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Concentration phenomena in weakly coupled
elliptic systems with critical growth*

Riccardo Molle and Angela Pistoia

Abstract. In this paper we consider the weakly coupled elliptic system with critical
growth

—Au = "7 u + e[a(ru + bxw] inQ,

—Av = o[ ¥ 20+ efe@u +d@)v] i@,
u=v=0 on 92,

where a, b, ¢, d are C! — functions defined in a bounded regular domain €2 of RY. Here
we construct families of solutions which blow-up and concentrate at some points in 2
as the positive parameter ¢ goes to zero.
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1 Introduction and main results

In this paper we consider the weakly coupled elliptic system

—Auy = |uy [P uy + efa()uy + b(x)uz] in Q,

—Auy = |ua|P tuy + e[c(x)ul + d(x)uz] in 2, (1.1)
Uy =uy = 0 on 89,
where Q is a bounded regular domain in RY, N > 5, ¢ > 0, p = %,

a,b,c,d € CH(Q).

Received 2 September 2004.
*The authors are supported by M.I.U.R., project “Metodi variazionali e topologici nello studio di
fenomeni non lineari”.



396 RICCARDO MOLLE and ANGELA PISTOIA

Ifb(x) = c(x)in Q system (1.1) is of gradient-type, namely (1.1) is the Euler-
Lagrange equation of a suitable functional defined on the space H(l)(Q) X H(l)(Q).
In [2] the authors consider the scalar case, namely a, b, c, d are real constants.

Using a variational argument they proved that if the matrix A = j Z) is

symmetric, so that the system is of gradient-type, and a > 0 or d > 0 then for ¢
small enough there exists a nontrivial weak solution of (1.1). Moreover, using a
Pohozaev-type identity (see [15]), they prove that if A is symmetric and negative
definite and €2 is star-shaped u,, u, = 0 is the unique classical solution to (1.1).

If b(x) # c(x) then system (1.1) is not variational. As it is pointed out in [7]
it seems that the only available technique to treat such systems is topological,
explicitely the topological degree of Leray-Schauder. But in this case one needs
a priori bounds on the positive solutions of (1.1). How to get such bounds can
be seen in [7], where an extensive list of references is given on this matter. In
particular in the case of a weakly coupled system a priori bound exists in the
subcritical case (see [1]).

Here we are interested in studying the weakly coupled system (1.1) in the
critical case. In particular we want to find solutions which concentrate in some
points of €2 in the sense of the following definition.

Definition 1.1. Let (u;_, u,,) be a family of solutions for (1.1). We say that

(u1,, uz,) blow-up and concentrate at the points &, and &, in 2 if there exist

rates of concentration 81, 6,, and points &1,,&, € Q2 with liII(l) 8i. = 0 and
£—>

lin})&‘e = & such that u;, — PQUs, ¢, 1 = 1,2, go to zero in H(l)(Q) as e

e—

goes to zero.

Here (see [3], [6] and [17])

N=-2

A2

Uy, y(x)=Cy XGRN,yGRN,)L>O,

N2

(A2 +1x—yP?) >

with Cy = [N(N — 2)]¥=2/4 are all the positive solutions of the problem
—AU = U% in RV. PqU,, , denotes the projection onto H(l)(Q) of U, y, i.e.
APQU}L”V = AU)\,y in Q, PQU)‘"y = 0on 0%2.
Before to state our results we need to introduce some notation.
Let us denote by G the Green’s function of the negative laplacian on €2 and by
H its regular part, chosen in such a way that
By

H(x,y) = ———— — G(x,y), V¥(x,y)e€ Q7
lx — y|V-2
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WEAKLY COUPLED ELLIPTIC SYSTEMS WITH CRITICAL GROWTH 397

where By = [(N -2) meas(SN_l)]_1 and S¥~! is the (N — 1)—dimensional
unit sphere. For every x € Q the leading term of H, namely 7 (x) := H(x, x),
is called Robin function of 2 at the point x. The harmonic radius r is defined
by r(x) = t(x)_ﬁ. It is a smooth positive function in the interior of €2, which
vanishes at every point on the boundary.

Blowing-up solutions appear in a large class of problems with critical growth.
For example, as far as it concerns the Brezis-Nirenberg problem (see [5])

—Au = u% 4+ ea(x)u in 2,
u=>0 in €2, (1.2)
u=>0 on 92,

it was proved that (see [16] and [13]) any “stable” critical point &, of the function
W (E) = a(&)r(£)? witha(£&)) > 0 generates a family of solutions to (1.2) which
blow-up and concentrate at &.

In this paper we first consider the case of different concentration points, namely
in Definition 1.11itholds & # &;. Letusintroduce the functions W, ¥, : Q@ — R

defined by Wy (¢§) = a(&)r(£)* and W, (&) = d(&)r(§)>.

Definition 1.2. Let ¥ : Q — R be a C'—function, we say that &, is a stable
critical point of W if VW (&) = 0 and there exists a neighbourhood V. .C C Q2 of
Eosuchthat VW (§) 20 VEe€dV,ifVU(E)=0,& €V, then W (E) = V(&)
and deg (V\I!, Vv, O) # 0, where deg denotes the Brouwer degree.

Notice that any isolated local maximum point or any isolated local minimum
point or any nondegenerate critical point of W are stable critical point of W.

