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Distribution results for lattices inSL(2,Qp)

François Ledrappier and Mark Pollicott

Abstract. In this paper we study the ergodic properties of the linear action of lattices0

of SL(2,Qp) onQp ×Qp and distribution results for orbits of0. Following Serre, one
can define a “geodesic flow” for an associated tree (actually associated toGL(2,Qp)).
The approach we use is based on an extension of this approach to “frame flows” which
are a natural compact group extension of the geodesic flow.
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0. Introduction

It is an interesting classical problem to study the linear actions of certain discrete
subgroups0 of SL(2,R) onR2. A particular useful approach is to relate their
dynamical properties to those of the horocycle flow on the quotient0\H2. The
present authors considered the natural generalizations of these results to discrete
groups 2× 2 matrices acting on the plane of complex numbers, quaternions or
Clifford numbers by studying the relationship with the horospheres for frame
flows on manifolds of constant curvature [11]. In this paper we want to consider
analogous problems for the non-archimedean local fieldQp and the linear action

γ : (x1, x2) 7→ (ax1 + bx2, cx1 + dx2), whereγ =
(

a b
c d

)
∈ 0,

for 0 a lattice inSL(2,Qp) =
{(

a b
c d

)
: a, b, c, d ∈ Qp, ad − bc = 1

}
. We

shall assume that−I ∈ 0, otherwise we can replace0 by 0 ∪ {−0}. The
following result follows easily from ergodicity of horocyclic actions [21, p. 194]
on SL(2,Qp) using a simple equivariance (cf. Lemma 4.2).
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Theorem A. The linear action of0 onQp ×Qp is ergodic with respect to the
Haar measureλ.

Our first distribution result on this action describes orbits of such linear actions.

Theorem B. Let f be a continuous function with compact support onQp×Qp.
Let X 6= (0, 0) be a point ofQp ×Qp. Then, asM → ∞,

1

pM

∑

γ∈0,||γ ||≤pM

f (γ X) →
1

vol(0\SL(2,Qp))

1

||X||

∫
f (Y)

||Y||
dλ(Y).

WhenP0 is torsion-free we can also approach the action of0 through the study
of the dynamics of a naturalframe flowassociated to the action, in contrast to
the usual algebraic view point in [7], [20] and [17], for example. Theframe flow
is a natural extension of the usualgeodesic flowassociated toG = PSL(2,Qp)

acting on the quotient space0\X of the associated treeX [23]. Such flows
have already been considered by other authors (cf. [18], [2]). More precisely,
let σ : 6 → 6 be a subshift of finite type representing the geodesic flow. The
topological entropy of the subshift is 2 logp. Let S be the closed multiplicative
subgroup of squares inO× = {x ∈ Zp : |x|p = 0}. Let 2 : 6 → S be a Hölder
continuous function. Thep-adic frame flow for a lattice0 corresponds to a
simple skew product

σ̂ : 6 × S → 6 × S

σ̂ (x, s) = (σ x,2(x)s).
(0.1)

Hyperbolic matricesγ have distinct eigenvaluesλ+, λ−. If the valuations satisfy
|λ+|p < |λ−|p then we designateλ+ to be the maximal eigenvalue. Our second
result describes the distribution of maximal eigenvalues. The proof uses this
skew product.

Theorem C. Let 0 < SL(2,Qp) be such thatP0 is a torsion-free lattice in
PSL(2,Qp). Let0n be the set of conjugacy classes ofγ ∈ P0 ⊂ PSL(2,Qp)

with |trγ |p = −n. For each class[γ ] ∈ 0n, denote byι([γ ]) ∈ S the common
value ofpnλγ , whereλγ denotes the maximal eigenvalue. Squares of eigenvalues
of matrices in0 are uniformly distributed in the sense that for any continuous
functionφ onS, we have:

lim
n→∞

n

p2n

∑

[γ ]∈0n

φ(ι([γ ])2) =
∫

φ(s)dω(s),
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whereω is the Haar probability measure onS.

In particular, if p 6= 2 thenι([γ ])2 has two distinct square roots, which we
can associate withι([±γ ]), and then we can deduce:

lim
n→∞

n

p2n

∑

[γ ]∈0n

φ(ι([γ ])) =
∫

φ(s)dω(s).

Theorem C can be viewed as a non-archimedean version of the results in
[24]. We shall give a proof of this result using the frame flow and techniques
from symbolic dynamics. In the particular case thatP0 ⊂ PSL(2,Qp) is a
congruence subgroup we can use Deligne’s solution of the Ramanujan-Petersson
conjecture to get the following result.

Corollary 1. Let P0 ⊂ PSL(2,Qp) be a torsion-free congruence subgroup

and letθ >
(

1
p

)1/3
. For any characterχ onS,

n

p2n

∑

[γ ]∈0n

χ(ι([γ ])2) =
∫

χ(s)dω(s) + O
(
θn

)
. (0.2)

Congruence subgroups0(N) are torsion-free when eitherN or p is sufficiently
large [12, p. 197] orN is equal to a square modp.

Sections 1 and 2 are mainly preliminary. In sections 3 and 4 we prove Theorems
A and B, respectively. In section 6 we describe the frame flow. In section 7 we
prove the results on the distribution of orbits (Theorem C). In section 8 we discuss
the error term in Corollary 1 and other generalizations.

