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Markov subshifts and partial representation of [,

Danilo Royer*

Abstract. In this paper we fix a set A* of positive elements of the free group F,, (e.g.
the set of finite words occurring in a Markov subshift) as well as n partial isometries on
a Hilbert space H. Based on these we define amap S : IF, — L(H) which we prove to
be a partial representation of IF,, on H under certain conditions studied by Matsumoto.
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1 Introduction

Considering a Markov subshift on an alphabet {g1, ... , g,}, R. Exel proved in
[3] that n partial isometries on a Hilbert space H, satisfying the corresponding
Cuntz—Krieger relations, give rise to a partial representation of the free group
F, on H, thatis, amap S : F, — L(H), satisfing S(t~!) = S(t)* and
Sar)Sr=") =S@SE) S~ forallr, tin F,.

In this work we fix a set A* of positive elements of IF,, which, among other re-
quirements is assumed to be closed under sub-words, and we take a set
{S1, ..., S,} of partial isometries on H. We define amap S : F, — L(H)
by S(ri...r) = S(@r1)...S@w), where S(r;) = S if r; = g;, S(ry) = S"/'.‘ if
ri = gj*] and r = ry...rgis in reduced form.

Under certain conditions studied by Matsumoto in [1], we prove that the map
S is a partial representation of I, on H. Since Matsumoto’s conditions gener-
alize the Cuntz-Krieger relations our result is a generalization of Exel’s result
mentioned above.

This paper is based on the author’s Masters thesis at the Federal University of
Santa Catarina under the supervision of Ruy Exel.
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2 Partial Representations of [,

Let us consider the Free Group I, generated by a set of n elements, G =
{g1,..., g.}. The elements of IF, can be written in the form r = ry ... r; where
each r; € G U G™'. We say that r is in reduced form if r; # r; +11, for each
i. Twoelements r = r;...ry and s = sy...s; of F,, in reduced form, are
equal if and only if / = k and r; = s;, for all i. In this way, each element, in
reduced form, have unique representation and we define its lenght by the number
of components, that is, if » = ry...r; is in reduced form then » have lenght &,
wich will be denoted by |r| = k. Aelementr = r;...r; of F,, in reduced form,
is called a positive element if ; € G, for all 7, and the set of all positive elements
will be called P. We consider ¢ a element of P.
Let us fix a set A* C P with the following properties:

e ¢ c A¥,
« G={g....8) C A"

e A* is closed under sub-words, that is, if v = vy ...y, € A* then each
element of the form v; ... v;;; withi =1...k, j € Nis aelement of A*.

For all u € A* we define the following sets:
L,=1{g;€Glj=1,....n, ng;¢ A},

Lﬁ:{v:vl...vkeA*mvl...vk_l € A*, uv ¢ A*}, VkeN.
Lemma 1. Let n € A*andr,s € P. If vr = v's, where v € Ll’i and Vv € LL,
thenv =V,

Proof. Suppose by contradiction that v % v’. Then |v| # |v’|, because other-
wise, vy ...y = vj...v;s, from where it follows that v = v’. Without loss of
generality suppose [v| > [, write v = v;...v;...y and v' = v} ...v,. Since
V...V ... =vr =V's =v)...ys, then vy ...y = v]...v}, and therefore
v = v'vuq... 0. Since v € LL, by definition of L!, uv’ ¢ A*, hence
UUL .. V1 = UV'vgg ... U1 € A*. That is a contradiction, because v € Lﬁ
andsov = v'. O

Let us consider a Hilbert space H and a set of partial isometries
{S1,..., 8} € L(H). Recall that §; is a partial isometry if §;S/S; = S;.
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Define a map

S:F, — L(H)

r:rl...rk|—>S(r1)...S(rk)

where r is in reduced form, S(r;) = S; if r; = g; and S(r;) = S}‘ ifr, = gjfl.
By convention, S(e) = I, where [ is the identity operator on H. In this way, for
all r € I, we have an operator S(r) € L(H).This operator will also be called
S,. We will suppose that our set of partial isometries {Si,...,S,} € L(H)
generated a map S which satisfies:

(M) 3 SiSF=1I;

i=1
(M) Forall v and v in A* the operators S, S, and S5, commute;

o0
(M3) 1 —S/S=Y Y 88,i=1,....n.

k=1 perk
Note that for all , §; S} is idempotent and self-adjoint, and so a projection. By

(My), > S;SF is a projection and therefore S; S and S j S;‘ are orthogonal, for all
i=1 ’

i #j.S0
SrS; = (S;‘SiS,-*)(SijSj) = S?‘(S,-S;‘Sij)Sj =0
whenever i # j.

Lemma 2. Forall p € A*, S, = 5,55,

Proof. The proof will be by induction on |u|. For |u| =1, S, = S,LS;’;S,L by
hypothesis. Suppose S, = S, S, forall u € A* with |u| = k, and consider
v e A", with |v] =k + 1. Then v = ag;, with |a| =k, and
AV Sang;ngagj = SangS;iS;Sang =
= SaS;SangS;ngj = SuSg; = Sy- g

Lemma 3. Letax € Pandv € A*.