Theorem 1.3. Let N > 5. Fori = 1, 2 let &; be a stable critical point of V; with
(&) > 0. If & # &, then there exists a family of solutions of problem (1.1)
that blow-up and concentrate at two points &' and &5 such that VV;(§7) = 0
and V; (&) = Y, (&;), with rates of concentration §;, such that

. L 2 B . = .
glirg)ﬁigs N4 = mﬁq’i(& ) r&;)
(see Lemma 4.1 and Lemma 4.2).

It is not difficult to show examples in which Theorem 1.3 applies (see exam-
ples 4.7 and 4.8).

If we consider the case when concentration points are the same, namely in
Definition 1.1 it holds & = &,, the problem becomes much more difficult of
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398 RICCARDO MOLLE and ANGELA PISTOIA

the previous one. We are only able to treat the symmetric case, where we can
assume the crucial condition &;, = &, = 0. It remains open the case when the
concentration points are the same, but &, # &,,.

In Section 5 we assume that 2 is a symmetric domain, namely for any i =
1I,...,N

(X1, o0y Xy, Xy) €EQ (X1, ..., —Xiy...,Xy) € Q. (1.3)
We say that a function w : Q@ — R is symmetric if foranyi =1,..., N
WXL, ooy Xy ooy Xy) = WXL, .oy =Xy v e, XN). (1.4)

We prove the following result.

Theorem 1.4. Let Q2 be a symmetric domain and a, b, c, d be symmetric func-
tions. Assume one of the following conditions

(1) N >5,a(0) =d(0) =0 and b(0), c(0) > 0;
(2) N >5,a(0),d(0) > 0 and b(0), c(0) > 0;
3) N>17,a(0),d0) >0 and b(0), c(0) <O.

Then there exists a family of symmetric solutions of problem (1.1) that concen-
trates at the origin.

We would like to emphasize the fact that using Theorem 5.6 and Proposi-
tion 5.8, we can find more general conditions on a(0), b(0), ¢(0) and d(0) which
ensure the existence of families of blowing-up solutions. At this aim we quote
Example 5.9 where a non-uniqueness result is proved (see also Theorem 5.4 and
Remark 5.10).

We want to point out that the solutions given in Theorems 1.3 and 1.4 are
actually positive if the system is cooperative, namely b(x), c(x) > 0 in 2 (see
Proposition 4.6).

Finally we remark that if €2 is symmetric with respect to the origin (i.e. x € @
iff —x € €2) we can construct solutions which are symmetric with respect to the
origin (i.e. w(x) = w(—x)) provided assumptions (1), (2) or (3) of Theorem 1.4
are satisfied (see Remark 5.11).

The paper is organized as follows. In Section 2 we set the problem in a suitable
framework and in Section 3 we reduce the problem to a finite dimensional one
using a Ljapunov-Schmidt reduction argument as in [4] and [10]. This tool
allows us to treat both variational and not variational system. In Section 4 we
study the finite dimensional problem and we prove Theorem 1.3. Section 5 deals
with the symmetric case and with the proof of Theorem 1.4.

Bull Braz Math Soc, Vol. 35, N. 3, 2004



WEAKLY COUPLED ELLIPTIC SYSTEMS WITH CRITICAL GROWTH 399

2 Setting of the problem

Leta = ﬁ and set 2, = /&%, An easy computation shows that, if u;(x),

u,(x) are solutions of (1.1), then v;(y) = 8"‘¥u1(8°‘y), v (y) = s”‘%uz(e“y)
solve

—Avy = [vg [P oy + e a(e%y) vy + b(ey)vz] in Qe
—Avy = [0a|P7 vy + 2 e(ey)vy + d (%2 in Q, (2.5)
vp=1v,=0 on 0€2;.

Let H(l)(Qg) be the Hilbert space equipped with the usual inner product

12
(u, U)H(l) =Qf VuVv, which induces the norm ||u||H(1) = (Qf |Vu|2) )

1/r
Moreover, if r € [1, 4+00) and u € L"(2.), we will set ||u||, = (f |u|’) .
Qe

It will be useful to rewrite problem (2.5) in a different setting. Let us then
introduce the following operator.

Definition 2.1. Let i} : L3 (2,) — Hé(QS) be the adjoint operator of the

immersion i, : H(l)(Qg) — L% (2,), Le.

i:(u) =v <<= (v,9) =fu(x)g0(x)dx Voe H(l)(Qg).
Qe

Remark 2.2. There exists ¢ > 0 such that
. 2N
IIl:(u)IIH(lJ < cllull 2y, VuelLV2(8,), Ve>0.

Let H = H)(Q2.) x Hj(£2,), which is an Hilbert space equipped with the inner
product ((ul, us), (¢1, ¢2)) = (uy, ¢1)¢q + (U2, ¢2)¢y that induces the norm
H H, H,

12
1, u2)|| = (nulni{é + ||M2||i{(1)) :

For (u1,uz) € Hand r € [ 1, 2% | we set [ Gur, w)lly = Nt + 2]l
By Remark 2.2 we get the following result.

