =0, A = p and

v=AE+ N ¢) =%+ N ¢) =x + w. ¢) € S AN;CM. O
We now define the hyperbolic Gauss-Kronecker curvature of hypersurface in

HY(=1) (cf., [2]). Letx: V —> H(—1) be an embedding, where V C R !
is an open subset. We denote that S = x (V) and identify S and V through the
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embedding x. Since (x,x) = —1, we have (x;,x) =0 (i =1,...,n—1),
where u = (uy, ...u,—;) € V. Define a vector

x(W)AX1(W) A AX_q(u)

[l (@) Axy(@) A Axp ()]

e(u) =

then we have (e, x;) = (e, x) = 0 and (e, e) = 1. Therefore the vector x + e is
lightlike. Since x(u) € H(—1) and e(u) € S}, we can show that x (u) +-e(u) €
LC’; . We define the hyperbolic Gauss indicatrix (or the lightcone dual) of x as
the map

L:V — LC}

given by L(u) = x(u) + e(u). We also define the hyperbolic Gauss map of x as
the map

L:v— S_"[l

given by f(u) = m(u). In [2] we have shown that D,e € T, S for any p =
x(up) € Sand v € T,,S. Here, D, denotes the covariant derivative with respect
to the tangent vector v. Therefore, we have D, L € T,S. Under the identification
of V and §, the derivative dx (u¢) can be identified to the identity mapping idr,s
on the tangent space 7}, S, where p = x(uo). This means that d L(uo) = idr,s +
de(ugp). Thus, d L(ug) can be regarded as a linear transformation on the tangent
space T,S. We call the linear transformation S, = —dL(ug): T,S — T, S the
hyperbolic shape operator of § = x(V) at p = x(up). An eigenvalue of S, is
called a principal hyperbolic curvature of x(V) = S at p = x(up) and denoted
by k. The hyperbolic Gauss-Kronecker curvature of S = x(V) at p = x(uy)
is defined to be

K (up) = det Sp.
We also denote the hyperbolic Gauss map of CM as the map,
L:cM — 8", L, 9) = X + wu, 9).

Letmw: M x S}~ [N S L ; (x(u), v) — v be the natural projection. Clearly,
7|CM = I and the Boardman symbols of DH and I satisfy the relation

Z N=2,11,12,....,Tk (DH) = Z FL T2k (f)

Since CM is a hypersurface in HY (—1), the Proposition 5.2 in [2] includes
the following result:
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Proposition 3.3. The set of singular points of the hyperbolic Gauss map L of
the canal hypersurface CM coincides with the set of horospherical parabolic
points (that is, K,(p) =0at p € CM ).

On the other hand, given (x (1), v) € C M, we have i_zvo (u,v) = (coshOx(u)+

sinh 6w, vy), and it is possible to choose a coordinate system U x W for CM at
(x(u), v) in such a way that:

a) U is an orthogonal coordinate system for M at x(0) = (1,0, ..., 0), and

b) W is a coordinate system for S_"[l atv=(1,0,...,0,1). And

(D) x(w) = (fi(w), ur, uz, ..., up_2, f2(u), f3(u));
2) 0f;/9u;)(0) = (f);(0) =0, fori=2,3; j=1,2,....n—2.

In this case, (9f1/0u;)(0) = (f1);(0) =0for j =1,...,n -2, by x(u) €
HI(=1).

All the events are actually at a neighbourhood of a arbitrary fixed point of CM
which serves as the origin of the system. Then we have the following proposition:

Proposition 3.4. Under the above conditions, we have that the Hessian ma-
trices of hyperbolic height functions in the normal direction v on M (h,) at
x(u) and on CM (hy) at (x(u), v) respectively, satisfy AH (h,)(u) ® ul; =
H(hy)(u,v) = Df(u, v), where I denotes the identity over R, A, u are non-
zero scalars and Df(u, v) represents the Jacobian matrix of the hyperbolic
Gauss map L at the point (x(u), v).