Sy ifa =vr for somer € P

a) If la| = |v| then S, S5 S = { 0 otherwise

if v = ar for somer € P
0 otherwise

b) If la| < |v| then S,S;S, = {
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Proof.

a) Supposing that there exists r in P such that ¢ = vr, we have
S$,S58e = 8085 Sy = 808588 = 8,5 = S,

On the other hand, if @« # vr forall r € P, write @« = ;... ...,
Vv = v;...1; and take the smallest index i such that ¢; # v;. Then we
have op...0i_1 =Vi...Vi_q, and so

SUS:SQ == S S* S(){]...Oliflot,'...olk =

VI Vi1V VIR v .y

- Svl‘..v,'_]SV[,..U/Syl-. S SU]...V,'_1S0(,"..(X/< -

Y g Y R A
- * * —
- SV1~»-Vi—1Sv1...U,'_|SVl»--Vi—ISVi--»Vl Svi...VISai~»-¢¥k - 0
* —
because S Sy, = 0.

b) Suppose v = ar for some r € P. Then
SuSiSy = SarSy Su = SaS;SESESe =
= SuS3SuS, Sk = 8u5,8" = S0 SF =S, S7.

If v # ar, for all r € P as in (a), take the smallest index i such that
v; Za;. Thenvy...vi_j =0a...a;_1 and

SUSITSDt == S S* Soz]..,a,-,loti...otz =

Vi Vi1 Vi Ve Mo v vi vk

- SU]...U,',lsvl'...kau[, S SV]...U,',IS(I,'...OQ -

Vg VLY

=S S Sormi S Sy o Sei =0

Vi Vi1 Mg Vi Ve My vk

because S7. Sy, = 0. O

Theorem 1. Ifv € P\A* then S, = 0.

Proof. Write v = g;o, and in this way,

o
S5y =818t e S =SiSu— Y, Y SiSuSkSa-

= k
k=1 Meng

o
We will analyse the summands of » . > S35, S, in the following way:
k=1 MeL’g,j
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Case 1: || > |o]

By Lemma3, S, S, Sy # Oonlyif 4 = ar, forsome r € P. We will show
that there exists no such r. Suppose u € L’;j is such that u = ar, with
|r| = [. By definition of L’g,j, il ... i1 € A*,but gy ... ur—y =
gjary...r—1, and so v = gja € A*. This is a contradiction, because
we are supposing v ¢ A*. Therefore u # ar, for all r € P, and so, by
Lemma 3, §;S,,S, Se = S,(S,S},S¢) = 0 for all  with |u| > |a].

Case 2: |u| < |o]

By Lemma 3, 5,5, Sy # 0, only if « = pr, for some r em P, and by
Lemma 1 if there exists such p € Uij , itis unique. In this case we have
by Lemma 3 that S35, So = S5(5,5,,80) = S Sa-

In this way, S¥'S, = zS:S,, where z = 0 if there exists u € |J L’;j such that

keN
o = ur for some r € P, and z = 1 otherwise.
Write v = vy ... v and take the smallest index i such that v;y;...v, € A*. So,
SjSU = Z]szn_]}ksvzmvk = ...=21 - Zl'*ls:‘,-...vksvimvk’

where z; are 0 or 1. We will show that S:,—...vk Sy = 0. Since v; ...y ¢ A¥,

by case 1 and case 2 above, we need to show that there exist some u € J L’ji
keN
such that v; 1 ...v, = ur for somer € P.

Take the index j such that v;...v; € A* but v;...v;v;11 ¢ A*. Such index
existsbecause v; € A*andv; ... v, ¢ A*. Moreover, v ...V € A*because
Vig1-.. vk € A*,and 50, vy ... vj4 € LIT!7 Thereby Sy | S, ., =0, and
so S»S, = 0, in other words, S, = 0. ]

Observe that if r = r; ... 7 is in reduced form, with r; € G™' and ri; € G,
then S(r;7;i 1) = S(;)S(#i11) = 0, from where S(r) = 0. Also, ifr =r...7;
and s = sy...s; are elements of [, in reduced form and ry # s, ! then the
reduced form of rs is ry...rgs;...s;, and so S(rs) = S(r)S(s) by definition
of S.

Definition 1. Given a group G and a Hilbert space H,amap S : G — L(H) is
a partial representation of the group G on H if:

Py) S(e) = I, where e is the neutral element of G and 1 is the identity operator
on H,

Py) St = S@t)*, vt € G,
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P;) SOSr)Sr~Y = S@tr)S(r=h, Vi, r € G,

Theorem 2. Ifthe map S : F, — L(H) defined before satisfies M, M, and M3,
then S is a partial representation of the group F,, on H.

