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Homomorphisms between Poisson JC*-Algebras

Chun-Gil Park*

Abstract. It is shown that every almost linear mapping & : A — B of a unital
Poisson JC*-algebra A to a unital Poisson JC*-algebra B is a Poisson JC*-algebra
homomorphism when h(2"u o y) = h(2"u) o h(y), h(3"u o y) = h(3"u) o h(y) or
h(q"u o y) = h(q"u) o h(y) for all y € A, all unitary elements u € A and n =
0,1,2,---, and that every almost linear almost multiplicative mapping # : A — B
is a Poisson JC*-algebra homomorphism when 42(2x) = 2h(x), h(3x) = 3h(x) or
h(gx) = gh(x) for all x € A. Here the numbers 2, 3, ¢ depend on the functional
equations given in the almost linear mappings or in the almost linear almost multiplicative
mappings.

Moreover, we prove the Cauchy—Rassias stability of Poisson JC*-algebra homomor-
phisms in Poisson J C*-algebras.

Keywords: Poisson JC*-algebra homomorphism, Poisson JC*-algebra, stability, lin-
ear functional equation.

Mathematical subject classification: Primary: 46L05, 39B52; Secondary: 47B48,
17B63.

1 Introduction

A Poisson C*-algebra A is a C*-algebra with a C-bilinearmap {-, -} : Ax A —
A, called a Poisson bracket, such that (A, {-, -}) is a complex Lie algebra and

{ab, c} = a{b, c} + {a, c}b

for all a, b, c € A. Poisson algebras have played an important role in many
mathematical areas and have been studied to find sympletic leaves of the cor-
responding Poisson varieties. It is also important to find or construct a Poisson
bracket in the theory of Poisson algebra (see [3, 7, 8, 20]).

Received 10 August 2004.
*This work was supported by grant No. R05-2003-000-10006-0 from the Basic Research Program
of the Korea Science & Engineering Foundation.



80 C. PARK

The original motivation to introduce the class of nonassociative algebras known
as Jordan algebras came from quantum mechanics (see [19]). Let £L(F) be the
real vector space of all bounded self-adjoint linear operators on { , interpreted as
the (bounded) observables of the system. In 1932, Jordan observed that £(H)
is a (nonassociative) algebra via the anticommutator product x o y := %
A commutative algebra X with product x o y is called a Jordan algebra. A
unital Jordan C*-subalgebra of a C*-algebra, endowed with the anticommutator
product, is called a J C*-algebra.

Let X and Y be Banach spaces with norms ||-|| and || - ||, respectively. Consider
f: X — Y to be a mapping such that f(zx) is continuous in ¢t € R for each
fixed x € X. Assume that there exist constants & > 0 and p € [0, 1) such that

IfGx+y) = f&) = fFODI = 0d1xN” + 1Iy117)

forall x, y € X. Rassias [12] showed that there exists a unique R-linear mapping
T : X — Y such that

1) =T = 5=

for all x € X. Gavruta [2] generalized the Rassias’ result: Let G be an abelian
group and Y a Banach space. Denote by ¢: G x G — [0, 0o) a function such
that

[lx]1”

o0
P, y) =) 27792/x,2y) < 00
=0

for all x, y € G. Suppose that f : G — Y is a mapping satisfying
[fx+y)—F&) = fFDI = e, y)

for all x, y € G. Then there exists a unique additive mapping 7 : G — Y such
that

1.
If @) = Tl = 59, x)

for all x € G. C. Park [9] applied the Gavruta’s result to linear functional
equations in Banach modules over a C*-algebra.