1 p-adic numbers

We begin by establishing some notation. Thep-adic numbersQp can be repre-
sented by seriesx =

∑+∞
n=N an pn, wherean ∈ {0, . . . , p−1}. These are precisely

the closure of the rational numbersQ with respect to the norm||x||p = p−|x|p

associated to the usual valuation|∙|p : Qp → Z ∪ {+∞}, i.e. |x|p = N if aN 6=0
andan = 0 for n < N, and|0|p = +∞. Recall that for such non-archimedean
metrics we have|x + y|p ≥ inf {|x|p, |y|p} and|xy|p = |x|p + |y|p whenever
x, y ∈ Qp. We denote byZp = {x : |x|p ≥ 0} the maximal compact subring
consisting of thosex =

∑+∞
n=0 an pn ∈ Qp which are in the closure ofZ with

|| ∙ ||p. Let us denote byO× = {x ∈ Zp : |x|p = 0} the natural multiplicative
subgroup ofZp.
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1.1 The matrix groups

We begin by defining the groupsGL(2,Qp), SL(2,Qp) and the most important
subgroups.

Definition. We denote the set of invertible 2× 2 matrices with entries inQp

by

GL(2,Qp) =
{(

a b
c d

)
: a, b, c, d ∈ Qp, ad − bc 6= 0

}
,

and we denote bySL(2,Qp) the subgroup of matrices withad−bc = 1. Thecen-
terC∗ of GL(2,Qp) is the set of scalar matricesC∗ =

{(
a 0
0 a

)
: a ∈ Qp, a 6= 0

}
,

and the center ofSL(2,Qp) is {±I d}. We can consider the two compact sub-
groups ofGL(2,Qp) defined by

SL(2,Zp) =
{(

a b
c d

)
: a, b, c, d ∈ Zp, ad − bc = 1

}
, and

K =
{(

a b
c d

)
: a, b, c, d ∈ Zp, ad − bc ∈ O×

}
.

Useful groups of diagonal matricesM ⊂ C ⊂ Q ⊂ D are defined as follows:

M =
{(

a 0
0 a−1

)
: a ∈ O×

}
,

C =
{(

a 0
0 a−1

)
: a 6= 0, a ∈ Qp

}

Q =
{(

a 0
0 d

)
: |a|p = |d|p < ∞

}
,

D =
{(

a 0
0 d

)
: a, d 6= 0, a, d ∈ Qp

}
.

We also define theBorel subgroupby

B =
{(

1 b
0 1

)
: b ∈ Qp

}
.

We can conveniently denote byPSL(2,Qp), PSL(2,Zp), PM, PC the various
quotients by{±I d}. Finally, we shall writePGL(2,Qp) = GL(2,Qp)/C∗,
PQ = Q/C∗, andPK = K/(C∗ ∩K). �
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Lemma 1.1. For p 6= 2, we have the following natural exact sequence of
groups:

1 → PSL(2,Qp) → PGL(2,Qp) → (Z/2Z)2 → 1.

For p = 2, we have:

1 → PSL(2,Q2) → PGL(2,Q2) → (Z/2Z)3 → 1.

Proof. Recall thatS is the group of elements ofO× which can be written as a
square. First assume thatp 6= 2. Then, we have the following exact sequence
of groups: 1 1 → S → O× → Z/2Z → 1, where the factor map
ε : O× → Z/2Z satisfiesε(x) = 0 iff x ∈ S. The statement follows, where the
factor mapρ : PGL(2,Qp) → (Z/2Z)2 is given by

g 7→ ρ(g) =
(
| detg|p (mod 2), ε(detg/| detg|p)

)
.

For p = 2, we have the following exact sequence of groups:2 1 → S →
O× → (Z/2Z)2 → 1, where the factor mapε : O× → (Z/2Z)2 satisfies
ε(x) = (0, 0) iff x ∈ S. The factor mapρ : PGL(2,Qp) → (Z/2Z)3 is given
by the same formula. �

1.2 Trees and actions

The role of the hyperbolic upper half planeH2 in the usual archimedean case is
taken here by a regular treeX. The construction is elegantly described by Serre
[23]. We recall the principal objects.

Vertices. Given any pair of vectorsv1, v2 ∈ Q2
p associate alatticeL = v1Zp +

v2Zp. We can define an equivalence relation on lattices:L ∼ L ′ if latticesL , L ′

are homothetically related (i.e., there existsα ∈ Qp such thatL ′ = αL). We
take the equivalence classes[L] to be the vertices of the treeX.

Edges. Given two vertices (equivalence classes)[L1], [L2] we can associate
an edge[L1] ↔ [L2] whenever we can find a basis{v1, v2} for L1 and{πv1, v2}
for L2, whereπ = 1

p is called theuniformizer.

1A numberx ∈ O×, x =
∑+∞

0 an pn is a square iffa0 is a square in the multiplicative group

{1, . . . , p − 1}, and then,(−1)ε(x) is the classical Legendre symbol(
a0
p ) of a0.

2A number x ∈ O×, x = 1 +
∑+∞

1 an2n is a square iffa1 = a2 = 0, and we can take
ε(x) = (a1, a2).
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Lemma 1.2. [23, p. 70]. X is a homogeneous tree, with every vertex having
(p + 1)-edges.