Lemma 2.3. Let J} : L (R2,) x L (2,) —> H be defined by J% (u, uz) =
(i2(uy), if(u2)).
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400 RICCARDO MOLLE and ANGELA PISTOIA

Then T} is continuous uniformly with respect to €, namely there exists ¢ > 0
such that

1 N
|5y un) | < S72 01w, ua)ll an s Yy, us € LV (), Ve > 0.

By means of the definition of the operator J7, problem (2.5) turns out to be
equivalent to

(uh u2) = j:;k (F(I/ll, MZ) + 820{+1G(8ay7 ur, MZ)) ) ue H, (26)
where

F(s,1) = (f(s), f(0), f(s) =1s|""'s and
G(x,s,t) = (@ax)s +bx)t,c(x)s +dx)t).

We are looking for solutions (u;(x), u(x)) to (2.6) of the form

(ul(x)v u2(x)) - (PSU)Ll,El/SO‘ (x) + ¢lg(x)9 PSUkz,gz/Sa (x) + ¢25(x)) )

where we have denoted P, = Pq,. Here ¢, (x) = (¢1,(x), ¢, (x)) is a lower
order term belonging to a suitable subspace of H which will be introduced in the
following.

Let us denote

U, N—2 nvas |x—y?=2%
0 Y N
= =C 2 ) e R"Y,
W)\,y(-x) a)\‘ N 2 ()\‘2+ |x _y|2)N/2 X
andforj=1,..., N
; aU, N=2 Xi—Y;
J ) == J J N
wk,y(x) ayj N( ) ()\'2 + |x — y|2)N/2 X
The space spanned by 1//,{'7y, j=0,1,..., N,is the set of the solutions of the
linearized problem —Ay = pU; ;lw, in RY. Moreover let
P e 0) = i5(UL gV ) (®) % € Q. @7
Fori = 1,2, let K} = span(Peyyy, o jcur Pl ¢ jeur - Pty o /o) and

il i .
K" ={p e Hy(Q): (¢, PV} /) =0, j=0,1,...,N}.
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WEAKLY COUPLED ELLIPTIC SYSTEMS WITH CRITICAL GROWTH 401

Moreover let us define the operators

N

ML) =) 1, Pt o)y Pty ¢ jpe and TS () = u — T ().
j=0

Set A = (A1, Ap) and & = (&, &) and let us consider the subspace of H given
by K¢ = K} x K7 and its complementary space K, , = K" x K2

Finally let us introduce the operators I, ,  : H — K, , ¢ and Hj’m :H—
K o defined by T, ¢ (ui, uz) = (T}(u1), MF(uz)) and TIJ, . (u1, u2) =
(uy, up) — HS‘A,E(ul, ur). If u € (0, 1), we set

O ={(0,§) eRZx 2% 1 & € (u, u™),
dist(§,09Q) > p,i = 1,2, & — & = p}.

By (2.7) and Remark 2.2 we easily deduce the following result:

Lemma 2.4. For any u € (0,1) there exist &g > 0 and ¢ > 0 such
that |T1;, (1, u)ll < cll(ui, up)ll, for any (., &) € O, ¢ € (0, &) and
(Lt], uz) € H.

Our approach to solve problem (2.6) will be to find (1, &) € O, for some p,
and (¢1, ¢») € Ks%x,g such that

M., A (PeUsy /e + 61, PolUns /e + 62)
— [F(PUs, 1 jee + $1. PeUsy iy o + 2) 2.8)
+ 82a+lG(8ay, PoUs, g6 + @1, PeUsy e + 92) ]} =0
and
Mo {(PeUsy g1 jee + @10 PeUsg /60 + 62)
— JE[F(P:Us, /e« + &1, PeUsy /60 + $2) (2.9

+ 82a+1G(6‘ay, PgUM’gl/got + ¢1, PSU)Lz,Sz/é‘a + ¢2)]} =0.

3 Finite dimensional reduction

In this section we will solve equation (2.8).
Let us introduce the linear operator L, ; ¢ : K j,/\’ £ K j’k’ £ defined by

Less(@) =¢ — 7, o T2 (F' (PeUsy gy (%), PeUnygyee (X)) §) -

Bull Braz Math Soc, Vol. 35, N. 3, 2004



402 RICCARDO MOLLE and ANGELA PISTOIA

Lemma 3.1. For any u € (0, 1) there exists €, > 0 and a constant C > 0
such that, for every (A, &) € O, and for every € € (0, &), the operator L ¢ is
invertible and it holds || L, ; ¢¢|| > C|l@| for any ¢ € Kj,‘x,g

Proof. The claim follows exactly as in Proposition 3.2 in [13], because
Lese(@1.¢2) = (@1 = TLL(f (PeUsy )0,
¢2 — T[E2 (' (PeUs, gy e ) $2)]). O
By using the invertibility of the operator L, , ¢ we can solve equation (2.8).

Proposition 3.2. For any u € (0, 1) there exist R, ey > 0 such that for
every (A,§) € O, and for any ¢ € (0, &) there exists a unique ¢ : =
(¢15,A,§, ¢28,A,$) S KSJ:)xf such that

Mg, {(PeUsy e jee + 61, PeUsy iy e0 + 2)
- J:[F(PaUM,El/s“ + @1, PeUj, 760 + ¢2) (3.10)
+ 82a+1G(8ay’ PsU)nhS]/e"‘ + (]51, P€U}xz,§2/€"‘ + ¢2)]} =0.
Moreover
N+2
Rexv=5 jf N =1,
Pesell <1 Re?|loge| if N =6, (3.11)
Re? if N =5.

