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On a Degenerate Zakharov System

F. Linares*, G. Ponce** and J-C. Saut

Abstract. We establish a local well-posedness result for an initial value problem
associated to a Zakharov system arising in the study of laser-plasma interactions. We
called this system degenerate due to the lack of dispersion presented in one of the spatial
variables. One of the key tools to obtain our results is the presence of appropriate global
versions of the so called “local smoothing effects” inherent to the dispersive character
of the model.
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1 Introduction

Consider the initial value problem (IVP) associated to the “degenerate” Zakharov
system

i(0, +9,)E+ A E=nE, (x,y,2) eR3 t>0,

(0} —An = AL (IEP),

1 E(x,y,2,0) = Eo(x, y, 2), (1.1)
n(x,y,z,0) =no(x,y, 2),

on(x,y,z,0) =ni(x,y,2)

where A| = 85 + 8)2,, E is a complex valued function and » is a real valued
function.

The equation arises as a model in laser propagation when the paraxial approx-
imation is used and the effect of the group velocity is negligible, see [4], [5],
[7]. Note that the system is “degenerate” in the sense that there is no dispersive
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term in the space variable z in the first equation. Thus the existence results for
the classical Zakharov system, i.e. A replaced by A, do not apply (see [7] and
references therein).

In [1] Colin and Colin derived an alternative model to (1.1) and posed the
question of the well-posedness of the IVP (1.1). No result seems to be available
so far. Our goal here is to give a positive answer to this question. We will
establish a local well-posedness theory for the IVP (1.1) in a suitable function
space.

To describe our result we first reduce the IVP (1.1) into an IVP associated to
a single equation, that is,

i +)E+A E=nE, (x,y,2€R, >0,

(1.2)
E(xv Y, Z70) = E()(X, Yy, Z)
where
n(t) = N'Hng + N (n;, + / N(@—1t) Al(lE(t’)|2) dt’, (1.3)
0

with
N f =AD" sin((-A) ) f (1.4)

and
N'(t)f = cos((=A)'*1) f (1.5)

where (=AD" f = (&7 +ED'2 ).
Then we consider the integral equivalent formulation of IVP (1.2), that is,
t
E(t) =FE()E, +/ E@t —tYN'(Hng + N (' )n)E(t) dt’

0
t t

+f f(t—t’)(/ N —s) AL(|E(S)|2)ds) E() dr.
0

0

(1.6)

where

E(t)Ey = (e "ETHETE ()Y, (1.7)
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To prove local well-posedness for the IVP (1.2) we will explore the smoothing
effect associate to the operator Z(¢). We observe that the linear equation in (1.2)
is almost a linear Schrodinger equation but not quite due to the propagation on
the z-direction. However, we are able to prove similar smoothing effects for the
operator E(¢) as those of the Schrodinger propagator. We shall recall that the
homogeneous local smoothing effect which provides a gain of 1/2 derivatives
respect to the data was established by Constantin and Saut [2], Sjolin [6] and
Vega [8]. Its inhomogeneous version which gives a gain of 1 derivative was
proved by Kenig, Ponce and Vega [3]. Here we shall use a global version which
is more appropriate for the problems we are dealing with. In particular we will
show (see Proposition 2.1) that one has that

ID2E@) fllpger, < clflliz,, (1.8)

and the same inequality with x and y exchanged. These estimates are one of the
key points in our analysis.

The use of this type of estimate and properties of the operators N '(¢) and
N7(t) will allow us to prove that an integral operator associated to (1.6) is a
contraction in a certain function space that we will define next.

The function space H2i+1 (R?) is defined as

HY T (®) = {f € HYT(RY), D23 f, D)9 f € L*(R?),

1.9
ol <2j+1, jeZ") (19)

where 0* denotes any derivative in (x, y, z) of order «. Thus initial data will be
considered as being

EO = ﬁ2j+l(R3)’

. . . 1.10
ng € H¥*Y(R3), ny € HY(R?), 9.n; € HY(RY), j e Z . (1.10)

In what follows we will use 3%/*! to denote any derivative in (x, y, z) of order
less or equal than 2 + 1.
Now we are ready to give the statement of our main result.