There is a natural actionGL(2,Qp)× X 7→ X on the tree given byγ [v1Zp +
v2Zp] = [(γ v1)Zp + (γ v2)Zp]. In particular, we see thatC∗ acts trivially onX
and we recall the following result.

Lemma 1.3 [23, Exercise 1 (b) p. 78]. The groupGL(2,Qp) acts onX by tree
automorphisms and the representation ofGL(2,Qp)/C∗ is injective inAut(X).

We also have the following straightforward result.

Lemma 1.4. The action ofGL(2,Qp) on both the vertices and the edges ofX
is transitive.

Fix x0 = e1Zp + e2Zp, wheree1 = (1, 0) ande2 = (0, 1). The stabilizer of
the vertexx0 is the set of matrices

(
a b
c d

)
such thatL0 ∼ v1Zp + v2Zp, where

v1 = (a, c), v2 = (b, d). This is precisely the groupC∗K. By contrast the
action ofSL(2,Qp) on X is not transitive. The treeX is endowed with the usual
distanced(∙, ∙), with neighbouring vertices having distance 1. Recall:

Lemma 1.5 [23, p. 75]. For anyγ ∈ SL(2,Qp) and any vertexx ∈ X d(γ x, x)

is even.

Let us call a vertexx odd or even according to the parity ofd(x, x0). From
Lemma 1.5, the set of even (odd) vertices is invariant underSL(2,Qp). The
following is now straightforward:

Lemma 1.6. The action ofSL(2,Qp) on both the odd and even vertices ofX
is transitive.

2 The geodesic flow and subshifts of finite type

We now want to emphasize geometric viewpoint in anticipation of the introduc-
tion of symbolic dynamics later. We can now introduce analogues of familiar
geometric concepts fromHn in the context of the treeX (cf. [18], [2]).

2.1 Geodesics

We begin with a definition.

Bull Braz Math Soc, Vol. 36, N. 2, 2005



“main” — 2005/6/23 — 18:55 — page 149 — #7

LATTICES IN SL(2,Qp) 149

Definitions. A geodesicy in X is a bi-infinite sequence of neighbouring ver-
tices

∙ ∙ ∙ ↔ [L ′
−1] ↔ [L ′

0] ↔ [L ′
1] ↔ ∙ ∙ ∙ ↔ [L ′

n] ↔ . . .

without returns. Astraight lineis a geodesic up to the place of the origin.

Let Y denote the space of geodesics inX. There is a natural induced action
of GL(2,Qp) on Y and on the space of straight lines. Straight lines are in
one-to-one correspondence with ordered pairs of distinct points in the projective
spaceP1(Qp) [23, p. 72]. 3 Given a geodesicy, we write(y+∞, y−∞) for the
associated pair of endpoints inP1(Qp). The associated action ofGL(2,Qp) on
P1(Qp) × P1(Qp) is the projective action given by

γ (y+∞, y−∞) =
(

ay+∞ + b

cy+∞ + d
,

ay−∞ + b

cy−∞ + d

)
.

The following lemmas are now straightforward:

Lemma 2.1. The mappingϕ : GL(2,Qp) 7→ (P1(Qp) × P1(Qp))
∗, where

(P1(Qp)× P1(Qp))
∗ is the space of pairs of distinct points inP1(Qp), given by

ϕ
(

a b
c d

)
= (a

c ,
b
d ) is an equivariance between left multiplication onGL(2,Qp)

and the diagonal projective action on(P1(Qp) × P1(Qp))
∗.

Lemma 2.2. The action of bothGL(2,Qp) and SL(2,Qp) on the space of
pair of distinct points (corresponding to straight lines) is transitive.

Lemma 2.1 implies that the action ofGL(2,Qp) on the space of pair of distinct
points is transitive. The stabilizer of the pair(∞, 0) is precisely the set of diagonal
matricesD ⊂ GL(2,Qp). It follows that the action ofSL(2,Qp) is transitive
on the space of distinct points inP1(Qp) and the stabilizer of the pair(∞, 0) is
the set of Cartan matricesC = SL(2,Qp) ∩D.

Notation. Let y0 be thereference geodesicy0 = {x(n), n ∈ Z}, wherex(n) is
the vertex associated to the latticeLn = v1Zp + v2Zp, with v1 = (1, 0), v2 =
(0, πn).

The stabilizer ofy0 by the action ofGL(2,Qp) is the groupQ and we have:

3In fact, [23] actually considers unoriented straight paths, unordered pairs of distinct points in the
projective spaceP1(Qp). The stabilizer we consider is of order 2 in the one considered there, the
difference corresponding to inversions.
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Corollary 2.2.1. The groupGL(2,Qp) acts transitively onY.

The stabilizer ofy0 by the action ofSL(2,Qp) is the groupQ∩ SL(2,Qp) =
M. It follows that the action ofSL(2,Qp) on the space of geodesics has two
orbits, according to whether the origin is odd or even. Thegeodesic flowin
the non-archimedean case is the discrete transformationT : Y → Y which
associates to each geodesic a new geodesic obtained by simply shifting all vertices
to the left by one step (or equivalently by adding one to the indices). The geodesic
flow T exchanges the two orbits ofSL(2,Qp) onY, and the squareT2 : Y → Y
preserves each type. Algebraically,T y0 is represented by the matrix

(
π 0
0 1

)
, which

commutes toQ. Thus, identifyingY with GL(2,Qp)/Q = PGL(2,Qp)/PQ,
the right action of

(
π 0
0 1

)
induces the geodesic flow onY.