Proof. First of all we point out that ¢ solves equation (3.10) if and only if ¢ is
a fixed point of the operator T; ¢ : K5, , — K-, ; defined by

Toos@® = Lob L, T FOPUs e + 1 Pl + 62
—F Uy, g 760, Uny s 760) — F'(PeUs, g, 76y PeUsy g/60) (1, 92)

+e2 T Gy, P Uy, g0 + @1, PeUy, gy )c0 + ¢2)]-

‘We will show that

Tore: {0 € K5 e i I9l < Re") — {p € K, ¢ 9]l < Re”)
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is a contraction mapping, for R and y suitable chosen, provided ¢ is small
enough.
From Lemma 2.3, Lemma 2.4 and Lemma 3.1 we get the estimate

1T el
<c ||F(P5UA.,gl/ea + @1, PUy, /60 + 2)
- F(PSUM»&/S‘% Pstz,éz/sa)
—F'(PeUs, 1760 PeUso gse) (91, 62) | o (3.12)

+c ”F(PSUM,&/E‘X, PsUAz,Sz/sa) - F(UM,El/SO" U)‘Z*&/EQ)HI\%Z
+ e |Gy, PoUiygyjee + b1, PeUss togee + ¢2)| 2 -

First of all we have

||F(PsU,\1,sl/sa + o1, Pesz,gz/sa +¢) — F(PsUkl,él/a‘”v PaUkz,Ez/s"‘)
— F'(P.Uy, g0, PeUs, g,760) (91, ¢2)”1\%

= Y If(PU +¢) — F(PUD) = f(PUD N 2, G-13)
< c|l|;1|iili“{2’P}.
Secondly, by Lemma 5.3 in [13], we get
|G (e%y, P.Us, g /s0 + $1, PeUsy /60 + ¢2)”;%

< max{lallo, llcllo} (1P Vs g1 el 2, + 111 g, )

(3.14)
o+ max(lB o, Nelloo) (I1PeUs goseel g, + N2l 2, )
<c (m(e) + 8—2“||¢||%) .
Finally by Lemma 5.2 in [13] we get
||F(P5U)‘1’§1/5a’ PeU}»zfz/*S"‘) - F(U)»l,fl/ei"" U)nz.fz/e"‘) 1\%—]2
(3.15)

= 2 N PUs ) = FWge)| v < xace).

i=1,2
By (3.13), (3.14), (3.15) we deduce that if ||¢|| < Re? as in (3.11), since

1
N_3’ then

ITepe0ll < c (IB1™" + x1(e) + x2()e™ ™ + ell@ll]) < Re”.  (3.16)

o =

Bull Braz Math Soc, Vol. 35, N. 3, 2004
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Our next goal is to show that we, actually, have a contraction. Indeed, for any
¢', ¢* € K\, ;, we have:
ITer6¢” = Tesscd' |
< Y | FPUs e + ) — F(PUs, g + &)

i=1,2
~f'(PeUs, &) (@7 = 0D 2, ©-17
+ 682a+1 ” G(says PEU}»l,El/&‘O{ + ¢127 P&‘U)Lz,éz/&‘u + ¢%)
— G(e%, PUs, g, /60 + @1y PeUss gy + 65)

If N > 7, by the mean value theorem (6 € (0, 1)) we get
| £ (PeUs e + 67) — F(PeUs, e + 1)
= ['(PeUs &) (@7 = 8D
= |Lf/(PUs, g jex + 67 + O8] — 61)) (3.18)
= ' (PeUs 60 )@ = &) | a0

—1
<c (||¢} — P + 17| 9! — ¢?||w) :
N-2 N-2 N-2
Moreover
||G(8ay7 PEU)L],E]/E"‘ + ¢12s PEU)Q,%‘ZI/&“ + ¢§)
= Gy, PUs e + 01 PelUser + 02l 20 (3.19)
< &7 max{[lallos, 1Dllocs lclloos 1dlloc}lId® — &Il 2.

By (3.17)-(3.19) we get the claim.
If N =5, 6 we proceed in a similar way. O

4 The reduced problem

In this section we are finding (A, £) such that also equation (2.9) is verified,
namely for j,/ =0,1,... ,N
0= ((PEUMsEl/e‘* + ¢1s,k,§v PSU)»z,Sz/s“ + ¢25,A,§)
- J: [F(PSUM,&/S“ + ¢18,)\,S’ PgU)uz,Ez/S“ + ¢25,A,§)
+82a+1G(8aya PEU)»],Sl/E“ + ¢lg,)hga PsUkz,Ez/Ea + ¢28,A,§')] )
J [
(P, g, jeur PV, 00) -

(4.20)
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WEAKLY COUPLED ELLIPTIC SYSTEMS WITH CRITICAL GROWTH 405

We need the expansion of the R.H.S. of (4.20).
First of all, arguing as in Proposition 2.1 of [14], we get the following result.

Lemmad4.1. Fori =1,2and j =1,..., N, it holds

(PEUA,-,a/em + Gicse — i L (PeUs e + Gics el Ps‘/’xji,s,»/sa)

A% 9 3 3 N
= —7@&(&)&” VD L O (e el® + %7 Ol pe s cll)

1

1
Hy

and

(PeUs, ijee + e — ie[f (PeUs, 0 + i p )]s Pty o jee)
A% 9 _ _ Y N2
= Tﬁ[r@i)x? N2 L O(llpesel®) + 67 O el

as & goes to zero, uniformly withrespectto (A, &) € O,.Here A = /]RN Uffo(z)dz.

