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PL Homeomorphisms of the circle which are
piecewise C! conjugate to irrational rotations

Isabelle Liousse

Abstract. ForaPL homeomorphism f with irrational rotation number «, the following
properties are equivalent

(i) f is conjugate to the rotation by « through a piecewise C! homeomorphism,

(i1) the number of break points of " is bounded by some constant that doesn’t depend
onn,

(iii) f is conjugate to an affine 2-intervals exchange transformation (with rotation
number «) through a PL. homeomorphism,

(iv) f is conjugate to the rotation by « through a piecewise analytic homeomorphism.
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1 Introduction

We write S! = % for the circle. We have the natural projection IT: R — S'.
This provides a lift of a homeomorphism f: §' — S' to a homeomorphism
f:R— R with the property f o IT = Mo f.

An important characteristic of circle homeomorphism is “rotation number”
defined by H. Poincaré ([12]) as

p(f) = lim

M (mod 1).
n——+00 n

Assuming that f is a C2-diffeomorphism and p(f) is irrational, A. Denjoy
([3]) proved that f is topologically conjugate to the rotation by p(f).

This classical result can be extended (with the same proof) to the case of class

P homeomorphisms.
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Definitions. A class P homeomorphism is an orientation preserving homeo-
morphism of the circle with the following properties:
its lift f is differentiable except in countably many points called break points
admitting left and right derivatives; the derivative of fisa 1-periodic function,
its restriction to [0, 1] denoted by Df has the following properties:
— there exists some constants 0 < a < b such that:
a < Df(x) < b, forall x where Df exists,
a < Dfy(c) <b and a < Df_(c) < b at the break points;
— Df has bounded variations (on [0, 1]).

The ratio o (c) := $52

The maps we intent to investigate: the piecewise linear (PL) homeomorphisms
(orientation preserving homeomorphisms of the circle with derivative piecewise
constant) are the simplest examples of class P homeomorphisms that are not
C?-diffeomorphisms.

is called the derivative jump of f in c, or f-jump.

Notice that, if a homeomorphism is conjugate to an irrational rotation, the
conjugating homeomorphism # is unique up to the normalization £(0) = O,
and the question of its regularity -originated by Arnol’d and Moser- naturally
arises. A global result was proved by M. Herman ([7]): it states that if f is a
C? diffeomorphism of the circle with irrational rotation number & of constant
type and f is close to the rotation by « then f admits an invariant probability
measure equivalent to the Haar measure. The global version of this result (the
condition that f is close to the rotation by « is no longer required) is proved in
[8].

Also, Khanin and Sinai ([9]) proved that if f isa C v diffeomorphism of the
circle with irrational rotation number of constant type then f is C'*" conjugate
to the rotation by p(f).

In the case of homeomorphisms, the situation becomes opposite : PL home-
omorphisms were considered by M. Herman as examples of homeomorphisms
with irrational rotation number and without absolutely continuous invariant mea-
sure. The case of general class P homeomorphisms (non PL. homeomorphisms)
with one break point has been studied by A.A. Dzhalilov and K.M. Khanin [4].
Assuming the rotation number is irrational, they proved that the invariant prob-
abilty measure is singular with respect to the Haar measure. In [11], the author
proves the same conclusion for PL homeomorphisms that have the following
properties:

* irrational rotation number of constant type,
* disjoint break points orbits,

* Z-independant logarithms of sloops.
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Yet, the case of PL homeomorphisms is double, there exist PL homeomor-
phisms with absolutely continuous invariant measure: consider the homeomor-
phisms that are obtained by conjugating a rotation through a PL. homeomorphism.
More over, M. Herman’s result give rise to examples of PL. homeomorphisms
with absolutely continuous invariant measure but not PL conjugate to a rotation.
In more detail, in section 7, chapter VI of [6], M. Herman studies the following
family of PL. homeomorphisms.

Definition of the Herman’s examples. Let A > 1 and 8 > 0 be two real
numbers. We define, for x € [0, 1]:

Far(r) = Mif 0<x<a
PR =) B+ 1if a<x <1,
with ha = A"P(a— 1)+ 1.
A8
0 a 1

Figure 1: Herman examples f ;.