2.2 The Busemann function

By analogy with the usual upper half-plane we can introduce the following
definition (cf. [3]). Given a geodesicy = {y(n), n ∈ Z}, theBusemann func-
tion associates to a vertexx ∈ X the numberby(x) = limn→+∞(d(x, y(n)) −
d(x0, y(n))) ∈ Z. It is easily seen thatby(x) depends only on the endpointy+∞.
A geodesicy = {y(n) : n ∈ Z} is completely determined by the straight line it
belongs to and the value ofby(y(0)).

Lemma 2.3. Let g =
(

a b
c d

)
∈ GL(2,Qp) then we can write

bgy0(gx0) = 2 max(−|a|p, −|d|p) + | detg|p.

In particular, the geodesicgy0 ∈ Y can be represented by
(

a

c
,

b

d
, 2 min(|a|p, |d|p) − | detg|p

)
∈ (P1(Qp) × P1(Qp))

∗ × Z.

Proof. It is convenient to use theK AN decomposition forGL(2,Qp), with
the compact groupK = K, N = B and A being the set of diagonal matrices{(

pk1 0
0 pk2

)
: k1, k2 ∈ Z

}
. Elementsg ∈ K fix the vertexx0, so they have no

effect on the Busemann function. Similarly, elementsg =
(

1 b
0 1

)
leave invariant

by0, so that it suffices to computebgy0(gx0) for g =
(

pk1 0
0 pk2

)
. Then,

by0(gx0) = k2 − k1 =

{
−2|a|p + | det(g)|p if k1 ≥ k2

−2|d|p + | det(g)|p if k1 ≤ k2

which agrees with the definition in the statement of the Lemma. �
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In the above representation, the geodesic flow consists in subtracting 1 from
theZ component (cf. [3], [2] and [18]).

2.3 Discrete subgroups

Throughout this note,0 will be a discrete cocompact subgroup ofSL(2,Qp).

Example 1 (Quaternion groups). Given u, v ≥ 1, thequaternion algebra
D = D(u, v) is the four dimensional algebra over the rationalsQ with basis
1, i, j, k subject toi 2 = −u, j 2 = −v andk = i j = − j i . For each primep,
D(u, v) is said to split inQp if the algebraG(Qp) := D ⊗ Qp is isomorphic
to the 2× 2 matrices overQp, where we use the convention thatQ∞ = R. It
is known thatD(u, v) splits inQp iff ux2 + vy2 = z2 has a non-trivial solution
in Qp. [25, p. 11], [14, p. 79], and this happens for all but finitely manyp. For
example, the Hamiltonian quaternionsD(1, 1) is definite, i.e., it doesn’t split
overR. It also doesn’t split overQ2, but splits over all otherQp. Given a prime
p satisfyingp = 1 (mod 4)4 we can chooseε ∈ Qp with ε2 = −1 and set

0′ =
{
±

(
x0 + x1ε x2 + x3ε

−x2 + x3ε x0 − x1ε

)
: x0, x1, x2, x3 ∈ Z

}
.

This is a free group inPGL(2,Qp) with the p+1
2 generators (andp+1

2 inverses)

S =
{
±

(
x0 + x1ε x2 + x3ε

−x2 + x3ε x0 − x1ε

)
:

x0, x1, x2, x3 ∈ Z,
∑3

i =0 x2
i = p,

x0 > 0 and odd, x1, x2, x3 even

}
.

Moreover,0′ is a cocompact lattice inPGL(2,Qp). Then, since dets = p,
for s ∈ S, 0 = 0′ ∩ PSL(2,Qp) is a cocompact lattice inPSL(2,Qp). As a
subgroup of a free group,0 is automatically free.

Example 2 (Schottky and non-arithmetic groups). There is a simple cons-
truction due to Gerritzen and van der Put [9] which gives every torsion-free
discrete subgroup. Let0 ⊂ PSL(2,Qp) be a free group generated by hy-
perbolic elementsγ1, . . . , γl (i.e., none fixes a vertex). Assume thatγi fi-
xes a geodesic(Ln)n∈Z and γi Ln = Ln+m then we denoteA(γi ) = {x ∈
X : d(x, L0) < d(x, L1)} and B(γi ) = {x ∈ X : d(x, Lm+1) < d(x, Lm)}.
The discrete group0 is called aSchottky groupif we can make choices so that

4This is a simplifying assumption to avoid working in the quadratic extension ofQp.
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the 2l sets{A(γi ), B(γi ) : i = 1, . . . , l } are pairwise disjoint. Any finitely ge-
nerated torsion-free subgroup ofPSL(2,Qp) [13, p. 409] is a Schottky group.
Moreover, this construction gives rise to non-arithmetic lattices arbitrary close
to any given lattice.

In general, we have the following result.

Lemma 2.4 (Ihara’s Theorem) [23, p. 82]. A discrete cocompact torsion-free
subgroup0 of PSL(2,Qp) is a free group and0\X is a finite graph.