Theorem 1.1. For initial data (Eq, ng, n1) in (1.10), j > 2, there exist T > 0
and a unique solution E of the integral equation (1.6) such that

E € C([0, T]: HY ' (R?)) (1.11)
”Di/zazjﬂ E||L30L2,,T <0 (1.12)
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and
I Dy/?9%/*! Ellpp2, < 0o (1.13)

Moreover; for T' € (0,T), the map (Eo,no,ny) + E(t) from H*+' x
H?*! x H? into the class defined by (1.11)~(1.13) is Lipschitz.
Furthermore, from (1.11)—(1.13) one also has that

ne C(0,T]: HY I (RY)). (1.14)

The proof of this local well-posedness result is based on the contraction prin-
ciple (in the space adapted to the system), which guarantees that the map data—
solution is Lipschitz, but since the nonlinearity is smooth the Implicit Function
Theorem shows that this map is in fact smooth.

This note is organized as follows. We will obtain a series of estimates regarding
the smoothing properties of the operator Z(¢), key in the present analysis, in
Section 2. In Section 3 we will establish some estimates involving the nonlinear
term that allow us to simplify the exposition of the proof of the main result.
Theorem 1.1 will be proved in Section 4.

2 Linear Estimates

In this section we study the smoothing properties of solutions of the associated
linear problems.
We begin with the solutions of the linear problem

(3 +3,)E—iA E=0

(2.15)
E(x,y,2,0) = Eo(x, y,2)
where A = 9% + 8y2.
The solution of the linear IVP (2.15) is given by
L(t)Eg = E(x,y,2,1) = (e "G Ey®) " (2.16)
Proposition 2.1. The solution of the linear problem (2.15) satisfies
HD;/Z‘,E(t)fHL?ch-U <clfle,, (2.17)
t
H D2 / L(t—1)G(t)dr <clGly,, (2.18)
L2 i
0 r Fxyz
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ON A DEGENERATE ZAKHAROV SYSTEM 5

and

t

N / E(t—1t)G{)dt

0

< clGllie,. (2.19)

2
LgoLyzt

The same estimates hold exchanging x and y. Here Di/zf = (|& |]/2f)v.

Proof. We first prove (2.16). Denoting x = (x, y,2), § = (51,62, 83), X =
(y,2) and § = (&, &) we have

IDYPEDf| 2,2 = H / oXE | |1/2e I EHETE) Fie) dg (2.20)
* e L2112
Introducing the change of variables
€1.6.6) = (£.8) > (=& —& —6.8) = ()
or o o7l
_ 95 36 08 _ 1 -
deidé=10 1 0| drdé=Q2|&|) ‘drdé
0o 0 1
we obtain
172 i(X-E+rt) 1/2 ixa/—r—&2—&3 77.. E dr dé
|DPEDSf] 2= [ € 611172 eV T80 E Fr )
xt 2 21&| 1212

I~ -, -\ 172 ~
=c(R3 e Brdra) " =cifi; =clfl:

This proves (2.17).

The inequality (2.18) follows using a duality argument.
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Next we show (2.19). A simple computation shows that

t

ax/ E(t—1t)G{)dt

0
:/ N _e—n(s%+s§+53>) 51 G (&, 1) dEdT
J T+E+HE + &
o R 2.21
— / elX-E ettr . Sl . G(éj, ‘C)dé;'d'[ ( )
T+ él + 52 + %-3
R4
_/ oiNE i € HE3+E) 1 G(&, 1) dEdT
THE+HEI+E
R4
=0, E\(x,1) + 0, E2(x, ).
Then
19 Ev(x, 1)l 2 = / A S N - P T8
5 T+HE+E+E L2
R4 Xt
_ f U (N -7y Y 222)
J T+E+HE+ & 12, '
- /K(x—x’,é,r) GEDW,E, 1) dx]
L2
R 5
where
51 £). (2.23)

Kx—x',E,1)= c/ ¢ —X)E d
J THE +E+EH

To obtain (2.19) it is enough to show that K € L>®(R*). To prove this we
write

3 _ &1
T+E+E+E o+ &

(2.24)

and distinguish three cases:

(i) a > 0. In this case we have that K is just c(a) sign(&))e~%¥!!, therefore it
is bounded.
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o —

(i) ¢ = 0. It is clear that K = p.v. Sil’ that is, the kernel of the Hilbert

transform which is bounded.

(iii) o < 0. Here we have that

& 1 B 1
a+& 2(a|2—&) 22 +E&)

(2.25)

Thus K is roughly a sum of translated of the Hilbert transform kernel.