Consider now the 1-parameter family of PL. homeomorphisms of the circle
Ry, o fp, where b € [0, 1] and R, denotes the rotation by b. By continuity
of the rotation number, M. Herman proved that given an irrational number o,
there exists a unique b € [0, 1] such that R, o fg , has rotation number «, this
homeomorphism is denoted by f, g1

Herman’s result. The following properties are equivalent:

(1) fa,p. is conjugate to R, through an absolutely continuous homeomor-
phism,

(1) fa,p. is conjugate to R, through a lipschitz homeomorphism,

(iii) fqu p, is conjugate to R, through a piecewise C* homeomorphism (but
not PL),
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; B
@iv) w5 € Za (mod 1),
(V) the break points O and a belong to the same f-orbit.

Our purpose in this paper is to give characterizations of the PL. homeomor-
phisms of the circle that are piecewise C'! conjugate to irrational rotations. Notice
that for a homeomorphism which is piecewise C! conjugate to rotation, the num-
bers of break points of the n-th iterates is bounded by some constant that does
not depend on n. We’ll see that this property is characteristic.

A very special family of Herman’s examples has been studied by others authors
([1], [2], [10]) in the context of intervals exchange transformations. We call them
affine 2-intervals exchange transformations, they are the Herman’s examples
with break points 0 and a satisfying f(a) = 0. Fixing the initial break point to
be 0, these maps are uniquely determined by their loops (A, A") we denote them
by A, ,» whithout making any distinction between the PL homeomorphism of the
circle f and the associated interval exchange transformation (i.e. the bijection
from [0, 1[ given by f(mod1) that is drawn on picture 2).

0 a 1
Figure 2: Affine 2-intervals exchange transformation A, ;.

We leave the reader verify the following properties (or consult [10]).

Properties of 2-intervals exchange transformations.

— The piecewise C* (analytic) homeomorphism A with only one break point
given by the restriction to [0, 1[ of its lift /2 (denoted also by h)
(Z)* -1
he) ==
A/

conjugate A, ,/ to the rotation by o log 1 more precisely we have A; ;» =

A—log)””?
hoRy,oh™!.
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w*—1
w—1

— Conversely, the homeomorphism £, (x) :=
an affine 2-intervals exchange transformation.

conjugate any rotation to

— Two distincts (distincts pairs of loops) affine 2-intervals exchange transfor-
mations are not PL conjugate, we suppose that they have the same initial break
point 0. Else, the only way for affine 2-intervals exchange transformations to be
conjugate is to be conjugate through a rotation Ry, this operation translates the
initial point 0 in b.

We’ll see in the coming theorem that in some sense this family functions
as normal forms for PL homeomorphisms that are piecewise C' conjugate to
rotations.

Theorem. Let f be a PL homeomorphsim with irrational rotation number o.
The following properties are equivalent:

(i) f is conjugate to R, through a piecewise C' homeomorphism,
Jug gnap P

(i1) the number of break points of f" is bounded by some constant that doesn’t
depend on n,

(iii) f is conjugate to an affine 2-intervals exchange transformation A, s (with
rotation number o) through a PL homeomorphism,

(iv) f is conjugate to R, through a piecewise C* (analytic) homeomorphism.

Corollary. Let f be a PL homeomorphsim with irrational rotation number o
with only one orbit of break points then f is conjugate to a A, ; through a
PL homeomorphism and is conjugate to R, through a piecewise C* (analytic)
homeomorphism.

This corollary is related to the result of [5]: Dzhalilov considers piecewise
Cc*te homeomorphisms f of the circle with break points x,,, X, ..., Xp,,
po =0 < p;1 < -+ < pp, such that x,, = f?(xo) and the product of the
derivative jumps in this points is trivial. Assuming that the rotation number p
of f is irrational and its chain fraction expansion is p = [ky, k2, k3, ...] with
k, < const, he proved that f is conjugate to a rotation through a piecewise C'*¢
homeomorphism.

Some implications of our theorem are obvious: (i) = (ii) and (iv) = (i).
The implication (iii) = (iv) is a consequence of the recalled properties for
affine 2-intervals exchange transformations. The only implication remaining is
(ii) = (iii).
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2 Proof of the theorem and its corollary

Lemma 1. Let f and g be two class P homeomorphisms of the circle with the
same irrational rotation number. If there exists an integer n such that f" = g"
then f = g.

Lemma 2. Assume A is an affine 2-intervals exchange transformation with
rotation number «, N is a fixed integer and « is such that Noy = a(modl).

There exists an affine 2-intervals exchange transformation with rotation num-
ber ag such that (Ag)N = A.

Lemma3. Assume F is a PL homeomorphismwith2p break pointscy, . .. , c),
dy, ... ,d, satisfying the following properties:

* F(a) =d,,
* or(ci).or(d) =1,
* F(d;) is not a break point of F.