If 0 is torsion-free, observe that0 ∩ PSL(2,Zp) is compact, discrete and
torsion-free, hence trivial. Moreover the intersection of0 with any bounded
group is trivial, therefore0 cannot identify edges with a common vertex. The
graph0\X is a homogeneous graph with(p + 1) edges at each vertex, and0

can be realized as the homotopy group of the finite graph0\X. The following
result shows that there are many more examples of torsion-free lattices.

Lemma 2.5. Any discrete cocompact subgroup0 of PSL(2,Qp) contains a
torsion-free finite index normal subgroup0′ ⊂ 0.

Proof. SinceQp is a characteristic zero field, Selberg’s Lemma gives that0

contains a torsion-free finite index subgroup0′ [4, p. 87]. Moreover, the group
0′ must be finitely generated [16, p. 35]. �

The limit set3 is the set of limit points of{0x0} in X ∪ ∂ X. It consists of the
whole boundary∂ X. Observe also that the graph0\X is connected, since it is
the quotient of the connected graphX. Since0 ⊂ SL(2,Qp), the vertices of
0\X are0-orbits of either odd or even vertices.

2.4 Subshifts of finite type

Assume for the remainder of this section that0 is a torsion-free lattice in
PSL(2,Qp). The group0 acts on the left onY = GL(2,Qp)/Q. The ge-
odesic flow on the quotient space0\Y is conjugated to a subshift of finite type:

Proposition 2.6. (cf. [2]). There exist a subshift of finite type(6′, σ ′) and a
conjugacy8′ : 0\GL(2,Qp)/Q 7→ 6′ such that8′T = σ ′8′.

It follows that periodic orbits of periodn for 6′ are in one-to-one correspon-
dence with periodic orbits of periodn for the geodesic flow on0\GL(2,Qp)/Q,
that is, with geodesicsy = gy0 ∈ Y such that there is someγ ∈ 0 with

Bull Braz Math Soc, Vol. 36, N. 2, 2005
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γ gy0 = gany0, wherea =
(

π 0
0 1

)
. The elementsγ associated to the same pe-

riodic orbit are conjugated in0. In other words, periodic orbits of periodn for
6′ are in one-to-one correspondence with conjugacy classes of elementsγ ∈ 0

such that there existg ∈ GL(2,Qp) andq ∈ Q satisfyingg−1γ g = anq.

If the group is torsion-free, the construction is quite natural (cf. [18]). In fact,
the quotient space0\Y can be identified with the space of geodesics of0\X,
i.e., the sequences of successive neighbouring points in0\X without returns.
More precisely, when0 is torsion-free the action onX does not have fixed
vertices nor fixed edges, and therefore the cover fromX to 0\X is regular. This
ensures that paths on0\X lift uniquely to X, and therefore there is a one-to-one
correspondence between lifts of geodesics onX and orbits for the action of0
on Y. The subshift of finite type of Proposition 2.6 is then built on the set of
orientededges of0\X, and there are exactlyp entries equal to 1 in each row and
each column of the matrix of the subshift. In particular, the topological entropy
is log p. We have:

Proposition 2.7. The geodesic flowT on 0\Y is transitive and has entropy
log p. The measure of maximal entropy is ergodic. It corresponds to the Haar
measure on0\GL(2,Qp)/Q.

Proof. Ergodicity of the Haar measure follows from Moore’s ergodicity the-
orem. By a result of [1], the Haar measure is the measure of maximal entropy.
Since it has an ergodic measure of full support, the subshift6′ is transitive. �

We can distinguish between even and odd geodesics according to the parity
of their starting point. Each one of the sets of either even or odd geodesics
is in one-to-one correspondence with0\SL(2,Qp)/M. The geodesic flowT
exchanges even and odd geodesics. Therefore the mapT2 preserves both sets of
even and odd geodesics and, sinceT is ergodic,T2 is ergodic on each of these
two invariant components. We denote by6 the set of even geodesics andσ the
T2 shift on6. Since the parity of the geodesic associated to a sequence depends
only on the zeroth coordinate6 is also a subshift of finite type, and we have:

Corollary 2.7.1. The geodesic flow is transitive on the space of even geodesics
of 0\X and has entropy2 log p. The measure of maximal entropy is ergodic. It
corresponds to the Haar measure on0\SL(2,Qp)/M.

In other words, since the geodesic flow is given by the right multiplication by(
π2 0
0 1

)
=

(
π 0
0 π

) (
π 0
0 p

)
or, equivalently,

(
π 0
0 p

)
we have the following.
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Corollary 2.7.2. The right multiplication by the matrix
(

π 0
0 p

)
is transitive

on the space0\SL(2,Qp)/M. It has topological entropy2 log p. The Haar
measure is the measure of maximal entropy and is ergodic.

For anyk > 0, there is a one-to-one correspondence between periodic orbits
of lengthk in 6 and conjugacy classes in0 such that the valuation of the trace is
−k. Letπn be the number of conjugacy classes ofγ ∈ 0 with |trγ |p = −n. The
integersn such thatπn 6= 0 have g.c.d. 1 (by a simple argument we shall present
in section 5). In particular, the following well known result easily follows.

Corollary 2.7.3. The geodesic flow is mixing on the space of even geodesics

of 0\X. Furthermore, there is a numberλ < 1 such thatπn = p2n

n (1+ O(λn)).