Jun and Lee [4] proved the following: Denote by ¢ : X\ {0} x X\ {0} — [0, c0)
a function such that

o
P, y) =Y 379p(3/x,3/y) < o0
=0
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HOMOMORPHISMS BETWEEN POISSON JC*-ALGEBRAS 81

forall x, y € X \ {0}. Suppose that f : X — Y is a mapping satisfying

12/ (*52) = F@) = FOII < 0, )

forall x, y € X \ {0}. Then there exists a unique additive mapping 7 : X — Y
such that

1 . ~
If(x) = f(0) =T < §(¢(X’ —x) + §(—=x, 3x))

forall x € X \ {0}. C. Park and W. Park [11] applied the Jun and Lee’s result to

the Jensen’s equation in Banach modules over a C*-algebra.

Recently, Trif [18] proved the following: Let g := 1(;1_:11)’ r := —-—. Denote

-
by ¢ : X¢ — [0, co) a function such that
o0
a(xla e ,Xd) = Zq_'/(p(q'l.XI, e 5qll-xd) <
j=0
forall x1,---,xs € X. Suppose that f: X — Y is a mapping satisfying

X1+ -+ x4 4
NI
ld d—zcz—zf(T) +a2Ci1 Y fx))

j=1

Xi 44 x;
= f(%)” < @(x1, -0, Xa)

I<ji<-<ji=d

forall xi, - - - , x4 € X. Then there exists a unique additive mapping 7 : X — Y
such that

1 ~
Ifx) = fO) =TI < ———9(gx,rx,---,rx)
l-g-1C1 —_—
d — 1 times
for all x € X. And C. Park [10] applied the Trif’s result to the Trif functional
equation in Banach modules over a C*-algebra. Several authors have investigated
functional equations (see [1], [13]-[17]).

Throughout this paper, let g = 1(5_:11) and r = _lez for positive integers [, d
with 2 <[/ < d — 1. Let A be a unital Poisson JC*-algebra with norm || - ||,
unit e and unitary group U(A), and B a unital Poisson J C*-algebra with norm

| - || and unit &’.
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82 C. PARK

Using the stability methods of linear functional equations, we prove that every
almost linear mapping # : A — B is a Poisson JC*-algebra homomorphism
when h(2"u o y) = h(2Q"u) o h(y), h(3"uoy) = h(3"u) oh(y) or h(q"uoy) =
h(g"u) o h(y) forall y € A, allu € U(A) andn = 0,1,2,---, and that
every almost linear almost multiplicative mapping # : A — B is a Poisson
J C*-algebra homomorphism when 4 (2x) = 2h(x), h(3x) = 3h(x) or h(gx) =
gh(x)forall x € A. We moreover prove the Cauchy—Rassias stability of Poisson
J C*-algebra homomorphisms in Poisson JC*-algebras.

2 Homomorphisms between Poisson J C*-algebras

Definition 2.1. A C-linear mapping H : A — B is called a Poisson JC*-
algebra homomorphism if H: A — B satisfies

H(xoy)=H(x)oH(y),
H({x,y}) ={H(x), H(y)}

forall x, y € A.

We are going to investigate Poisson JC*-algebra homomorphisms between
Poisson J C*-algebras associated with the Cauchy functional equation.

Theorem 2.1. Let h: A — B be a mapping satisfying h(0) = 0 and h(2"u o
y)=hQ"u)oh(y)forally € A, allu € U(A)andn =0, 1,2, ---, for which
there exists a function ¢ : A* — [0, 0o) such that

Py zw) =Y 27p2/x,2/y,2/2,2/w) < oo, (2.1)
Jj=0
Ih(ux + pmy +{z, w}) — ph(x) — ph(y) — {h(2), R}
<ex,y,z,w) (2.i1)

forallp e T' :=={AeC| |A| =1}, andall x,y,z, w € A. Assume that (2.iii)

lim,,_, oo h%:e) = ¢'. Then the mapping h : A — B is a Poisson JC*-algebra

homomorphism.