Then F is PL conjugate to an affine 2-intervals exchange transformation.

Lemmad. Let f be a PL homeomorphism of the circle with irrational rotation
number. If the number of break points of f" is bounded by some constant that
does not depend on n then there exists an integer N such that fV satisfies the
hypothesis of lemma 3.

Combining this 4 lemmas we obtain the implication (ii) = (iii). In more
detail, assume f is a P homeomorphism with irrational rotation number satis-
fying the condition that the number of break points of f” is bounded by some
constant that does not depend on n. By lemma 4 and lemma 3, it’s possible to
find aniterate F = fV of f thatis PL conjugate to an affine 2-intervals exchange
transformation A with rotation number Np(f). By lemma 2, there exists Ay an
affine 2-intervals exchange transformation with rotation number p (f) such that
A = (Ap)".

Resuming this, there exists a PL. homeomorphism H and an affine 2-intervals
exchange transformation A, with rotation number p(f) such that fV = H o
(Ag)N o H™' = (H 0 Ag o H™")V. Finally, lemma 1 concludes the proof.

For the corollary, we have to prove that -under its hypothesis- the number of
break points of f” is bounded by some constant that doesn’t depend on #, this
fact has been already proved in [11], we recall it.
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The set of the break points of f can be written as:
0=cy, o= fsz(O), cee, Cp = ffN"(O), N,eN,0< Ny <... <N,

with the following properties:
(*) the positive (resp. negative) orbit of O (resp. ¢,) doesn’t contain any break
points of f,
(**) the product of the f-jumps in these points is trivial.

These properties will give rise to cancelations when we will compute the jumps
of f"+1-

In more detail, the “a priori” break points of the iterate f"*! are the points
f*(c;) with 0 < k < n, that is, the points f%(0) with 0 < k < n + N,,.
Computing the jump of f"*! in the point f=*(0), we get:

o (fO0) =0, (f"50) x ... ... x o (f5(0)).
Now, for n greater than N, and N, < k < n, the f-orbit segment
o), N0 . f7RO)

contains 0 and f~"7(0), it follows that
ot (f750) =0 4(0) x ..o p(fTNO)) ... x ..o (fT(0) =1,
because of properties (*) and (**).

Conclusion. For n greater than N, the iterate f"*! has at most 2N, break
points:

0, f70),.... f~" D0
f—(n+l)(cp), e f_(n+Np)(0).

3 Proofs of the lemmas

Proof of Lemma 1. Since @« = p(f) = p(g) is irrational, there exists %
and s, homeomorphisms such that R, = hj o f o hfl =hyogo h;l and
h1(0) = hy(0) = 0.
By iterating n-times, we have:

Riy=hiof ohi'=hyog"ohy' =hyo f"oh;".

Since the normalized conjugacy between R, and f”" is unique, we have h; =
h, and therefore f = g. ]
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Proof of Lemma 2. Let A be an affine 2-intervals exchange transformation.
We’ve mentioned in the introduction that A is conjugate to R, (with ¢ =

log A h h the h hi h _ (%)X -1
m)t rough the homeomorphism £ (x) = i——l
)\4/
Now, consider Ay := h o Ry, o h='. Tt is an affine 2-intervals exchange

transformation and

(A" =(hoRyyoh™ N =hoRyyyoh ' =hoR,oh™' =A. O

Proof of Lemma 3. Consider the PL homeomorphism H defined by:
e dy,d,,...,d, are break points of H,
* the jumps of H inthese pointsare oy (d;) := op(d;),foralli € {1, ..., p}.

A necessary and sufficient condition for H to have exactly these break points
is that

P
[Tonw@n =1.
i=1

When this identity holds, the right sloope X; in d; and therefore all the sloops
A; of H are uniquely determined by the identity

p P
1= Xildis1 —di) =M Y _(ou(dy) ... on(d)(dip1 — di),
i=1 i=1

with convention d), | = d;.

When it’s not the case, we have to add one break point ¢ such that

p -1
ou(c) = (1'[ oH(d,-)) ,
i=1

we choose it with the additionnal properties:
°cC e]dpv dl [,
ccéfc,...,cpl,

cc¢ F({dy, ..., d,)).
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As previously, the right sloope A in d; and all the sloops A; of H are uniquely
determined by the identity

R
— =2 on(d)...on(d)ldi1 — dil + o (d) ... on(dy)lc — d,|
L

+ou(dy)...op(dy)on(c)ld — c|.
Now, we compute the break points of the conjugate H o F o H~! and the jumps
in these points.
The “a priori” break points of H o F o H~! are:
» the break points of H~!: H(d;), H(c),
* the image by H of the break points of F' : H(d;), H(c;),
+ the image by H o F~! of the break points of H: Ho F~'(d;), Ho F~'(c).