Secondly we have the following expansion.

Lemma 4.2. Assume that w(x) € C'(Q), then, for j =1,...,N,

o J B 9 27 .«
/w(8 W PUs, 670 (D PeWs, 6 (¥) dy = _5@ [wE)A]e* A +o(1)
Qe i

and
o 0 B 9 2
w(E ) PeUs gy e D Py g poa (0) dy = 2= [wE)AT] (A +o(1),
o

as & goes to zero, uniformly withrespectto (A, &) € O,.Here B = fRN Uﬁo(z)dz.
Moreover ifi #hand j =1,... ,N

[ wE P P, ) dy = 0 (V) a2
Q¢

and
/ w(EY) PeUs, /60 ) Pty oo () dy = O (£2V7Y) | (4.22)
Qe

as & goes to zero, uniformly with respect to (A, &) € O,,.

Bull Braz Math Soc, Vol. 35, N. 3, 2004
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Proof. For j =0,1,..., N, let us compute

/ w(gay)PEUki»Ei/E”Psl//){i,&/so‘ - / w(gay)U)‘i’fi/S“w){i,Ei/S“
Qe 2
+/ w(e®y) (PeUs, 760 — Un i je0) Ui g (4.23)
Qe
+/ w(e®y) PeUs, g /e (Pgw){ifi/#" - lﬁ){ifi/e"‘) )
Qe

Furthermore

/ w(say)UM’&_/sa w){f,éi/é?“dy

e i i (4.24)
— 8—(xN / u)(x)U)L,.’&-l./ga <_a> w){i,fi/é‘a <—a>dx
g g
Q
Forj=1,...,N, (4.24) is equal to
U, &
)x.,‘f w(Ei +)»,‘8O[Z)U110 1’.& dz
Q-§; 8 ]
e i le=0
lx L aUﬁOd
_5 l-/;z_% w(& +1ie%z) 377 <
rje®
= lk ow A U d
=5h| = oy aj(’SHr 18°2) UL o (2)dz
(4.25)

+ / w( + )L,-S“Z)Ulz,o(z)doi|

o Q—F;
o( Aiso‘l )

1
:—Ek e\ ﬁgl a—éj(g,+/\ie°‘z)UﬁO(z)dz+o(8“)
a2 a“’(E')<1+ o(1)).
2 ag

For j = 0, (4.24) is equal to

3,\0

(I+o()) = Briw(E)(1 +o(1). (4.26)
ri=1

. w(&)/ Uro
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Now, by Lemma 5.4 in [13]

/ w(say) (PSUM,&'/S" - U)»iyEi/S‘”) w){i,si/s“

&

=< ||w||c><>‘/Q ‘(PSUM,&/S“ - U*ivfi/"?“) w){ivfi/sa

o*) ifj=1,....N
< 4.27)
o(l) ifj=0.
and by Lemmas 5.3 and 5.5 in [13] it follows that
/ w(gay)PSUli,Ei/Sa (Pgw){i,éi/g"‘ - w}{iyéi/f?“)
Qe
=< C”w”oo”Psw){i,gi/ga - w){,-,g,-/ga ||% ||P8U)»,-,§,-/e°‘ ||1\§7J1:’2
o) ifj=1,...,N
< (4.28)
o(l) ifj=0.

Fori #hand j =1,..., N we have

[ 0P s VPt o)

£

_ x ; X
< lwlloos™" / Ui e (s_‘)‘) (‘w){i’si/é‘” (8_0:)

Jas

j X
4+ max ‘}[f)hi’gi/sa (8_0[)

9Q
Q

-0 (e“<N—3>) . (4.29)

A similar argument proves (4.22). U

Finally we can give the expansion of (4.20).
Proposition 4.3. It holds

(PeUny1 /60 4 @1e60 PeUsyojen + @206
_J: [F(PEUM,Sl/é‘a + ¢1s,)\,§7 PEU)Q,EQ/SO‘ + ¢28,k,§)
+82a+1G(8a}7, PSUAI,Sl/sa + ¢13,)L,é’:’ PSU)Q,SQ/!:‘“ + ¢25,A7§)] )

(Pe¥a0))

N—

Bl 2o 6+0m)] i#j=1....N,

ag]
N-=2

B e o] =0,

™

(4.30)
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and

((PeUny 160 + Preper PeUnyajer + $205¢)
= [F(Ps Ui gijee + Orepes PeUnygrjer + 92¢5.8)
+82"‘+1G(8°‘y, PoUy g j60 + Pre 60 PeUny ey e + ¢2e,x,g)] )
(O’ Psw)lnz,éz/S“))H
[ - oL +o] Fi=1,N,
= 4.31)

[ 6 +oD)] i 1=0,
as € goes to zero, uniformly with respect to (A, §) € O, where W : (R+)2 X
Q? — R is defined by (see Lemma 4.1 and Lemma 4.2).
A? B
V0.6 = T r@M T+ r@n) | - Sla@nal +d@i}]. @32

Proof. The claim easily follows by Lemma 4.1, Lemma 4.2 and (3.11). We
point out that ¢ is chosen so that (N — 1) = 3o + 1. O

Now we get the following necessary condition.