Proof. Putz = w = O0and u = 1 € T' in (2.ii). It follows from Givruta’s
Theorem [2] that there exists a unique additive mapping H : /A — B such that

Ih(x) = H)Il < %G(x,x,O, 0) (2.iv)
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HOMOMORPHISMS BETWEEN POISSON JC*-ALGEBRAS 83

for all x € A. The additive mapping H: A — B is given by
1
H(x) = lim —h(2"x) (2.1)
n—o0 N

forall x € A.
By the assumption, for each u € T,

12" ux) — 2k 2" ') < (2" 'x,2" %, 0,0)
for all x € A. And one can show that
lph(2"x) = 2puh "' 0)|| < |l - R (2"x) — 2h(2" ')
<@ 'x,2"1x,0,0)
forall u € T' and all x € A. So
1h(2" ux) — ph(2"x)|| <[[h Q2" ux) — 2uh (2"~ X)||
+ 121 (2" x) — ph(2"x)||
<" 'x,2"1x,0,0) + (2" 'x, 2" 'x, 0, 0)

forall u € T'and all x € A. Thus 27" ||h(2" ux) — nh(2"x)|| — 0asn — oo

forall 4 € T' and all x € A. Hence

h(2" h(2"

% — lim M = wH(x) (2.2)
n n—

H(ux) = lim
n—00 00 n
forall u € T'and all x € A.
Now let L € C (A # 0) and M an integer greater than 4|1|. Then |%| < 41'1 <
1 — 2 =1 By [5, Theorem 1], there exist three elements 41, 2, 3 € T' such
that 3% = ju1 + po + p3. And H(x) = H(3- }x) = 3H(3x) forallx € A. So
H(3x) = 3H (x) for all x € A. Thus by (2.2)

M A 1 _A M A
Hlx)=H|—-3—x ) =M -H|{--3—x )= —H|3—x
3 M 3 M 3 M

M
= ?H(mx + pox + pusx) =

-3—H(x)

M e A
= ?(Ml + 2+ u3)H(x) = Im
:AH(x)
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84 C. PARK

for all x € A. Hence
H(x+ny)=H(@x)+ H(ny) =¢Hx) +nH(y)

forall¢, n e C(¢,n #0)andall x,y € A. And H(0Ox) = 0 = 0H (x) for all
x € A. So the unique additive mapping H : A — B is a C-linear mapping.

Since h(2"u o y) = h(2"u) o h(y) forall y € A, allu € U(A) and n =
0’ 1$ 2’ Y

1
HWuoy)= lim —nh(2”u oy)
n—>00 21 (2.3)
= lim ;h@"u) oh(y) = H(u) o h(y)

forall y € A and all u € U(A). By the additivity of H and (2.3),
2"H(woy)=HQR'uoy)=Hmo 2"y)) = H(u) o h(2"y)

forall y € A and allu € U(A). Hence

1 1
H(uoy)= 2—H(u)oh(2”y) = H(u)oz—nh(2”y) (2.4)

forall y € A and all u € ‘U(A). Taking the limit in (2.4) as n — 00, we obtain
H(uoy)=H(u)oH(y) (2.5)

forall y € A and all u € U(A). Since H is C-linear and each x € A is
a finite linear combination of unitary elements (see [6, Theorem 4.1.7]), i.e.,
X = ZT:1 Ajuj (h; € Cou; € UCA)),

H(xoy) =H(ijujoy) =ijH(ujoy) ZZ)»,'H(M]')OH(Y)
j=1

j=1 j=1
j=1

forall x, y € A.
By (2.iii), (2.3) and (2.5),

H(y)=H(eoy) = H(e)oh(y) =€ oh(y) =h(y)

forally € A. So
H(y) = h(y)
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HOMOMORPHISMS BETWEEN POISSON JC*-ALGEBRAS 85

forall y € A.
It follows from (2.1) that
. h(2%x)
H(x)= lim ——— (2.6)
n—oo 221
forall x € A. Let x = y = 0in (2.ii). Then we get
Ih({z, w}) — {h(2), H(w)}| < ¢(0,0, z, w)
forall z, w € A. So
1 n n n n 1 n n
2gllh({2 z,2"w}) — {h(2"2), h2"w)}| < 27«)(0, 0,2"z,2"w)
2.7)

1
< 2-9(0,0,2"z,2"w)
forall z, w € A. By (2.1), (2.6), and (2.7),

. h({2"z,2"w})
= lim ——

n— 00 22n

2n
H({z,w}) = nlingo&;n,u}})

= lim L{h(2”z),h(2”u))} = lim

n—o0 221 n—00

h(2"z) h(2"w)
RN

= {H(2), H(w)}

forall z, w € A.