Proof. For (x(u),v) e CM

n—2

hy(u) = — fi1(u) + Z vitt; + Vy—1 fo(u) + v, f3(u),

i=1

where u = (uy,...,u,—p)and v = (1, vy, ..., v,). Since v is a pseudo normal
vector of M (In fact, for fixed n, v is a normal vector of C M by Propositions 3.1
and 3.2),

af1 af2

Vi =a—ui(l4)—a—ui

0
(w)v,—1(u) — a—f(u)vn(u) i=1,...,n-2).
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n

Since v € Sfr_l,we have ) vl.2 =1,sothatv;, = v;(u,v,_) i =1,...,n—2)
i=1

and

~(evuo —d) £ \J(cv, 1 —d) — a(bv}_, — 2ev, 1+ [)

v, = ’
a
where
n—2 n—2
a =Y ((fiw) +1, b= ((Hiw)+1,
i=1 i=1
n—2 n—2
c = (i (B, d=Y(fiiw) - (f)iw),
i=1 i=1
n—2 n—2
e =Y (fiw- (A,  f =Y ((fi)i@)—1.
i=1 i=1
Now we choose w = (0, vy, ..., v,) such that v = x(u/)\:w. Then
hy(u,v) = (coshOx(u)+ sinhOw, v)
= cosh8hz(u) + sinh 6{(w, v)
= coshOhy(u) +sinh 6 ) " v;i;,
i=1
wherev = (1, vy, ..., V,) In Sﬁ'r_l. Therefore, under the conditions that v = v =

(1,0,...,0,)andx(0) = (1,0, ..., O),theHessianmatrixof.’]-[(i_z,,)(O, v) has
the following form:

cosh0(—=1+ f3(0))11 -+ cosh@(f3(0)1 -2 0
H (h,)(0, v) = : : : :
coshf(—1+ f3(0))1p—2 --- coshO(f3(0))p—2,—2 O

0 .. 0 sinh 0

u=0

= cosh O0H (h,)(0)®sinh 81, = cosh 0 H (h,)(0)@sinh 61, = H (h,)(0, v) =
DL(0, v). O

It follows that (x (1), v) € > (f) if and only if x (1) is a singularity of corank
hy,(u) = r. In particular, the condition (x(u), v) € Zl"’o(ﬁ) is equivalent
to the condition that x («) is a singularity of type Ay for h,. As a corollary of

Propositions 3.3 and 3.4, we have the following proposition:
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Proposition 3.5. Let H: U x S_”[l —> R be a hyperbolic height function of
M, then x(u) € M is a degenerate singularity of h, if and only if (x(u), v) is
a singular point off or equivalent to the condition that K, (u, v) = 0, where
K, (u, v) is the hyperbolic Gauss-Kronecker curvature of CM.

Throughout the remainder in this paper, we shall assume that all the singular-
ities are corank 1, that is A, type unless the contrary is explicitly stated.

For a vector v € ]R’f+1 and a real number ¢, we define the hyperhorosphere
with lightlike pseudo normal v by

HS"'(v,c) = H.(-)NHP(v,0).

If we choose a lightlike vector vy = —(1/c)v € LC*, then HS" '(v,¢) =
HS"'(vg, —1). We call v, the polar vector of HS""'(vy, —1). We say that a
hyperhorosphere H qu : = HS""'(v, —1) has higher order contact with M
at x (u) if it is tangent to M at x(u) and x (u) is a degenerate singular point of
the hyperbolic height function %,. In this case, we say that v is a horobinormal
vector and H S;’,_l is a osculating hyperhorosphere of M at x (u). Given a regular
submanifold M of H!(—1), a hyperhorosphere H Sl')’o_l, tangent to M at some
point p = x(ug), is said to be a locally supporting hyperhorosphere for M at
p provided there exist an open neighbourhood V of p in H}(—1) such that
MNV C (HS{}O*I)_, where (HSZLO*I)_ ={u e H] (1) | (u—x(up), v) > 0}.
The submanifold M is said to be a locally horoconvex at a point p = x(u) if
there exist some locally supporting hyperhorosphere for M at p. Then we have
the following assertions:

Theorem 3.6. Let M be an (n — 2)-submanifold of H! (—1).

(1) Ifnisodd, then M admits at least a horobinormal direction and at most
n — 2 at each one of its points.