Theorem 4.4. Let

(Uie, Uze) = (PeU,, 5,760 + Pre s, b0 Pl iy, e + ¢2s,kzg»$zs)

be a family of solutions of (2.6) (see Proposition 3.2) such that lin}) Ai, =2; >0
E—
and liH(l) &, =& €Q,i=1,2, with&§ # &. Then (A, §) is a critical point of
£—
the function V.

Proof. By Proposition 4.3 it follows VW (A, &) 4+ o(1) = 0, uniformly with
respect to €. Then passing to the limit we get the claim. 0

Conversely we prove the following sufficient condition.

Theorem 4.5. Let (1, §) be a stable critical point of the function V (see Defini-
tion 1.2) with A1, A, > 0 and & # &,. Then there exists a family of solutions

(Uig, uze) = (PeUsy, 1,760 + @15, 61,0 PeUnsptrn e + $26 25,.,)

of problem (2.6). Moreover lirr(l) Ae = A* and liII(l) & = &, where (\*, &%) is a
E—> &E—>
critical point of ¥ with W (A*, £*) = W(A, &).
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Proof. By Proposition 4.3 and Definition 1.2 we get that for ¢ small enough
there exists (A, &) in a neighbourhood V of (A, &) such that VW (X, &) +
o(1) = 0. Up to a subsequence we can assume that A, — A* and §; — &*.
Therefore (L*, £*) is a critical point of the function W and by Definition 1.2 it
follows that ¥ (A*, £*) = (A, &). O

We remark that if (1, &) is an isolated critical point of W then (A*, £*) = (X, &)
(see Definition 1.2).

We also point out that the maximum principle easily implies the following
result.

Proposition 4.6. If we assume b(x),c(x) > 0, x € , then the solutions
(u1,, us,) of system (1.1) given in Theorem 4.5 are positive in 2.

We are in position to prove our first main result.

Proof of Theorem 1.3. First notice that, in general, if f : 2 — R is a smooth
function, « € R\ {0} and x € Q is such that f(x) # 0, then x is a stable critical
point for f if and only if x is a stable critical point for | f|*. Then our claim
follows from Theorem 4.5 and Lemma 5.7 in [13], taking §;, = )\issﬁ. O

Example 4.7. Let Q2 be a “dumb-bell with thin handle” (see [14], Section 3) and
leta(x) = d(x) = 1 for any x € Q. Then there exist two families of solutions
to (1.1) which blow-up and concentrate at two different points of 2.

Example 4.8. Let a and d be positive functions with disjoint supports. Then
there exists a family of solutions to (1.1) which blow-up and concentrate at two
different points of €2.

5 The symmetric case

In this section we assume that €2 is a symmetric domain and thata, b, ¢, d are sym-
metric functions (see (1.3), (1.4)). Let H; = {(u, v) € H : u, v are symmetric}.
We are looking for a solution of (2.6) in the space Hy as (u;(x), ux(x))
= (PgUM,o(x) + ¢1,.(x), PUy, 0(x) + d>28(x)) , wWhere the rest term ¢, (x) =
((/bls(x), ¢28(x)) belongs to the space Kém N H;.
Arguing exactly as in the previous Sections 2 and 3 we can prove that

Proposition 5.1. For any u € (0, 1) there exist R, &g > 0 such that for every
A€ (u, 1/pn) andforany e € (0, go) there exists a unique ¢, 5 = ((]518,,\, qbzs’,\) €
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KsL,s,o N Hy such that

Hi)\,o{(Pstl,o +é1,,, PeUs,y 0+ ¢>2M)
- j:[F(PEUM‘O + ¢ls,k’ PsU)\.z,O + ¢25,A)

+ 82a+1G(80¢y’ PsUM.,O + (]5181, Pgsz,o =+ ¢25,A)]} =0.

Moreover ||, || satisfies estimate (3.11).

(5.33)

The problem reduces to find parameters A, and X, such that also Equation (2.9)

is verified, namely
0 =((P:Us.0+ 12 PeUsy 0 + ¢2,5)
= T [F(PUs o+ @10 PeUno + 2,
+62 MG (%Y, PUs 0+ d1e PeUnyo + 02:5)]

(Spaw)(\)ho’tpsw)?zyo))H Y (s,t) e R2.

Arguing as in Lemma 4.2, we can prove that:

Lemma 5.2. It holds ifi # j

[ wEn P 00128, ) dy

Q.

a
:w(O)m /Ux,-,o(y)ij,o(y)dy (14 o(1))
J

and ifi = j

/ W(EY) PaUs, 0 (0) Pt o) dy

Qe

1 0
= 3005 [ 03 aay |+ o0,

N

as ¢ goes to zero, uniformly with respect to A € [, 1/u].