Therefore, the mapping 4 : /A — Bis aPoisson J C*-algebrahomomorphism,
as desired. 0

Corollary 2.2. Leth: A — B be a mapping satisfying h(0) = 0 and h(2"u o
y) =hQ"u)oh(y)forally € A, allu € U(A)andn =0,1,2, -, for which
there exist constants 6 > 0 and p € [0, 1) such that

Ih(ux + py +{z, wh —ph(x) — ph(y) — {h(z), h(w)}l
< O + 11y + Hzll” + Hwll”)

forall w € T, and all x, y, z, w € A. Assume that lim,,_, « h%:e) = ¢'. Then

the mapping h: A — B is a Poisson JC*-algebra homomorphism.
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86 C. PARK

Proof. Define ¢(x, y, z, w) = 0(||x||” + [Iyl|” + ||zI|” + [|w]|”), and apply
Theorem 2.1. U

Theorem 2.3. Let h: A — B be a mapping satisfying h(0) = 0 and h(2"u o
v)=hQ"u)oh(y)forally € A, allu € U(A)andn =0, 1,2, ---, for which
there exists a function ¢ : A* — [0, 0o) satisfying (2.i) and (2.iii) such that

Ih(ux + py + {z, w}) — uh(x) — ph(y) — {h(z), h(w)}
<ex,y,z,w)

2.v)

foru=1,i,andallx,y, z, w € A. Ifh(tx) is continuousint € R foreach fixed
x € A, then the mapping h: A — Bis a Poisson J C*-algebra homomorphism.

Proof. Putz = w = 0 and £ = 1 in (2.v). By the same reasoning as in
the proof of Theorem 2.1, there exists a unique additive mapping H: A — B
satisfying (2.iv). The additive mapping H: /A — B is given by

1
H(x) = lim —h(2"x)
n—o0 2N

for all x € A. By the same reasoning as in the proof of [12, Theorem], the
additive mapping H: A — B is R-linear.

Puty = z=w =0and ¢ =i in (2.v). By the same method as in the proof
of Theorem 2.1, one can obtain that

h(2ni b2
Hix) = lim ) _ iy T
n—00 2 n—00 n

=iH(x)
for all x € A. For each element . € C, A = s +it, where s, t € R. So

H(x)=H(sx +itx) =sHx)+tH(ix) =sH(x) +itH(x)
=@ +it)H(x) =AH(x)

forallA €e Candall x € A. So
H(x +ny)=H(x)+ H(ny) = ¢H(x) +nH(y)

forall ¢,n € C, and all x, y € A. Hence the additive mapping H: A — B is
C-linear.
The rest of the proof is the same as in the proof of Theorem 2.1. O
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HOMOMORPHISMS BETWEEN POISSON JC*-ALGEBRAS 87

Theorem 2.4. Let h: A — B be a mapping satisfying h(2x) = 2h(x) for all
x € A for which there exists a function ¢ : A* — [0, 00) satisfying (2.i), (2.ii)
and (2.1ii) such that

172" 0 y) — h(2"u) o h(y)|| < ¢(u, y,0,0) (2.vi)

forally € A, allu € U(A)andn =0,1,2,.... Thenthe mappingh: A — B
is a Poisson J C*-algebra homomorphism.