(2) Ifniseven and M admits a locally supporting hyperhorosphere at some
point, then there is a non empty open submanifold in M, all of whose points
admit at least one horobinormal direction and at most n — 2 of them.

Proof. LetH: U x Si‘l —> R; (u, v) — (x(u), v) = h,(u) be a hyperbolic
height function of M, where v = (1, v, v2...,v,) € Si‘l. Then we can locally
write
n—2
o) = = fi@) + Y vty + vam1 o) + va f3@).

i=1
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Consequently, we have that x(0) = p € M is a singular point of 4, if and only
ifv=(1,0,...,0,v,_1, vy).
Denote the 2-jets of the components, f;, i = 1,2, 3, of the embedding x by

n—2
P RO =) ajup +2)  ayuu.
k=1

k<l

Then the Hessian of &, at the point p is given by H (h,(0)) = 2" 2 H ,’,’_2
(v,—1, v,), where H 1’}_2 denotes a polynomial of degree n — 2 in the two vari-
ables v,_1, v,, whose coefficients depend on the coefficients a,il of the 2-jets
J i), i=1,2,3.

It then follows that p is a degenerate singularity of &, if and only if v,_;, v,
satisfy the equation H g_z(vn,], v,) = 0. So, the horobinormal directions of M
at the point p can be characterized as the roots of polynomial H 3_2.

Taking into account that v = (1,0, ...,0, v,_1,v,) € Sﬂ’:l and thus vﬁ_l +
v,zl = 1, we can consider H ;_Z(U,,,] , Uy) as apolynomial H ;'_2 (a) in one variable
a. Consider the decomposition of this polynomial over the field C,

H % (a) = (a1a — i) (@aa — Ba) ... (020 — Bu_2),

where «;, B; € C; i = 1,2,...,n — 2. Analising the possible real solutions
of Hl’,’(a, b) = 0 for each p € M leads to a subdivision of M into regions
M, ... i) = {p € M: H, admits r distinct real roots with respective
multiplicities i, ... ,i,}. We denote by M, the subset of points of M whose
corresponding polynomial has only simple roots, exactly k of them being real,
k=1,...,n—2,andby M k those for which H ;,’ has k real roots counted with
their corresponding multiplicities, that is,

M = UMGy, ... i), i1+...+i, =k.

We observe that My is open in M and that M* C cI(M;) (where cl(-) de-
notes the closure operator). If we put M* = UZ:1(M1<)’ it follows that M =
cl(M*) | M.

We now show that if n is even, My 7= M and hence M* # (). We do this by
contradiction. Suppose that My = M. Inthis case, we have that all the hyperbolic
height functions on M have non degenerate singularities and hence, so do the
hyperbolic height functions on CM. Now, the existence of a locally support
hyperhorosphere on M implies that there is at least some point (x(u), v) € CM,
such that the Hessian matrix of the hyperbolic height function /, at the point x ()
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defines an elliptic quadratic form (that is, of zero signature). But this implies that
the Hessian matrices of all the height functions on M define elliptic quadratic
forms, for otherwise, there would be some degenerate height function on C M.
It follows that we can find locally support hyperhorospheres at every point of
CM. Denote by 7y: H}(—1) — R{ the pseudo-orthogonal projection of the
hyperbolic n-space to the hyperplane Rf, pseudo-perpendicular to the vector
(1,0,...,0) € R’f“. Clearly,  defines a diffeomorphism of HY (—1) onto the
euclidean n-space Rjj that transforms hyperhorospheres into parabolic quadric
hypersurfaces. Since parabolic quadric hypersurfaces are convex, 7;(CM) is a
hypersurface in Rjj that has a locally support hyperplane at every point. But this
implies that it is a strictly convex and thus diffeomorphic to a (n — 1)-sphere (see
[10, Chapter 13]). Consequently CM is also diffeomorphic to a (n — 1)-sphere,
which contradicts the fact that it is a canal hypersurface over the submanifold M.