(5.34)

Arguing as in the proof of Proposition 4.3, we get the expansion of the R.H.S.

of (5.34).
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Proposition 5.3. It holds

((PSU)nl,O + ¢15,)L7 PSUA.Z,O + ¢2g))h)

- j:[F(PSUM,O + d)lg,)” PSUAZ,O + ¢2£,A)
(5.35)

+ 82a+lG(8ay7 PSU).LO + ¢15,)L7 PSU)Q,() + ¢28,)\.)]’ (Ps.lp)?l’(), 0))H

N=2

= eV4[o1(A) + o(D)]

and

((Pale,o + 1o PeUsyo + ¢2,5)
— T [F(PUsy 0 + ¢1e, PeUsyo + b2, 5) (5.36)
2041 o 0

+ & G(8 Yy, PgUAI,O + ¢16,)»’ Pé‘U)»z,O + ¢25’)L)]7 (07 Pgw}\z’O))H

N—

=&V [02(}) + o(1)]

[N

as € goes to zero, uniformly with respect to A € [, 1/u]. Here the function
o : (0, +00) x (0, +00) — R?, is defined by

d |1 L, 1
a1 (A) = TN EAzr(O)MV 2 5a(O)/Ufl —19(0)/UMUAz
: L RN RN

(5.37)

a

1 2 N-2 1 2
() = o= | FAON T = 2d(0) | U, —c(0) | Uy U,
2 RN RN

Arguing as in the proof of Theorem 4.4, we have the following necessary
condition.

Theorem 5.4. Let (ui.,us.) = (PU,, 0+ Pre s, PeUsy0 + @205,,) (see
Proposition 5.1) be a family of solutions of (2.6) such that lirr(l) Ai, = A > 0.
e—

Then o (L) = 0 (see (5.37)).

Conversely, given the following notion of stable zero for a vector field, we can
prove a sufficient condition.
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Definition 5.5. Let G : @ — R" be a C'—function, we say that &, is a stable
zero of G if G(§) = 0 and there exists a neighbourhood V. CC 2 of §y such
that G(§) #0 V& € 9V and deg (G, V,0) # 0.

Theorem 5.6. If .* = (A}, A3) is a stable zero of the function o (see (5.37)),
then there exists a family of symmetric solutions (ui,, u>,) = (PUy,, 0 +
¢1M18, P.Uy,, 0+ d)ggykzg) of problem (2.6) with lir% Ae = A

Proof. By Proposition 5.3 it follows that

HS,)»,O {(PEU)\I,O + ¢13,)u PEU)Q,O + ¢28,)L)
— 3 [F(PUs, 0+ G1es PelUrgo + ¢2c)

+62 Gy, P.Us 0+ @10 PeUnyo + 02.)]}

N=2

=&V [o(L) +o(1)].

By Definition 5.5 we get that for ¢ small enough there exists A, in a neigh-
bourhood of A* such that o (A,;) 4+ 0(1) = 0 and the claim follows. ]

In order to find stable zeroes of the function o, we need the following technical
lemma.

Lemma 5.7. Let ¢ : (0, +00) — R be defined by

P(t) = f ¥ oM Uro(y)dy. (5.38)
RN

Let N > 5. Then

o i = =2 _ . (N2 ly[2 =1 1 ;
@) }gr(1)t > ¢(t) = C, where C := Cy =5 R{] ek ‘le_zdy, C <0fif
N>7,C=0ifN=6,C >0ifN=25;
(i) lim "7 ¢@t) > 0;
t—>—4+00
(iii) ¢ (1) > 0 and ¢'(1) > O.
Moreover if N > 7

@iv) there exists m € (0, 1) such that ¢ is increasing in (m, 1/m) and is de-
creasing in (0, m) U (1/m, +00);
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(v) there exists a unique ¢ € (0, 1) such that () =0
andif N =5,6
(vi) ¢'(t) > Oforanyt > 0.

Proof. Since

o) =y N =2 bl -1 L (5.39)
2 P+ DT P+ '

(1) follows. Moreover, setting y = tx in (5.39), we have

— y ’
N 2 (| |2 )N 2 |x|N_1

that proves (ii).
By (5.39), ¢(1) > 1 and

N —2\* - 21 2_p2
d)/(t) = (CN > ZNZ“‘/ |y| N |y| Ndy’ (540)
2 P H+DE v+

from which (iii) follows.

Now let us prove (iv) and (vi). First we point out that, if we make the change
of variable y = tx in (5.40), we deduce that ¢'(r) = ¢’ (;) for any r > 0. So
it is enough to study ¢ in (1, +00) and to show that there exists M € (1, +00)
such that ¢ is increasing in (1, M) and is decreasing in (M, +00).

Using polar co-ordinates we can rewrite (5.40) as

o]

~ 2_q 2_ 2
&' (1) =a1;”z“/pN—l P ° _dp, (5.41)
; P+ D72 (P> +12)7

where o) = (CNNT*z)2 meas(SV~!) and SV ! is the (N — 1)—dimensional unit
sphere.

Using hypergeometric functions (see [11], Section 9.1) and their properties
(in particular, 9.137 in [11]) we can compute

N 2 12—
¢’<z>=a2r—z[ NN - 6)1?(12v SN R )<r2+1>
Yoy e (5.42)
2
F2(N — 2)F<2 3 N—t2 )z]
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N
where a, = al% If N =5, 6, then (5.42) directly imply (vi).