Therefore K € L*(R*).

Hence

sup . Bl = ¢ [IGED0) g d
X T
R

=c / IGO 2 dxi = c Gl -
R

On the other hand, we have that
dxEx(x, 1) = DY E(1)g(x)

where

. 12
3O@E) = ¢ / sign(§1)151] G, 1)dr.

THE+HE+E

An easy computation shows that

e ¢]

1 A(T) e—itr
(p.V. 3 2 ) = / 5 3 dt
T+51+€2+€3 T+§1+§2+53
—00

— csign(t) e EITE ),
By (2.27) and (2.17) we obtain
1/2
sup (/ 19, Ex(x, X, 1)]? didt)

R3

<C”/°° sign(&)&1['/?
T THE S+

6(5, T)dt ”L2(§)~
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The identity (2.29) and Plancherel’s theorem imply then that

[ signEEa | ~
GE,d
Cu rrergrs o

L2(8)

o0

. ~ V(&)
( / sign(én)léi|/2sign(r) e EHETE GO ¢, 1) ar)

—00

=c

(2.31)

L2(x)

=c

D2 / E(t)(sign(t)G (-, t))dt

—0o0

L2(R3)

So we can apply (2.18) in the last term of (2.31) to get the desired estimate. In
fact, defining E (1) = e~"'F and noticing that by (2.18) we obtain

t
S D;/ZE”P/ e—t,PG(t/) dt/
LPLg

LYLg

t
H D2 / e "PG(t)dt
0 (2.32)

=< §C||G||L)ICL§“

LLg

t
D;/Z/ e_(t_[/)PG(t/) dt/

where in the first two inequalities we used that e/” is a unitary group in L?. We

have then that

o0
H D? / e PGt ar <clGllyiz .- (2.33)
LZ(RS) X Xt
Therefore (2.30), (2.31) and (2.33) give
5 172
sup (f 10, E(x, X, 1)] didt) <clGlly e - (2.34)
X e
Combining (2.26) and (2.34) inequality (2.19) follows. ]
Lemma 2.2.
IE@ Eollzzrx, < ¢ (L4T) [ Eollps@s)- (2.35)
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Proof. Since
t
fx,y.z,t) = f(x,5,2,0) +/ o f(x,y,z,8)ds, (2.36)
0

the Sobolev embedding gives

sup | f(x,y,z,1)|

tel0,T],y,z
T
<sup {If .z, 01+ [ 10.fGry.z0)1ds) 2.37)
v,z
0

12
= IfG I meme,y + T P10, f (x, - Mz mee,)-
Now taking the L2-norm we get

1 fllzese, < UG Oz, + TV200 fll 2, moee)- (2.38)

Taking f(x, y, z,t) = E(t) Eo and using equation (2.15) and group properties
we obtain (2.35). ]
Next we establish some estimates associated to solutions of the linear problem
@} — A )n=0
n(x,0) = ny(x) (2.39)
an(x, 0) = ny(x),

where A was defined in (1.1). The solution of problem (2.39) can be written
as

n(x, 1) = N'(Ong + N (t)n, (2.40)

where N (¢) and N'(¢) where defined in (1.4) and (1.5).
In the next lemmas we list a series of useful estimates involving the operators
N(t) and N (¢).

Lemma 2.3. For f € L>(R?) we have

IN@) fllz < 1211 fll2, (2.41)
IN'@) fll2 < 1 fll2, (2.42)
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and
I=AD P N@ fllz2 < 12 (2.43)
Lemma 2.4.
1N Onoll iz, < Inoll w2 (2.44)
and
INOnillzee, < T lnillaegs. (2.45)

These estimates remain valid when x and y are exchanged.

Proof. Use of the Sobolev embedding and the definition of N (¢) yield
IN'Onollzrze, < leos(=AD2Onollzrpme@s,) < Inollwzs).  (2.46)

Similarly we obtain (2.45). ]

3 Nonlinear Estimates

In this section we will find estimates for the nonlinear terms in our analysis.