On the other hand, if n is odd, we have that H [’,’*2 must admit at least one and
at most n real roots, forall p € M. Hence My = ) and M = cl(M™) and there is
at least a binormal direction at each point of M. Clearly, the maximum number
of binormal directions at each point is n — 2, for each one of them comes from
a real root of H]’;_z(a) =0. O

We say that a point p = x(u) € M is a horospherical ridge point if there
is a vector w € S'(N,M N T,H}(—1)) for M at p such that p is a singularity
of type Ay>3 of h, where v = m(u, @). Moreover, we say that a point
p = x(u) € M is a kth-order horospherical ridge point if there is some vector
we SYN,MN T,H}(—1)) for M at p such that p is a singularity of type A
of h, where v = m(u, @) and k > 3.

Proposition 3.7. Let M be an (n — 2)-submanifold of H! (—1). Then a point
x (u) is a horospherical ridge point of M if and only if (x (1), v) is a non stable
singularity of L(x(u), v).

Proof. By Proposition 3.3, the point x(«) is a degenerate singularity of 7, if
and only if (x(u), v) isa smgular point of the Gauss map L(x (u), v). It follows
from the definition of £: CM — A\ ! that (x(u),v) e Tt 1(£) (where X'
denotes the i-th Boardman symbol, i > 0) if and only if x (&) is a singularity of
type Ag>3 of hy. O

For a generic M, the subset X! (f), being the regular part of the subset K, ~' (0),
is an (n — 2)-submanifold of CM (c.f., [5]). Consider the natural projection
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v: CM — M and its restriction b = v|y7): E'(f) — M. Let

n—2
M* = v \(M*) = U M,
k=1

where M, = v~ (My). Clearly, M* is an open submanifold of K, (0), and
thus has dimension n — 2.

Lemma 3.8. The map v|«: M* — M* is a local diffeomorphism. Moreover,
V|, : My — My is a k-fold covering map for eachk =1, ... ,n —2.

Proof. Take coordinates on M and C M as in the proof of Proposition 3.4, so
that a degenerate singular point p € M of a hyperbolic height function £, has
associated to the polynomial H;_2(a), where v = (1,0,...,0,a,b) € S_"[l
and a® + b*> = 1. Observe that K;,(p, v) = H;’_z(a) = 0. Then a is a simple
root if and only if (3K,/da)(p,v) # 0. Since M* is an open submanifold
of K;,~'(0), the condition (0Kp/da)(p,v) # 0 is equivalent to v|« being a
diffeomorphism in a neighbourhood of (p, v) for any p € M*.

Suppose now that (p, v) € My, so p € M;. Then there exist vy, ... ,v; €
S_"[l, such that (p, v;) € M, C M*, with v = v; forsome j = 1,...,k.
Since v is a diffeomorphism in a neighbourhood of each (p, v;), we get that
Vg, - M, — M, is a k-fold covering map over M. ]

Proposition 3.9. Let M be a generic regular (n — 2)-submanifold of H! (—1).
Then the horospherical ridge points define a stratified subset L of M such that
LN M* is an immersed submanifold of codimension one in M.

Proof. Given a point p = x(u) € M, the condition (p,v) € El(f), or
equivalently H;‘z(v) = (0, determines locally the point (p, v) as a function
of u. Moreover, the condition (p, v) € E“(f) defines a relation among the
coefficients of the 2-jet of the immersion x at u. This relation determines an
algebraic variety V of codimension one in the 2-jet space J2(R"~2, R"). Clearly,
L = (j?x)"'(u), and then Thom Transversality Theorem ([1]) ensures that,
for a generic embedding x, L is a stratified subset of codimension one in M.
Moreover, for a generic M, the subset £ ! (f) is a submanifold of codimension
one in ¥! (LN) and since M* is open in El(f), we have that =11 (LN) N M* is an
(n — 3)-submanifold of M*. It then follows from Lemma 3.8 that £ N M* =
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p(xh! (£~) N M*) is a submanifold of codimension one of M. We observe tl}at,
due to the fact that v is only a local diffeomorphism, the subset v (X! (L) N M*)
may have (generically transverse) self-intersections. U

4 Horoasymptotic lines and horospherical ridges

Given p = x(#) € M and a horobinormal vector v at p, we have that p is a
degenerate singularity of the height function #,, and thus, the Hessian matrix
H (hy)(u) determines a degenerate quadratic form on T,M. The directions
a € T,M lying in the kernel of this quadratic form are called horoasymptotic
directions of M at p.