Proof. By the same reasoning as in the proof of Theorem 2.1, there exists a
unique C-linear mapping H : A — B satisfying (2.iv).
By (2.vi) and the assumption that #(2x) = 2h(x) forall x € A,

1
5@ o) = h@w) 0 k(]| = 7 1h2"2"u 0 2") = h2"2"u) 0 h(2"Y)]|
1
=< 47(/)(2’"”9 2mys 0’ O)

1
< 2—m¢(2’”u, 2"y,0,0),
which tends to zero as m — oo by (2.i). So
hQQ'uoy) =hQ2"u) o h(y)
forally e A,allu € U(A)andn =0, 1,2, ---. Butby (2.1),
1
H(x) = lim —h(2"x) = h(x)
n—o0 2N
for all x € A.

The rest of the proof is the same as in the proof of Theorem 2.1. g

Now we are going to investigate Poisson JC*-algebra homomorphisms be-
tween Poisson J C*-algebras associated with the Jensen functional equation.

Theorem 2.5. Let h: A — B be a mapping satisfying h(0) = 0 and h(3"u o
y) =h@B"u)oh(y)forally € A, allu € U(A)andn =0,1,2,---, for which
there exists a function ¢: (A \ {0)* — [0, 00) such that

Py, zw) ==Y 37p(3x,3/y,3/z,3/w) < oo, (2.vii)
j=0
+uy + {2,
jn(PEEIY Tl o () (h @), b))

2
<@, y.z,w)  (2.vii)
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88 C. PARK

forall w € T, and all x, y, z, w € A. Assume that lim,,_, « h(g:e) = ¢'. Then

the mapping h: A — B is a Poisson JC*-algebra homomorphism.

Proof. Putz = w = Oand u = 1 € T! in (2.viii). It follows from Jun
and Lee’s Theorem [4, Theorem 1] that there exists a unique additive mapping
H: A — B such that

| ~
Ih(x) — Hx)| < §(§0(x, —x,0,0) + ¢(—x, 3x,0,0))
for all x € A \ {0}. The additive mapping H: A — B is given by
1
H(x) = lim —h((3"x)
n—o0 3N

forall x € A.
By the assumption, for each u € T!,

120 (3" ux) — ph(2- 3" %) — ph4 - 3" %) <@ -3""'x,4.3""1x,0,0)
for all x € A \ {0}. And one can show that

[ih(2- 3" %) + wh(d - 3"'x) — 2uh(3"x)|
< lul-1h@2-3"""%) + 143" 'x) — 2h(3"X)|
<@2-3"x,4.3""1x,0,0)

forall u € T'and allx € A \ {0}. So
1 1
1A (3" ux) = ph(3" Ol =[IA(3" px) = Sph(2 - 3 x) — SHh - 3" 'x)
1 1
+ Euh(z 231y 4+ 5#}1(4 237 — wh 3" ||
1
55||2h(3"ux) — uh(2-3"7"%) — ph(4 -3
1
+ §||Mh(2 3y 4+ k(43 ) — 2uh (37X |
g n—1 n—1
52(p(2-3 x,4-3"7x,0,0)

forall w € T! and all x € A \ {0}. Thus 37"||A(3"ux) — wh(3"x)|| — 0 as
n — ooforall u € T' and all x € A \ {0}. Hence

AV

n n— oo

wh(3"x) B
3n

H(ux) = lim = uH(x)
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forall u € T'and allx € A \ {0}.

By the same reasoning as in the proof of Theorem 2.1, the unique additive
mapping H: A — B is a C-linear mapping.

By a similar method to the proof of Theorem 2.1, one can show that the
mapping h: A — B is a Poisson JC*-algebra homomorphism. g

Corollary 2.6. Leth: A — B be a mapping satisfying h(0) = 0 and h(3"u o
y) =h@B"u)oh(y)forally € A, allu € U(A)andn =0,1,2, -, for which
there exist constants 6 > 0 and p € [0, 1) such that

pux + wny + {z, w}
2

I12A( )—h(x) = ph(y) = {h(2), h(w)}|

< O+ Iy 11"+ Hzll” + Hwll”)

forallp € T', and all x, y, z, w € A\ {0}. Assume lim,,_, o %:e) =¢'. Then

the mapping h: A — B is a Poisson JC*-algebra homomorphism.