Consider

E@t)=FE@ME, +/f(z —t"EF)({)dt +/f(r — " YEH))dt (3.47)
0 0

where
F(t) = N (Hng + N (t)n, (3.48)
and
H@) = / N(t — t/)AL(|E|2)(t/) dt’. (3.49)
0

Bull Braz Math Soc, Vol. 36, N. 1, 2005
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Lemma 3.1.
1H N300, < T NEN7 s s o) (3.50)

and

2j+1 2j+1
19~ H”Lim <cT [|9,9% E||L;0Lf,zT||E||L2L°°

x=yzT

(3.51)

3/2 2
+ CT ”E”L%CHZjH(RS)v

where 3%/+! denotes any derivative in (x, v, z) of order < 2j + 1. The estimates
also hold true when x and y are exchanged.

Proof. To prove (3.50) we use the Sobolev embedding and the properties of
the operator N (¢), i.e.

||H||L§L§>§T < cllHll2epnewe,)

IA

t
2
cl / (= A LAEP e, de 21
0

(3.52)

IA

T
|l / (T = A LAEP s, de 2
0

A

3/2 2 2 2
cTPNALIEP 22 @z, < € TAIEN s o sy

To obtain the estimate (3.51) we use inequality (2.43) and Sobolev’s embedding
to yield

192 Hl e = T8 AED 2,
< 2T 18:9* Ell o2 I Ell 2132,
k 1
+T ) 1@ EVE).e,,

k+1<2j+1
k,I#£2j+1
2j+1 3/2 2
— X L®L~. L2L%> L H2j+1(R3)*
< e T113:07 M Ellpee 2 1 Ellizess, + ¢ TP NEN oo s,
O

We shall observe that the important terms to handle in the estimates below
are those nonlinear terms with highest derivatives. The other ones, where the

Bull Braz Math Soc, Vol. 36, N. 1, 2005
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derivatives are split and lower order derivatives arising in the nonlinear terms,
can generally be treated by interpolation between extreme cases.

Lemma 3.2. Let 3%/t be as above. Then
t
[0+ / E(t —t)EH)1)dl' |02,

0
t

+ 1D, f E(t =Y EH) ) d' |2, (3.53)
0

2 3
S C T ||E||L§’-OH2f+1(R3)

3/2 2j+1
+ T2 0,05 Ell gz 1E N 20, 1 Ell i

Proof. Group properties and Minkowski’s inequality give

t

a2+t / Et — Y EH) ) dr gz, < c 107 EH) Ly
0

< TN Ellpgrz, Nl + ¢ TN Ellug 107 Hlz

k 1
te D NEVHI L,
k+<2j+1
k, 1#2j+1

<A+ A+ Az

(3.54)

The term A can be estimated by using Sobolevembedding to control || H || L,
Thus

Ap <cT? ||E||Lc;on,-+1(R3)||E||i%oH4(R3). (3.55)
To estimate A, we use (3.51) in Lemma 3.1 and the Sobolev lemma to obtain
Ay < TP N0 El o2 NEliz05e, IE Nl s

o (3.56)
+ CT ||E||LC%OH2j+l(]R3)-

Bull Braz Math Soc, Vol. 36, N. 1, 2005
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To bound A; we use Holder’s inequality, the Sobolev lemma and Lemma 2.3.
Indeed, let us consider the case k +1 = 2j + 1 with k < [.

I0“Ed" Hl 112 < 19“Ells 19" Hllp1 o

xyzT

1/2

l
S T NEl e ner@s) 10" Hll 2

) , (3.57)
<cT ”E”LC}OH"”(R3)”E”L?OHH—I(H@)
2 3
S cT ”E”L%OHZjH(R,?)
whenever 2j 4+ 1 > 3. Thus

Ay < T?|E|} (3.58)

L%OHZj-H (R?) .

On the other hand, Minkowski’s inequality, group properties and the smoothing
effect (2.17) yield

t
1DV [ £ - NED @ s, < 1T EDI Ly - (59
0

Hence the previous argument can be applied to obtain the result. 0

The next estimate is the most delicate one in our argument. Here the smoothing
effects obtained in Section 2 play an important role.