We observe that if v is a horobinormal vector at p, then we have K, (p, v) = 0,
so that (p,v) is a horospherlcal parabolic point of CM. In thls case, since
(p, v) is a singular point of I, there exists a vector &@ € Ker DL C TpvCM.
Such a direction is a principal direction on C M whose corresponding principal
hyperbolic curvature vanishes at (p, v). Clearly, Dv(x) is a horoasymptotic
direction of M at p, for Dv: T(, vyCM — T, M takes the kernel of Df(u, V)
to the kernel of the Hessian of the hyperbolic height function 4, at u.

An immediate consequence of Theorem 3.6 is the following corollary:

Corollary 4.1. Let M be an (n — 2)-submanifold of H' (—1).

(1) Ifnisodd, then M admits at least a horoasymptotic direction and at most
n — 2 at each one of its points.

(2) Ifniseven and M admits a locally supporting hyperhorosphere at some
point, then there is a non empty open submanifold M* in M, all of whose
points admit at least one horoasymptotic direction and at most n — 2 of
them.

The horoasymptotic directions define line fields on the open subset M*. We
observe that exactly k asymptotic lines pass through each point of the open
submanifold My, k=1,... ,n—2.

For any p = x(u) € M and any unit vector « € T, M, we define the normal
section, Y, of M as the intersection

Yo =M N (N,M,a)g C M C H'(—1).

Clearly, y, can be regarded as a curve in hyperbolic 3-space Hi(— ).
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The horospherical geometry of curves immersed in Hyperbolic 3-space has
been studied in [3]. We quote here some of the concepts introduced in [3] that
shall be used in this paper.

Given a curve y: [ — H?3(—1), that we can assume parametrised by arc-
length, we can define a pseudo-orthonormal frame {y (s), £(s), n(s), e(s)} for
R} along . This satisfies the following Frenet-Serre type formulae:

y'(s) = t(s)

t'(s) = kp(s)n(s)+y(s)
n'(s) = —ky(s)t(s)+(s)e(s)
e(s) = —ns)n(s)

where ky(s) = [|t'(s) =y (s)|] and 7,(s) = —det(y(s), y'(s), y"(s), ¥ (s))/
(ki (5)).

We define the following function on the curve:

on(s) = ((k)* — (kn)*(t)*) (Gen)* — D(s).

It was shown in [3] that 03, (s) = 0 if and only if the curve y has a higher order
contact with a horosphere at y (s). Consequently, we call o, the horospherical
torsion function of y .

Theorem 4.2. Let M be a regular (n — 2)-submanifold M of HY(—1). Take a
horoasymptotic direction a at a point x(u) € M and let v, be the normal section
of M in the direction a at x (ug) = y,(0), parametrised by arclength. Suppose
that k,(0) #£ O then we have that x(uy) = y,(0) is a 3rd-order horospherical
ridge point of M if and only if 0,(0) = 0. Moreover, x(uy) = y,(0) is a kth-
order horospherical ridge point of M if and only if 0,(0) = 0,(0) = ... =
(k=3)
o, (0)=0.

Proof. Since y, is a normal section of M associated to the horoasymptotic
direction o and k;, (0) # 0, we have that « € Ker (H (h,,(up))). Moreover, the
function 1}y = hyly, : Hi(—l) D ¥, — Ris a hyperbolic height function on
Y, Where v is a horobinormal vector of M at x (u() associated to the direction «.
Hence x (1) is a Ay>3 singularity of ,, if and only if x (i) is a A>3 singularity
of h’,,’g‘. But it follows from Proposition 3.1 in [3], that this is equivalent to the
vanishing of the horospherical torsion of y, at 0 and its derivatives up to order
(k = 3). O]
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The horospherical surface of a curve y: I — H?(—1) was defined in [3] as
the image of the map HS,,: I x [0,27r) —> LC* C R} given by (s, ¢) >
Vo (8) + w(s, @) = x(u(s))+w(s, ¢), withw(s, ¢) = cos gn(s)+sinpe(s). An
immediate consequence of Theorem 4.2 and Theorem 2.1 in [3] is the following:

Corollary 4.3. Given a horoasymptotic direction o at a point x (u) of a regular
(n — 2)-submanifold M in H (—1). Let y, be the normal section of M in the
direction o at a point x(u) = y,(0), parametrised by arclength and suppose
that k,(0) # 0. Then we have that x (u) a 3-order horospherical ridge point if
and only if the horospherical surface HS,, of y, is locally diffeomorphic to the
swallow tail SW at the point (x(u(sp)), vo).