Proof. Define ¢(x, y, z, w) = 0(||x||” + [|yl|” + ||z]|” + [|w[|?), and apply
Theorem 2.5. O

One can obtain similar results to Theorems 2.3 and 2.4 for the Jensen functional
equation.

Finally, we are going to investigate Poisson JC*-algebra homomorphisms
between Poisson J C*-algebras associated with the Trif functional equation.

Theorem 2.7. Leth: A — B be a mapping satisfying h(0) = 0 and h(q"u o
y) = h(q"u)oh(y) forally € A, allu € U(A)andn =0,1,2, - - -, for which
there exists a function ¢ : A%+? — [0, 00) such that

e ¢]

P(xi, - xg 2, w) = Zq_j<ﬂ(qjx1,"' .q’xa. 9’2, ¢’ w) < 0o, (2ix)
=0
d
Uxy + -+ puxg {z, w}
d 2Ci_oh oCi_ h(x;
Id 4—2Ci—> ( y +dd—2Cl—2)+d 2C 1/2:1:M (x;)
Xj+ -+ X
—1 Z Mh(%) —{h(2), h(w)}|| (2.x)

1<ji<--<ji<d

<X, , X4, 2, W)

Bull Braz Math Soc, Vol. 36, N. 1, 2005
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forallp € T', andall xy, - - - , xq, 2, w € A. Assume lim,,_, h(ZZe) =¢'. Then

the mapping h: A — B is a Poisson JC*-algebra homomorphism.

Proof. Putz = w =0andpu = 1 € T'in(2.x). It follows from Trif’s Theorem
[18, Theorem 3.1] that there exists a unique additive mapping H: ‘A — B such
that

1 ~
h(x) — HX)| < ———¢(gx,rx, -+ ,rx,0,0)
l-a1Ciy rEn—
— 1mes

for all x € A. The additive mapping H: A — B is given by

1
H(x) = nli)r{.lo q—nh(q”x)

for all x € A.
Putx; =---=x;=xand z = w = 0in (2.x). Foreach u € T',
ld 4—2Ci—2(h(px) — ph(x)| < ¢(x,---,x,0,0)
~————

d times

forall x € A. So

g "lld 4—2Ci—2(h(nq"x) — ph(q"x))Il < g "@(g"x,--- ,4"x,0,0)
| —

d times

for all x € A. By (2.ix),
g "d a—2C12(h(ug"x) — puh(g"x))| — 0

asn — oo forall u € T! and all x € A. Thus

g "lh(nq"x) — ph(g"x)|l - 0
asn — oo forall 4 € T! and all x € A. Hence

h(q" ux) — lim

q n—oo

W)

H(ux) = lim
n—o0
forall u € T'and all x € A.
By the same reasoning as in the proof of Theorem 2.1, the unique additive
mapping H: A — B is a C-linear mapping.
By a similar method to the proof of Theorem 2.1, one can show that the
mapping h: A — B is a Poisson JC*-algebra homomorphism. g

Bull Braz Math Soc, Vol. 36, N. 1, 2005



HOMOMORPHISMS BETWEEN POISSON JC*-ALGEBRAS 91

Corollary 2.8. Leth: A — B be a mapping satisfying h(0) = 0 and h(q"u o
y) = h(q"u)oh(y) forally € A, allu € U(A)andn =0,1,2,---, for which
there exist constants 6 > 0 and p € [0, 1) such that

pxit+---+pxg z wi .
ld 4-2Ci—2h 7 +- 0 +42Cioy Y ph(x))

J=1

-y M%M)—{h(z),h(m}u

1<ji<--<ji<d

d
<O 1117+ izl + [|wl]]?)

j=l1

forallp € T', andall xy, - - - , x4, 2, w € A. Assume lim,,_, o, h(gze) =¢'. Then
the mapping h: A — B is a Poisson J C*-algebra homomorphism.