Lemma 3.3. With the notation in the previous lemma we have that

t
ID,23%*! / E(t — WEH) (@) dt |l 5012,

0
t

+ lla;0%*! / E(t =Y EH) ) d |2,
0
<cT*1+ T1/2)||E||2$H2j+,(R3) (3.60)
+eTIEl L, (”axazj-HE“LgoLizT IEl 2220,
+ TPEN 0 o1 )
+ e TP Ell2ise, I Ell e nie )

(||D;/232j+1E||L$oL27T + ||ax32f+1E||L$L27T).
A similar estimate follows exchanging x and y in (3.60).
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Proof. We firstuse Leibniz’s rule and then separate the highest order derivatives
and the lower order ones.

t
I} / E(t —)EH)(A) d! 512,

0
t

= Iy / E( =)@ E H + E¢ T H)(W) dt ez,
0 3.61)

t

+ Y DY [ B @ B O d i,
k+l<2j+1 -
K I#£2j+1

=D;+ D,
The estimate (2.18) implies that

Dy < I9¥ " EH + E3* " Hlp1,2

. ‘ (3.62)
<cld¥ T EH| 1,2 Lt IEd* T H 12 -
xyz xHyz
Using Lemma 3.1 we obtain
2j+1 2j+1
Dy < cll9¥ " Ellz  NHlzr, + clEllare 19V HIz
2 2
< ¢ T2 N Ell g m2in @) 1 E e o s
(3.63)

2 2j+1

+ e TIEN o0 1002 Ell o2,
3/2 2

+ T Ell 2o 1E N s i1 o)

To show how to estimate D, let us take, for instance, the case k +1 =2j + 1
with k < [. So, the Minkowski inequality and group properties yield

t
||D;/2/f(z — 1)@ E'H)(t)dl' |l o2, < IDY?(ES H)Ilpy 2 - (3.64)

0

Using that

ID2(f Iz, < cID? flla llglos,. + ¢l fllegs 1D %gll2,.  (3.65)
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we have that
IDy2 @ Ed"H)lI 1312,
1/2 8k I k 1241 (3.66)
< e IDY2O Ellpg 19" H s, Ny + W18 Ellsg, | DY*9 Hlluz, Ny
Let! # 2j. Using the Sobolev inequality and Lemma 2.3 we obtain
DY E N 118" H s Nl < € TV2IEN e ey 19" H L 2 1y
< ¢ T Ellppme@) | Ellpprog  (3.67)
< e T2 IE N oo oy-
On the other hand, the Sobolev inequality, (3.65) and Lemma 2.3 imply that
1“Ellzsg I D20 Hlpz Ny < e T2 10°Elles ID20'Hl 2,
< T2 | Ellgons e 1N o, (3.68)
S Cc T2 ”Elli%@HZ_i#—l(R})-
Let/ = 2j. The Sobolev lemma and Lemma 3.1 imply that
HIDy20E I3 119" HllLs NIy

172/ y1/2 I
c T2 DY?IE | oom @)1 Hl 2 1 g3

A

IA

TP El gm0 Hll 2 (3.69)

3/2 2j+1
T3 | Ell g o o 10:0% Ell yoor2 I 215

IA

,
+c T2||E||3L<;0H21+1(R3)'
and
MBE o5, 1Dy Hllzz N1
< ¢ T'2IOE | e |1 DY 0 Hl 2,
< ¢ TP Ell s ey IDY20P 0. EP)l 2, 3.70)
< T | Ellg s 1D Ell s 1 Ell e,
+cT? ||E||3L;cH2.f+l(R3)'
Thus
Dy < c T\ Ell g o @ | Ell o2,
(D20 Ellyorz 41007 Ellyerz ) 37D
+cT?|EIS

L(;-OHZ/.'H (R?)
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Hence combining (3.61), (3.63) and (3.71) it follows that
t
ID,/29%! / E(t — )WEH) ) dt | 5012,
0
<cT A+ T Elgme 807 Ell ez 1El2ee, (372

+ TN E @ 1207 Ell ez N Elliae,
+cTPA+ T + DE| 12 m3@)-

Finally to estimate

t

18,62+ / E(t— ) EH))d 2.
0

we first apply the Leibniz rule and split the highest derivative terms and lower
derivative terms as above. Then we use the smoothing effects (2.18) and (2.17)
to obtain

t

19,92+ f E@t — ) EH)()dl' || pop2

0
t

< |9y f E(t —tYQY T EH 4+ Ed¥ T H)(t)dt || 2 .
x yz

0
t

+ Y IDPEG( / E(~)DYP@ B H)( ) dr Yl pz, T
kH<2j+1 0 '
kI#£2j+1

< c 9V EH Iz, e IES Hllyyz,

+c Y IDVPE EYH)) ALy,
k4H<2j+1

kI#£2j+1

From this point on the analysis is similar to the previous one. O
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Lemma 3.4. Let F be as in (3.48). Then
t