If N > 7, let us evaluate the second derivative ¢” (¢) at any critical point ¢ of
¢, namely ¢'(t) =0 :

) 2> (NN t*?—1\(, N+2,
o) =~ F (5. 5 No—— | (1 =2 1) 543)

N+2T(5)T (%)

2 TN+

Now, since (ii) and (iii) hold, there exists a local maximum point M € (1, +00)
such that ¢’(1) > 0 for any t € (1, M). By (5.42) we deduce that M?> >
N +2+4F . If M is not the global maximum point of ¢ in (1, +00) then there
ex1sts a local minimum point ¢ of ¢ with > M. Then ¢t must satisfy ¢'(z) = 0
and ¢” (1) > 0. By (5.43) we deduce that 1> < ¥ +2+4F and a contradiction
arises. That proves claim (iv).

Finally (v) follows from (i)-(iv). O

where a3 = oy

The following proposition allows us to reduce the existence of zeroes of o to
the existence of zeroes of a function which only depends on one variable.

Proposition 5.8. Let @ : (0, +00) — R be defined by

®(t) :=t""*[a(0)B + b(0)p ()] — [d(O)B +c(0)¢ (;)] ) (5.44)

where ¢ is defined in (5.38) and B is given in Lemma 4.2.
If t* is a stable zero of the function © with

a(0)B + b(0)p(1*) > 0, (5.45)
then \* = (A%, A3) with 1t = [2[(N — 2)A22(0)] ' [a(0) B + b(0)¢(r*)]}ﬁ

and ) = t*)\] is a stable zero of the function o defined in (5.37).
Moreover if o (A, Ay) = 0 then ®(Ay/A1) = 0 and condition (5.45) holds.

Proof. It is enough to point out that o (A1, A;) = 0 if and only if
F2A2c A —a)B = b0 [ ¥) (Uno=0
RN
N2 A% (002, ™ = d(0)B — c(0)55 [ 97, oUr0=0
RN
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and if we choose A, = tA the previous system is equivalent to
N2 A2 (04~ = a(0)B + b(0)$ (1)
N4 a(0)B + b0)¢ ()] — [d(0)B +c(0)¢ ()] = 0.
The claim easily follows. g

Finally we can prove our second main result.

Proof of Theorem 1.4. To prove this theorem, taking into account Proposi-
tion 5.8 and Theorem 5.6, we will show that the function ® has, in each case, a
stable critical point that verifies (5.45)

Proof of (1). If N > 7,thenby (v)of Lemma5.7weget®(¢) <0 < & (%)

Hence there exists t* € (g‘ , %) which is a stable zero of the function ® and

satisfies (5.45), because b(0)¢ (t*) > 0.
If N = 6, then by (i) and (ii) of Lemma 5.7 lin% o) = —Cc(0) < 0 and
11—

lim ®(r) = +o0o. Hence there exists a stable zero ¢* for the function &, that
t—+00

verifies (5.45).
An analogous argument proves the case N = 5.

Proof of (2). If N > 7, then by Lemma 5.7 we get
lim &(r) = —d(0)B < 0 and 1ir+n N Vo@t) =a(0)B >0. (5.46)
1— t—+00

So there exists ¢* which is a stable zero of the function ®. We have to prove that
t* satisfies (5.45). In factif t* > ¢ then ¢ (¢*) > 0 and (5.45) holds. If t* < ¢
then ¢ (++) > O and

a(0)B +b(0)¢ (r*) = t%‘ [d(O)B + c(0)¢ (tl)} > 0, (5.47)

namely (5.45) holds.
Taking into account Lemma 5.7, easier calculations prove the cases N = 5, 6.

Proof of (3). Assume N > 7. We get again (5.46), so a stable zero t* for
the function & exists. We have to verify that such a stable critical point verify
also (5.45). If

K — min [d(O)B + c(0)¢ <l>:| = |:d(0)B +c(0)¢ <l)i| > 0,
(0,400) d "
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then (5.47) shows our claim. If K < 0, then ®(m) > 0, so we can take
t* € (0, m). Hence (5.45) follows since ¢ is decreasing in (0, m). ]

Using Proposition 5.8 and Theorem 5.6 we can give the following example.

Example 5.9. Assume N > 7, a(0) > 0 and c(0) = 0. Then there exists d* > 0
and b* > 0 such that for any d(0) € (0, d*) and |b(0)| > b* there exists three
different families of symmetric solutions of problem (1.1) that concentrates at
the origin.

Remark 5.10. If N = 5, 6, then case (3) of Theorem 1.4 in general does not
hold.

For example, if N = 6 and a(0) B + b(0)C > 0 and d(0)B 4 c(0)C > O (see
Lemma 4.2 and (i) in Lemma 5.7) it is not difficult to see that the function ®
has a stable zero which satisfies (5.45). If N = 5 and a(0) > 0, b(0) < 0 and
c(0) < 0 are fixed and d(0) > 0 is large enough, then there exists a stable zero
for the function ® which satisfies (5.45).

On the contrary if N = 5,6 a(0) > 0, b(0) < 0 and c(0) < O are fixed
and d(0) > 0 is small enough, then the function ® has not a zero which satis-
fies (5.45).

Remark 5.11. Let Q2 be symmetric with respect to the origin (i.e. x € Q iff
—x € Q)thenitis easily seen that all the arguments of this section works, making
use of the subspace of H given by

Hy={@,u) €eH : u;(x) =u;j(—x), Vx € Q,, i = 1,2}

So, in this new setting, we can get results analogous to those referred in
Theorem 1.4.
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