Since F(c;) = d;, the “a priori” break points of Ho F o H™" are H(d;), H(c;),
H(c), H o F7(c). The jumps in these points are:

on(F(d;))or(d;) _
on(d;)

because of the choice oy (d;) := or(d;) and the fact that F(d;) is not a break
point of H (this results froms the facts that F'(d;) # ¢ and F(d;) is not a break
point of F', hence F(d;) # d;).

Onoran-t (Hc) = T oy =1,
on(ci)

Onoron-1(H(d;)) = ox(F(d;))or(d))oy-1(H(d;)) = 1,

because of oy (d;) := or(d;) = (op(c;))~! and the fact that ¢; is not a break
point of H.

Finally, the PL homeomorphism H o F o H~! has at most 2 (0 or 2) break
points: H o F~'(c) and its image H o Fo H™'(H o F~'(c)) = H(c), it’s a
rotation or an affine 2-intervals exchange transformation (the initial point being
0= H(c)). O

Proof of Lemma4. Assume f is a PL homeomorphism with irrational rotation
number and suppose that the number of break points of the n-th iterate of f is
bounded by some constant that doesn’t depend on 7. U

Bull Braz Math Soc, Vol. 35, N. 2, 2004



278 ISABELLE LIOUSSE

Definition. A maximal f-connection is a f-orbit segment:
—1 ) __ p—Ng h
ay, f~(a1), ... ,ax = [~ (a1), ... ,a; = f7"(a1) where

— a; are pairwise distincts break points of f,

— N; areintegers 0 < N, < ... < Nj,

— The positive orbit of @; doesn’t contain any break point of f,
— The negative orbit of a; doesn’t contain any break point of f.

Claim 1. Under the hypothesis of lemma 4, each break point d of f is contained
in a maximal f-connection and the product of the f-jumps along this orbit
segment is trivial.

Compute the jump of f"*! in the point f*(d), k =0, ..., n, we’ll get:

ot (f K@) = or(f" M) ... o) ... op(f7H(d)).

Since o¢(d) # 1, if d is not contained in a f-orbit segment along which the
product of f-jumps is trivial, all the points f~*(d), k = 0, ... ,n are break
points of f"*! and the number of break points of f"*! is greater than n + 1 so
it can’t be bounded by some constant that doesn’t depend on n. Finally, since f
doesn’t admit any periodic orbit, we can extend the previous orbit segment to a
maximal f-connection along which the product of f-jumps is trivial.

As result of claim 1, the set of break points of f can be written as an union of
maximal f-connections along which the product of f-jumps is trivial:

bi,..., fNMO@yp, ... ... , VD)) = By
by, ..., [TV OBy, ... ... , [V @D (by) = B,
By ovv s D), , [N M (B = B,

The positive (resp. negative) orbit of b; (resp. B;) doesn’t contain any break
point of f.

Consider N an integer greater than all L; := N, (i), and compute the break
points of F = fN*! As we’ve did in the proof of the corollary, we find the
2(Ly + Ly + ... + L,,) following points:

DLy oo, RN b)) = F(BY)
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cr = fWVEDFLL By VB

Dy e, RN b)) = f(B)
ey = frWNVEDEL gy V(B
Bis covveeeeeeeeeeeeseene. TN bw) = (Bu)
e = fTNEDFLn(B Y, SN Bw)

with the following suitable properties for lemma 3.
The couple (b1, c;) satisfies:

F(cy) = NI+ = 1B = by
or(b1) = i (by) = op(by)...op(f"(by) = o (by)
or(c)) = opnt (f NV = op (FTNDTEBY) Lo (FT(BY)

1 1
=op (TN o () = s = s

The same holds for the couples
(@Y, F D))y (B, £ ).
Fby) = M@y, F(F ') = Ny, ..., F(FB)) = FAT 1)

are not break points of F: the positve f-orbit of b; doesn’t contain any break
point of f because of the maximality of the connection.

Since the same holds for all others value of i = 2, ..., m, we can conclude
that the hypothesis of lemma 3 are realized.
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