7 [ £ = N EDE iz,
0

p (3.74)
+ || Dy ! / E(t — ) EF))dt' |2,
0
<c T||E||L;°H21+1(R3)(||”0||H21+1(R3) +A+T)|n ||H2/(R3))

and
t

ID/29%i+! / E(t— ) EF)()dl|zr,,

0
t

+ ||8x82j“/f(t— EF) @) dr | pep2
x Tyz
0
< ¢ TP Ell g i) (Inoll mas) + Tl a2 ges))

(3.75)

1/2
+ TN EN e, (lnoll sy + Tl 2 es)

+ T | EllLe w23 Ulnoll meiiws) + (L + T)llnll g2 gs))-

Proof. By Minskowski’s inequality and group properties we have

t
[CRas / E(t — YWEF) (@) dl ez, < 8T (EF)y e - (3.76)
0
On the other hand, the inequality (2.17) and group properties imply that

t
| D122 / E( = )EFR)) Al 2, < 0 HEP 1y, (BT7)
0

So to obtain (3.74) it is enough to estimate ||3%/ T (EF) 71 12, - First we have
that

2j+1 2j+1
102 EF) g <TI0 Ell ez I Flise,
2j+1
+ T IE e, 107 Fllygrs,,

+ lower order terms
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By Sobolev’s Lemma, (2.41) and (2.42) it follows that

| Fllpe < ||F||L;°H2(]R2) =c (||n0||H2(R3) + Tlny ||H2(R3))-

xyzT —

Using (2.41), (2.42) and (1.10) we obtain

2j+1
o It Fllper2 =<c (||Vl0||H2j+1(R3) + ||n1||H2/(R3))-

T &xyz
Similarly, we can estimated the lower order terms. Thus
19** (EF) 12,
<cT ||E||L;°H2./+1(R3)(||no||H2.i(R3) + T |Iny || g2 r3)) (3.78)
+ cT E|l e m2ws) (Inoll g2ivr sy + ln1ll m2i w3))-
This inequality combined with (3.76) and (3.77) gives (3.74).

To show (3.75) we proceed as in the proof of Lemma 3.3. We first use the
argument developed in (3.61) and (3.73) to obtain

t
IDy/?9%/*! / E(t — ) EF)()dt 512,

0
t

+ ||ax321+1/ E(t —)EF)(@)dt'llyop2
x Hyz
0
<0 EF |2, + 1ES T FllLye

1/2 rqk 1
+ > IDYPEEN Py,
k+1<2j+1
k#2541

Applying Lemma 2.4 we obtain
19> EF g2
<107 Ellz  IF ez, (3.79)
< e T'PIE N o) (Inoll ey + Tlln g )
From Lemma 2.3 it follows that

2i4+1 2j+1
IED  Fll e < IEN2e, 1077 Flpa
’ (3.80)
1/2
< T2 Ellzee, (ol w2 sy + L zies))-
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Using the estimate (3.65), the Sobolev lemma and Lemma 2.4 we obtain
ID2@ E8 F)lip1 2, < ¢ T2 IDY20 Ell e e 18 Fll 2 1 o)

+e T2 Ellg 1D Fll 2
. (3.81)
<cT ||E||L;0Hk+2<R3)(||"0||H21'(1R3) + Tllny ||H21'(R3))

+cT ||E||L7°9Hk+2(R3)(||n0||H21+1(R3) + 1l i w3))-

Therefore,

t
IDy/%9%H! / E@t — Y EF)()dt 512,
0

1
+ 119,92 / E@t — ) EF)(@)d' |l o2,
0

< T2 A+ TV Ellgg i) (1m0l g2 @) + A+ Dl ll a2 gs)
+c TN El ez, (Inoll i sy + Il 2 es) ) O

In the next lemma the restriction j > 2 in the statement of Theorem 1.1 arises.

Lemma 3.5.