Proof. Property P; is trivial. The proof of P, will be by induction on |¢].
If || = 1, the equality between S(t~') and S(t*) is obviously true. Suppose
St~y = S(@*) forall t € F, with |t| = k. Take t € F, with || = k + 1 and
write ¢ = tx, where |f| = k. Using the induction hypothesis and the fact that the
equality is true for |x| = 1,
St = S((ix)™) =S = SsTHSs@Eh
= SX)*S(H* = (SEHSKx)* = SEx)* = S(t)*.

To verify property P; we will prove the following:

Claim. Forallr inF, andt in GUG™', E(r) = Sr)S(r)* and E(t) =
S(t)S(t)* commute.

If r = ry...r; where r is in its reduced form, with r; € G~! and r;, € G for
some i, then S(r) = 0 and so the claim is trivial. Therefore let r = of~!, where
r is in reduced form and o, B € P. If B ¢ A", by Theorem 1, S = 0 from
where we again see that the claim follows. Thus let us consider 8 € A*.

Case 1: Ift € G, thatis, t = g;, for some j.

a) laf #0.
Write o« = op...0q. If o # g;, then S(g;)*S(e) = 0 and so
EMEF)=0=E@)EQ). If ¢y = g; we have
S(@)"S(g)S(g))" = S(oz...a)*S(a1)*S(g;)S(g))"
= S(op...0)*S(er)*S(a)S(e)* = Sz .. )" S(ap)*
= (S(e)S(@2...0p))" = S()*

and similarly S(g;)S(g;)*S(a) = S(a). It follows that E(¢) and E(r)
commute.

b) |a| = 0.
We have r = B!, Since B € A*, using M,

EME®) = Sr)Sr)*SO)S@)* = SB)*S(B)S(g)S(g,)"
= S(8,)S(g)"S(B)*S(B) = S()S@)*S(r)S(r)* = EMW)E(r).
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Case2: Ift € G™', namely, t = gj_l, with g; € G.

Note that
o
E(rE@) = E(r)SS; =Er)S;, Sy, =E) | 1=)_ > S8 | =
k=1 ueL’éj

= EM)—EM| Y. >SS

= k
k=1 Meng

and similarly,

EMEr) =S85 Sy EM)=Er) — | > D" 5.8 | E®).

k=1 ;LEL’;,I_
To prove that E(¢) and E(r) commute, it is enough to show that
E(r)S,S; = SuS;E(r) ¥Yue Ly, Yk € N.

a) |af #0.

D) | = [ul.
By Lemma 3, if « = pus for some s in P then S;S,S, = S,.
Therefore,

E(r)S.S’ = SuS5S58:8,S" = Su85855% = E(r),

and similarly SMS;E(r) = E(r), and this proves that E(r)SMSZ =
SuS,E(r). Also by Lemma 3, if « # us for all s € P, then
S;SMSZ =0= SMS;SO, and also in this case E(r) and SMS; com-
mute.
i) | < [pl.

By Lemma 3, if u # as Vs € P, then S;S,S; = 0 = §,5, S,
from where the equallity follows. If © = as for some s € P, also
by Lemma 3, S;S,LS; =S SZ and S,LS;SO, = S, S;, from where

E(r)SuSh = SaSySsSiS.uSt = SuS5SpSiSh = SuS5SpS,SESE,
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and
SMSZE(r) = SMSZSQS;SﬁS; = SMSjS;SﬁS; = SaSSS;‘S;SﬁS;‘.
Since B € A*, by M,
SSS:S;S;; = S;SﬁSSSS*,
and this shows that E(r)SMSZ = S,LS;‘;E(r).

b) |x| =0
Since B € A*, the equality between E(r)SMSZ and SMS;’;E(r) follows
from M,.

This proves our claim. Let us now return to the proof of Ps, that is,
SOSE)Sr™") = Swr)Sr~h, Vi, r € F,.

To do this we use induction on |t| 4 |r|. The equality is obvious if |t| + |r| = 1.
Suppose the equality true for all 7, r € I, such that |¢| + |r| < k. Taket,r € T,
with |t| + |r| = k, write t = fx,r = yF, withx,y € G U G~ . Ify # x~ 1
we have S(tr) = S(¢)S(r), from where S(tr)S(r—!) = S(#)S(r)S(r~"). Let us
consider the case x = y~!.

SOSE)SE" = SEx)SHAHS(yF) ™) =
= SOSE)SHSFEHSFHS(y™) =
= SHS)SEHSFESFHS(x).

Using the claim and the fact that S(x) is a partial isometry,

SHSE)SEHSFESFEHS) = SEOSFESFEHSx)Sx)S(x) =
= S@OSFHESFES(x)

and by the induction hypothesis,
SHSFESFEHS(x) = SEHSFEHS(x).
On the other hand,

Sr)Sr=" = SExyF)S((yF)™) =
= SEH)SFE 'y ™) = SEH)SFEHS ).

This concludes the proof of P3, and also of the theorem. O
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