Proof. Define ¢(x;, -+, xq4,2, w) = 9(2?:1 [lx; 117 + [Iz||” + [|lw]|”), and
apply Theorem 2.7. O

One can obtain similar results to Theorems 2.3 and 2.4 for the Trif functional
equation.
3 Stability of homomorphisms in Poisson JC*-algebras
We are going to show the Cauchy—Rassias stability of homomorphisms in Poisson

J C*-algebras associated with the Cauchy functional equation.

Theorem 3.1. Let h: A — B be a mapping with h(0) = 0 for which there
exists a function ¢ : A® — [0, 00) such that

oo
P,y ow,a,b) =Y 279Q20x,2y,2/2,27w, 274, 2/b) < 00, (3.0)
j=0

la(ux + wy + {z, w} +a o b) — ph(x) — nh(y) — {h(z), h(w)}
—h(@) oh)|| <@,y , z,w,a,b) (3.

forall u € T! and all x, v,z,w,a,b € A. Then there exists a unique Poisson
J C*-algebra homomorphism H : A — B such that

1
Ih(x) = HX)| =< Ew(x,x, 0,0,0,0) (3.1i1)

forall x € A.
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Proof. Putz =w =a =b=0and u =1 € T! in (3.ii). It follows from
Giévruta’s Theorem [2] that there exists a unique additive mapping H: A — B
satisfying (3.ii1). The additive mapping H : /A — B is given by

1
Hx) = nlingo 2—nh(2”x)

forall x € A.
The rest of the proof is similar to the proof of Theorem 2.1. O

Corollary 3.2. Let h: A — B be a mapping with h(0) = 0 for which there
exist constants 0 > 0 and p € [0, 1) such that

lh(pux + py +{z, w} +aob) — wh(x) — ph(y)
—{h(2), h(w)} — h(a) o h(b)||
<6dIx1” + 1yl + 11zl + [lwl” + [lall” + [1b]]7)

forall n € T! and all x, v,z,w,a,b € A. Then there exists a unique Poisson
J C*-algebra homomorphism H: A — B such that

Ih(x) = H)Il <

< 55 IIl”

forall x € A.

Proof. Define
e(x,y,z,w,a,b) =0(xI|” + [IyII” + lzll” + [[w]|” + |lal|” + |b]|?),

and apply Theorem 3.1. O

Theorem 3.3. Let h: A — B be a mapping with h(0) = 0 for which there
exists a function ¢ : A% — [0, 00) satisfying (3.i) such that
lh(ux + py + {z, w} +a o b) — puh(x) — ph(y)
—{h(2), h(w)} — h(a) o h(D)|l
=, y,z,w,a,b)
foru=1,i,andallx,y,z,w,a,b € A. Ifh(tx)is continuousint € R foreach

fixed x € A, then there exists a unique Poisson JC*-algebra homomorphism
H: A — B satisfying (3.iii).
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Proof. The proof is similar to the proof of Theorem 2.3. 0

We are going to show the Cauchy—Rassias stability of homomorphisms in
Poisson J C*-algebras associated with the Jensen functional equation.

Theorem 3.4. Let h: A — B be a mapping with h(0) = 0 for which there
exists a function ¢: (A \ {0}))® — [0, 0o) such that

P,y w,a,b) =Y 379B37x,37y,3/2,3/w, 3a, 3/b) < oo,

=0
||2h(’” trinvlye °b) — k() — ph(y)
(@), h)) — h@) o hB)] < 9, o2 wr @b (Biv)

forall u € T! and all x, v,z,w,a,b € A\ {0}. Then there exists a unique
Poisson JC*-algebra homomorphism H: A — B such that

1, ~
[h(x) — H)I < g(sﬂ(x, —x,0,0,0,0) +@(—x,3x,0,0,0,0))  (3.v)

forall x € A\ {0}.