H/ E@t—tEF+ EH)({)dt
0

LngjT
(3.82)
< c(+ DTIE|ems@ (Inoll @) + Tl pses)
+ e+ DT NE e sy + 1 E N0 o 1E Nl s @)

The same estimate holds with x and y exchanged.
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Proof. Applying group properties and Lemma 2.2 it follows that

H[ F(t—t)YEF+EH))dt
0

2700
L3L3,

T
+ / A+ 1) (IEC)VF Ol sy + NECHO s dr’ (383
0

< c(I+ D Eoll mw3
+ e+ DUEEOFE) Ly oy + IECYHE) L1 sy}
=c (1 + DIEollgswsy + ¢ (1 + T){B1 + Bz}
One has that
By < T E@ 3 | Hllesx,, + TN ENs, 10°H 2
+ low order terms.
Using (2.43) and Sobolev’s inequality we get
1H L, < clHlpmes) < cTIEIPLY H (RY).
Applying (2.43) yields that
1*H 2, < e TIEN 0 s ga)-
The lower order terms can be estimated using the Sobolev lemma and (2.43)
as above. Hence

By < cT?NE N s ppsqsy + ¢ TP NE N o2 @ | E Nl s e (3.84)
On the other hand,
B, = CT||E||L;°H4(R3)||F||L§°NT + CT1/2||E||L§°W||F||L§H4(R3)
+ lower order terms.
By (2.41) and (2.42) it follows that
1 Flle, < c(lnollpzgs) + T llnill z2gs))

xyzT —

and
1N 2 garsy < € T1/2(||”0||H4(R3) + Tllny |l g4 r3))-
A similar argument can be used to estimate the lower order terms. Hence
By <cT ||E||L;°H4(R3)(||"0||H4(R3) + Tlini |l gaws))- (3.85)
Combining (3.83), (3.84) and (3.85) the result follows. ]
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4 Proof of Theorem 1.1.

We define
Xor ={E € C(0,T]: H¥'®Y) : | Ellr < a) (4.86)
where
NEN := 11 Ell oo 21 gy
+ D20 Ellpgera + IDY0YH Ell o2
D20 Ell gz 4 180 Ell o2, (4.87)

+ 1 Elzre, +1ElL2L,
1/292j+1 2j+1
+ D20 El ez A 10,0 Ell ooy,

and the integral operator on X, r,

t

V(EY®) =FE@)Ey + / E(@t —1t)E@)YN'()no + N(t')ny)

0
+f f(t—z’)E(z’)(/ .’N(t’—s)AL(|E|2)(s)ds) dr’ (4.88)
0 0
=F@{)E, +/f(t — ) (EF)() + /f(t — ) (EH)(t)dt'.
0 0

We will show that for appropriate @ and T the operator W (-) defines a contrac-
tionon X, 7.
From Proposition 2.15, Lemmas 3.2, 3.4 and 3.5 we deduce that

W (E) e 2o oy + 1D 202U (Bl o2,
<l Bl + e TA+ T IEN (4.89)
+ e TNEN Umoll g oy + (14 T)limy 2 ).

On the other hand, Proposition 2.15, Lemmas 3.3, 3.4 and 3.5 yield the fol-
lowing inequality

1002 W (E) o2 + 1D 20 U (E) 13012,
< c||Dy*0%*! Eoll 2o
+ T2+ TV NEN (ol i sy + (1 + Tlinll g2 ws))
+eTA+TP+T+ T EP.

(4.90)
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Similarly, we obtain estimates for

ID}29* W (E) o2,
and 4.91)
1Dy 292 W (E) | ez, + 118,9% T W(E) | o2

Finally, from Lemmas 2.2 and 3.5 it follows that

IWCE) o2, + I (B Ler2 , = ¢ (L4 T) | Eoll s rey

+c (1 + DTIENInoll gy + Tlnill gews)) (4.92)
+c(1+ DT E|’.

Hence, choosing a = 2c¢(14T) | Eo|| 2+1 and T sufficiently small depending
on [|ngll g2j+1 w3y, 711l g2i w3y and [|0;n1 || y2j 3, we see that W maps X, 7 into
X,.r. To show that W is a contraction we follow a similar argument as the one
described above. The remainder of the proof uses a standard procedure so we
will omit it. This completes the proof of Theorem 1.1.

Remark 4.1. The smoothness requirement on the data in Theorem 1.1 could
probably be weakened. Note however that since no conservation law (energy),
except the conservation of the L? norm of E, seems to be available for (1.1),
such a weakening would not obviously lead to global existence of solutions.
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