We shall see in what follows, how to characterize the horospherical ridges in
terms of the contacts of the osculating hyperhorosphere of M with its horoasymp-
totic lines.

Lemma 4.4. Let M be a regular (n — 2)-submanifold of H}(—1) and v a
horobinormal for M at noninflection point x (u) (i.e., x(u) is a Ay type singular
point of h,, ). Then the osculating hyperhorosphere HS"™! at x(u) € M has
contact of order at least 2 with the horoasymptotic line associated to v and
passing through x (u).

Proof. Let 8 = B(s) be a horoasymptotic line of M with 8(0) = x(u) €
M. To prove the lemma we just need to verify that (8'(s), v) = (8"(s), v) =
0 (ie., (0h,/0u;)(u) = det H (h,)(u) = 0). We can locally write, B(s) =
(f1(8), u1(s), ..., un—2(s), f2(s), f3(s)), where M is locally given in the Monge
form:

x(w) = (fi(w,ur,...,uy—2, f2(u), f3(u));
where u = (uy, ..., u,—2), (3f;j/0u;)(0) = (f)i(0) =0; i =1,...,n—-2;

n—2
j=2,3and fi(u) = \/ff(u) + 7))+ Y ui + 1.
i=1
Then we have,

n—2

Bs) = (Z(fxfz)iu;+fg<f3>,-u;+uiu;>(f1>—1,ua,‘..,u;_z,
i=1

n—2 n—2
> (i, Z(f3>,-u;),
i=1 i=1
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n—2

n—2
B'(s) = (Z(Z((fz>,-(fz),~u;u;+f2(f2>,;,-u’,.u;+<f3),;<f3>,-u;u’,-
i=1

j=1

+ (i) + B + BB + ) + um?)(ﬁ)‘

n—2 2
- (Z(ﬁ(ﬁ)m} + (i + u,-u;)) ()~
i=1
n—2 n—2 n—2
ooty > (i Y (fiuy Y (fa)iu;
i=1 i=1

ij=1
n—2
+ Z (f3)ijuiuj> .

i,j=1

Let H (h,)(0) be the Hessian matrix of hyperbolic height function in the
normal direction v on M at x(0) and

1 0---0 00
0 0 0
Hh)©) = | H0)O =0
0 0 0
0 0---0 1 0
0 0---0 0 1

Hence (8'(0), v) = 0 by B'(0) € Tx )M and v is horobinormal vector at x (0)
of M. Also

n—2 n—2
(B"(0).v) = > (£)ijOu;Ou;0)vu—1 + Y (f3)i; (O)u; (O)ue; (v,

i,j=1 i,j=1
n—2 _

= " u;(0)u;(0) = B'(0)FH (hy)' B'(0)
i=1

= H(h,)(B(0), ' (0) =0,
where x (0) is a degenerate point of 4, thatis, v = (1,0,...,0,v,-1,v,). U
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Lemma 4.5 (Romero-Fuster and Sanabria-Codesal [8], Lemma 3.2). Let
h: R" — R be a smooth function with a degenerate singularity at the ori-
gin and suppose that a € Ker (3 (h)(0)). Then we have that 0 is a singularity
of type Ay of h if and only if the vector o belongs to the kernel of the k-linear
form, D*h(0), given by the k-th differential of h, k > 2.

Theorem 4.6. Under the conditions of Lemma 4.4, x (u(0)) = B(0) is a horo-
spherical ridge point if and only if the osculating hyperhorosphere H S;’,_l at
x(u(0)) € M has contact order at least 3 with the horoasymptotic line B.