Proof. Putz=w=a=5b=0andu =1 € T'in (3.iv). It follows from Jun
and Lee’s Theorem [4, Theorem 1] that there exists a unique additive mapping
H: A — B satisfying (3.v). The additive mapping H: A — B is given by
1
H(x) = lim —h(3"x)
n—oo 3N

forall x € A.
The rest of the proof is similar to the proof of Theorem 2.5. O

Corollary 3.5. Let h: A — B be a mapping with h(0) = 0 for which there
exist constants 0 > 0 and p € [0, 1) such that

ux +uy +{z,w}+aob
2

—{h(2), h(w)} — h(a) o h(D)||

[12h(

) — wh(x) — ph(y)

< OUxI” + 1y 11" 4+ Hzll” + Hwll” + llall” + 116117)
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forall u € T! and all x, v,z,w,a,b € A\ {0}). Then there exists a unique
Poisson JC*-algebra homomorphism H: A — B such that

3+3°

Ih(x) — H)Il < 3 _ar

o11x(|”
forall x € A\ {0}.

Proof. Define
e(x,y,z,w,a,b)y =0(x||” + [IyII” + lzI” + [[w]|” + |lal|” + |b]|?),

and apply Theorem 3.4. O

One can obtain a similar result to Theorem 3.3 for the Jensen functional equa-
tion.

Now we are going to show the Cauchy—Rassias stability of homomorphisms
in Poisson J C*-algebras associated with the Trif functional equation.

Theorem 3.6. Let h: A — B be a mapping with h(0) = 0 for which there
exists a function ¢ : A4T* — [0, 00) such that

oo
@lxr, -+, xq, 2, w,a,b) = Zq‘j<p(qu1,~-~ 47'x4, 4’2, 47w, ¢’ a, ' b) < o0,
j=0
d
pxy 4+ puxg  {z.wlt+aob
lld d—2C1—2h( + +a-2Ci-1 ) nh(x;)
d da2C—> Z !

j=1

1Y uh(u)—{h(z),h(w)}—h(a)oh(b)ll

1<ji<-<ji<d
§¢(x1a"' , Xd, 2, W, A, b) (3V1)
forall u € T and all x;, --- , x4, 2z, w,a,b € A. Then there exists a unique

Poisson JC*-algebra homomorphism H: A — B such that

1 - ..
Ih(x) — HX)|| < 7——=—¢(gx,rx,---,rx,0,0,0,0) (3.vii)
l-a-1Ci —_—
d — 1 times
forall x € A.
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Proof. Putz =w =a =b=0and u =1 € T! in (3.vi). It follows from
Trif’s Theorem [18, Theorem 3.1] that there exists a unique additive mapping
H: A — Bsatisfying (3.vii). The additive mapping H: /A — B is given by

1
H(x) = nli)ngo q—nh(q"x)

forall x € A.
The rest of the proof is similar to the proof of Theorem 2.7. 0

Corollary 3.7. Let h: A — B be a mapping with h(0) = 0 for which there
exist constants 0 > 0 and p € [0, 1) such that

d
UxXy =+ -+ 4 ux {z,w}+aob
d d—2C1—2h< 1 y 4+ 4,30 +4-2Ci—y Zﬂh(xj)

j=1

-1 Mh(u)—{h(z),h(w)}—h(a)oh(b)ll

I<ji<--<ji=d
d
< 9(Z||x,,~||P 11211 + [l + llall? + ||b||f’>
j=I

forall n € T! and all xy, -+ ,x4,2, w,a,b € A. Then there exists a unique
Poisson JC*-algebra homomorphism H: A — B such that

q'"(g" +(d—Dr"8

Ih(x) = H@)I < [ GG —1)

[x11”
forall x € A.

Proof. Define
d

QX1+ Xg. 2w, a,b) = 9(2 1117+ 112117 + [wl)? + llall? + ||b||”),
j=1

and apply Theorem 3.6. U

One can obtain a similar result to Theorem 3.3 for the Trif functional equation.
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