Remark. As we shall see in §8, more results on the error terms forπn can be
obtained using representation theory [14].

3 The proof of Theorem A

Let y denote a geodesic inY.

Definition. Thehorocycle of y is the set of geodesicsz such that

z+∞ = y+∞ and by+∞(z(0)) = by+∞(y(0)).

Equivalently,z belongs to the horocycle ofy if, and only if, z(n) = y(n) for all
n large enough so that the horocycle ofy is also thestrong stable manifoldof y
under the geodesic flow.

The action of0 preserves the horocycle relation. The following result is
familiar for mixing subshifts of finite type.

Proposition 3.1. On the space of even geodesics (odd geodesics) of0\X,
the horocycle relation is minimal and uniquely ergodic. The unique invariant
measure is the measure of maximal entropy for the geodesic flow.

We can rewrite this result in terms of theSL(2,Qp) action.
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Corollary 3.1.1. The action of the subgroupB is minimal and uniquely ergodic
on0\SL(2,Qp)/M.

Let 0 be a subgroup ofSL(2,Qp) with −I d ∈ 0. We are interested in the
ergodic properties of the linear actions of0 onQp ×Qp given by:

γ : (x1, x2) 7→ (ax1 + bx2, cx1 + dx2), whereγ =
(

a b
c d

)
∈ 0.

The following lemma is easily shown.

Lemma 3.2. The mapQp ×Qp → SL(2,Qp)/B defined by

(x1, x2) 7→
(

x −x−1
2

x2 0

)

B, wherex2 6= 0, and

(x1, 0) 7→
(

x1 0
0 x−1

1

)
B

is an equivariance between the linear action onQp ×Qp and left multiplication
on cosets, e.g.,

γ

(
x1 −x−1

2
x2 0

)
B =

(
ax1 + bx2 ∗
cx1 + dx2 0

)
B, whereγ =

(
a b
c d

)
∈ SL(2,Qp).

We saw that theB-action on the space0\SL(2,Qp)/M is analogous to the ho-
rocycle foliation on the space of geodesics. TheMbundle over0\SL(2,Qp)/M
we are interested in is analogous to the frame bundle over the space of geodesics
(i.e. over the unit tangent bundle) and the action is analogous to the action of
the strong stable foliation of the frame flow, see §6 for details. Theorem A now
follows from Lemma 3.2 and the following result.

Lemma 3.3 [21, p. 194]. The rightB action on0\SL(2,Qp), with orbits

{
0x

(
1 t
0 1

)
: t ∈ Qp

}

is ergodic (with respect to Haar measure).

4 Proof of Theorem B

4.1 Notations and results

We can define norms onQp,Qp ×Qp andSL(2,Qp) as follows.
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Proof.Definition. Fort ∈ Qp, set||t || := p−|t |p, for X = (x1, x2) ∈ Qp ×Qp,
set ||X|| := max{||x1||, ||x2||}, and forγ =

(
a b
c d

)
∈ SL(2,Qp), set||γ || :=

max{||a||, ||b||, ||c||, ||d||}.

We denote| ∙ | the Haar measure onQp normalized such that|Zp| = 1. Note
that |O×| = |{t : ||t || = 1}| = |{t : |t |p = 0}| = p−1

p . 5 Let λ be the
measure onQp × Qp which is invariant by the action ofSL(2,Qp) and such
thatλ(Zp × Zp) = 1. Theorem B is restated as the following result:

Theorem 4.1. Let 0 be a discrete lattice inSL(2,Qp), f be a continuous
function with compact support onQp ×Qp, X 6= (0, 0) be a point ofQp ×Qp.
Then, asM → ∞,

1

pM

∑

γ∈0,||γ ||≤pM

f (γ X) →
1

vol(0\SL(2,Qp))

1

||X||

∫
f (Y)

||Y||
dλ(Y).

The limit measure in the above theorems is not invariant under the action of
SL(2,Qp). The following observation explains why this measure is the natural
limit measure for distribution problems. Letdγ be a Haar measure onSL(2,Qp).

Proposition 4.2. Let f be a continuous function with compact support on
Qp ×Qp, X 6= (0, 0) be a point ofQp ×Qp. Then, asM → ∞,

1

pM

∫

||γ ||≤pM
f (γ X)dγ →

1

||X||

∫
f (Y)

||Y||
dλ(Y).

Proof. We first observe that we may suppose that the functionf is invariant
under the action ofSL(2,Zp). Take X = (p−k, 0) and choosef to be the
indicator function of the sphere of normp−l , wherek, l ∈ Z. We have to
compute 1

pM

∫
||γ ||≤pM f (γ X)dγ , which is 1

pM times the Haar measure of the set

of matrices
(

a b
c d

)
such that

inf {|a|p, |c|p} = l + k, |b|p ≥ −M, |d|p ≥ −M, andad − bc = 1.