Proof. It is enough to show that (8'(0), v) = (8”(0), v) = (8”(0), v) = 0.
Now in the above coordinates, we have

n—2 n—2
B"(0) = (3Z(u;uf)<0),u’f<0),...,ui;/_2<0), D ((fijett;u;u) (0)
i=1 i,j k=1
n—2 n—2
+3 ) (i u ), Y ((fa)iji;u ;1) (0)
i,j=1 i,j.k=1

n—2
"

+3 Z«fa)i,uiu;)(m),

i,j=1
where #;(0) =0, f;(0) =0, (f;);(0) =0,i =1,...,n—2and j = 2,3. It
follows that

(8"(0), v) = 3D*h,(0)(B'(0), B”(0)) + Dk, (0)(B'(0), B'(0), B'(0)).
By Lemmas 4.4 and 4.5,

B'(0) € Ker D*h,(0) N Ker D31, (0) and (B'(0), v) = (B"(0), v) = 0.
Hence (8'(0), v) = (8”(0), v) = (8”(0), v) = 0. Reversing the above argu-
ment yields the converse. O

For a generic regular (n — 2)-submanifold M of H!(—1), the submanifold
L can be decomposed into a union of (n — k)-submanifolds, £ = UZ:3 Ly,
where £, denotes the subset of horospherical ridges of order k. The highest
order horospherical ridges, £, are isolated points on M. We see next how to
distinguish among the horospherical ridges of different orders.
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Theorem 4.7. Under the condition of Lemma 4.4, x(0) = B(0) € M is a
horospherical ridge point of order k if and only if the osculating hyperhorosphere
H S%fl has contact of order at least k with the horoasymptotic line f.

Proof. The proof runs similarly to that of Theorem 4.6 and we omit the details
here. =

Finally, we give a characterization for horospherical ridges of maximal order in
terms of the horospherical geometry of the horoasymptotic lines of M considered
as curves in hyperbolic n-space. The study of the horospherical properties of
curves immersed in H i(— 1), made in [3], can be naturally extended to the case
of curves immersed into higher dimensional hyperbolic spaces as follows:

Given a curve, y: I — H"(—1), that we can assume parametrised by
arc-length, we can define a pseudo-orthonormal frame {y (s), ¢(s), r,(s), ...,
n,_i(s)} for R'f“ along y that satisfies the following Frenet-Serre type formulae.

y's) = ts)

t'(s) = ki(s)ni(s) +y(s)

ni(s) = —ki($)t(s) + ka(s)na(s)

n;(s) = —ki(s)n;_1(s) +kip1(s)ni;1(s)
n;,_z(s) = _k7172(s)nn73(s) + knfl(s)nn(s)
n;1_1(s) = —ky_1(s)n,_2(s)

where
ki(s) = [l£'(s) =y o),
ki(s) = lln;_y(s) + kimini2()|| G =2,...,n — 1, no(s) =t(s)) and
kn1(s) = —det(y (), ¥'(s), -+ .y PN /KT kT2 (5) - Ky (5).
Consider the hyperbolic height function on y,
H : IxS™'" — R

(s, v) > (y(s), v) = hy(s).

Itis a tedious but straightforward task to show that i/ (so) = - - - = A"~V (so) =
0 if and only if v = ¥ € S}, where

n—2
vy = y(s0) + Zﬁj"j(so) +

j=1

n—2
1= o 1(s0),
j=1
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oj, j=1,---,n,arereal-valued functions that depend on the functions {k }?;}
and their derivatives. Moreover, A/ (so) = --- = h"(sp) = 0 if and only if v
is as above and o,(sg) = 0. Again, the function o, gives a measure of how
far the curve y is from being contained in a hyperhorosphere and will be called
horospherical hypertorsion of y.

The horospherical flattenings of a curve y immersed in H” (—1) are the zeroes
of the horospherical hypertorsion of y.

Now, as a corollary of Theorem 4.7 ,we have the following result.

Corollary 4.8. A point x(u) € M* is a horospherical ridge of maximal order
(that is, of order > n) of M if and only it is a horospherical flattening of some
horoasymptotic line of M.
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