We can decompose this set into the disjoint union of

{|a|p = l + k, |c|p ≥ l + k, |b|p ≥ −M and|1 + bc|p ≥ −M + l + k}

5OnZp, the measure|.| is simply the fair dice Bernoulli probability measure on digits. Also, note
thatZp is the disjoint union ofAk = {t : |t |p = k} for k ≥ 0, and|Ak| = p−k|A0|.
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and of

{|a|p = r, |c|p = l + k, |b|p ≥ −M and|b + c−1|p ≥ −M + r − l − k},

for r > l + k. Taking the Haar measure of these sets and the limit, we obtain:

p−(l+k)

(
p − 1

p
+

(
p − 1

p

)2 1

p − 1

)

=p−(l+k)

(
p2 − 1

p2

)

=
1

pk

1

p−l
λ({(x, y) : inf {|x|p, |y|p} = l })

=
1

||X||

∫
f (Y)

||Y||
dλ(Y),

as required. �

4.2 Proof of Theorem 4.1

The proof of Theorem 4.1 follows the ideas of the proof of Theorem 4 in [11].
In particular we start by associating to anyX = (x1, x2) ∈ Qp × Qp a matrix
9(X) ∈ SL(2,Qp) such thatX = 9(X)(1, 0).

Definition. For X = (x1, x2) ∈ Qp × Qp, X 6= (0, 0), define9(X) ∈
SL(2,Qp) by:

9(X) =






(
x1 0

x2 x−1
1

)

if |x1|p ≤ |x2|p,

(
x1 −x−1

2

x2 0

)

otherwise.

Observe that for allX, the matrix9(X) is a product9(X) = K A, where

K ∈ K and A =
(

πk 0
0 pk

)
, wherek = inf {|x1|p, |x2|p}, i.e. A =

(
||X|| 0

0 ||X||−1

)
.

To a compact open subsetF ⊂ Qp ×Qp\{(0, 0)}, andm ∈ Z, we associate the
set F̃m ⊂ SL(2,Qp) defined by

F̃m = {9(X)
(

1 s
0 1

)
: X ∈ F, |s|p ≥ m}.

We have the following two useful lemmas:
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Lemma 4.3. Let0 be a discrete subgroup ofSL(2,Qp), andF be a sphere in
Qp ×Qp. Then, form large enough, one can find an open cover ofF by setsGi

such that the setsγ G̃i
m, γ ∈ 0 are pairwise disjoint.

Proof. By homogeneity, it suffices to consider the unit sphereS. Observe that
9(S) ⊂ K. Assume first that the group0 is torsion-free, we know thatγ 6∈ K
for all γ 6= I d. Therefore, fors, s′ ∈ Zp, X ∈ S, the matrix

(
1 s
0 1

)
γ9(X)

(
1 s′

0 1

)

does not belong toK either. This shows that for allγ 6= I d, γ S̃0 is disjoint from
S̃0. In general,0 ∩K is finite, and there are only a finite number of elementsγ

such thatS̃0 ∩ γ S̃0 is nonempty. The lemma follows. �

Lemma 4.4. Assume that forX ∈ Qp × Qp, X 6= (0, 0) andγ ∈ 0, there is
s ∈ Qp such that9(γ X) = γ9(X)

(
1 s
0 1

)
. Then, we have:

||γ || = max{||s|| ||X|| ||γ X||,
||X||

||γ X||
,
||γ X||

||X||
}.

Proof. We have two matricesK , K ′ ∈ K such that:

Kγ K ′ =

(
||γ X||
||X|| s||X||||γ X||
0 ||X||

||γ X||

)

.

The lemma follows, since||Kγ K ′|| = ||γ ||. (Compare with [11, Lemma 5].)�

Fix k andF ⊂ {(x1, x2) : inf {|x1|p, |x2|p} = k}, small enough that there exists
mso that the setsγ F̃m are pairwise disjoint. Eachγ ∈ 0 such thatγ X ∈ F gives
rise to a ballBγ ∈ Qp with measurep−m and such thats ∈ Bγ if, and only if,
γ9(X)

(
1 s
0 1

)
∈ F̃m. By our choice ofF , the setsBγ are disjoint. By Lemma 4.4,

providingT is sufficiently large, we have||γ || ≤ T if, and only if,||s|| ≤ T
||X||p−k

for s ∈ Bγ . Therefore, we can now write1
pM card{γ ∈ 0, ||γ || ≤ pM , γ X ∈ F}

as:
1

pM

1

p−m

∣
∣
∣
∣

{
s : ||s|| ≤

pM+k

||X||
and09(X)

(
1 s
0 1

)
∈ F̃m

}∣
∣
∣
∣ .

The following distribution result for lattices is thep-adic analogue of the usual
unique ergodicity results forH2.
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Proposition 4.5 [21, p. 194]. Let0 ⊂ SL(2,Qp) be a discrete subgroup which
is a lattice:

(1) The normalized quotientν of the Haar measure on0\SL(2,Qp) is the
uniqueN-invariant probability measure;

(2) Every N-orbit is uniformly distributed, i.e., forf ∈ C0(0\SL(2,Qp))

and any0x ∈ 0\SL(2,Qp) we have

lim
T→∞

1

μ(B(T))

∫

B(T)

f

(
0x

(
1 t
0 1

))
dμ(t) =

∫

0\SL(2,Qp)

f (y)dν(y),

whereB(T) = {t ∈ Qp : ||t || ≤ T}. [21, p. 181].

Theorem 4.1 on the complement of(0, 0) follows from (2) applied to the
indicator function of0 F̃m. Observe that

ν(0 F̃m) =
λ(F)p−m

vol(0\SL(2,Qp))
,

and that||Y|| = p−k is constant onF . In order to prove Theorem 4.1 we still
have to show that the measures1

T

∑
γ∈0,||γ ||≤T Dirac(γ X) form a tight family

of measures onQp × Qp in the neighbourhood of(0, 0). By discreteness of
0, it suffices to check that the measures1

T

∫
||γ ||≤T Dirac(γ X)dγ are tight. This

follows from the same computation as in the proof of the Proposition 4.2.

Remark. There are distribution results for higher rank real matrix groups due
to Gorodnik, and other related results due to Maucourant.

5 Cross ratios

Although the geodesic flow is relatively easy to analyse, modeled as it is by a
subshift of finite type, the natural object for us to consider is a compact abelian
group extension described in the introduction. The following definition is useful
in the sequel.

Definition. We define thecross-ratio of four distinct points x, y, u, v

∈ P1(Qp) by

(x, y, u, v) =
(x − u)(y − v)

(x − v)(y − u)
∈ P1(Qp).
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The cross-ratio takes all values inQ∗
p except the value 1. It is sometimes

convenient to extend the definition to(x, x, u, v) = (x, y, u, u) = (x, x, u, u) =
1. We call the valuation|(x, y, u, v)|p the absolute cross ratio. This has a
particularly simple geometric interpretation. If we consider the pathsp1 = (x, y)

and p2 = (u, v) then |(x, y, u, v)|p = {p1, p2}, where{p1, p2} is simply the
length of the common part of the paths, signed according to orientation. [6,
p. 706].

The following simple result is also useful.

Lemma 5.1.

(1) The cross ratio is invariant under the action ofGL(2,Qp).

(2) For a hyperbolic matrixA the maximal eigenvalueλ(A) belongs toQp.

(3) For two hyperbolic elementsA andB with respective pair of endpoints6

(a−, a+) and(b−, b+) in (P1(Qp) × P1(Qp))
∗, we can write:

(a+, b+, a−, b−) = lim
q→∞

(λ(Aq))(λ(Bq))

(λ(Aq Bq))
.

Proof. The first part follows from

gx − gy =
ax + b

cx + d
−

ay + b

cy + d
=

(ad − bc)(x − y)

(cx + d)(cy + d)
=

det(A)(x − y)

(cx + d)(cy + d)
, (5.1)

and similar identities. Substituting into the definition of the cross ratio we have
that(x, y, u, v) = (gx, gy, gu, gv). For the second part, the eigenvaluesλ+(A)

andλ−(A) satisfy

λ±(A) =
tr(A) ±

√
(trA)2 − 4det(A)

2
.

It suffices to show that(trA)2 − 4det(A) ∈ Qp is a perfect square. We know
that(trA)2 is a square and that providingA is a hyperbolic matrix det(A) has a
higher valuation, and thus we see from Hensel’s Theorem that the difference is
a perfect square. For the third part, the elementsAq andBq have the same pairs
of fixed points(a−, a+) and (b−, b+). Let xq be the repelling fixed point for
Aq Bq thenyq = Bqxq is a fixed point forBq Aq (and, moreover,Aq yq = xq). In

6We use the convention that+ denotes an attracting fixed point, and− denotes a repelling fixed
point, for the associated action.
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particular,xq → b− andyq → a−, asq → +∞. For a given hyperbolic matrix

M =
(

a(M) b(M)
c(M) d(M)

)
, say, with attracting and repelling fixed pointsm+ andm−,

the eigenvaluesλ± satisfy:

λ±(M) = (c(M)m± + d(M)) and λ+(M)λ−(M) = det(M).

Two applications of (5.1) give

(c(Aq)yq + d(Aq)) = det(Aq)(a+ − xq)
−1(c(Aq)a+ + d(Aq))−1(a+ − yq)

= det(Aq)(a+ − xq)
−1λ(Aq)−1(a+ − yq)

(c(Bq)xq + d(Bq)) = det(Bq)(b+ − yq)
−1(c(Bq)b+ + d(Bq))−1(b+ − xq)

= det(Bq)(b+ − yq)
−1λ(Bq)−1(b+ − xq).

Moreover, we have the usual relations det(Aq Bq) = det(Aq) det(Bq) and thus

λ−(Aq Bq) = (c(Aq Bq)xq + d(Aq Bq))

= (c(Aq)yq + d(Aq))(c(Bq)xq + d(Bq))

= (a+ − yq)(λ(Aq))−1(a+ − xq)
−1

× (b+ − xq)(λ(Bq))−1(b+ − yq)
−1 det(Aq Bq),

from which we deduce

λ(Aq)λ(Bq)

λ(Aq Bq)
=

(a+ − yq)(b+ − xq)

(a+ − xq)(b+ − yq)
.

Finally,

(a+, b+, a−, b−) = lim
q→+∞

(a+, b+, yq, xq)

= lim
q→+∞

(a+ − yq)(b+ − xq)

(a+ − xq)(b+ − yq)
= lim

q→+∞

λ(Aq)λ(Bq)

λ(Aq Bq)
,

which completes the proof. �

To prove Corollary 2.7.3 we deduce easily from Lemma 5.1 that g.c.d.
(||traceγ |p|, γ ∈ 0) has to be 1, since otherwise g.c.d.(||(x, y, u, v)|p|) over all
four distinct pointsx, y, u, v ∈ P1(Qp) would be different from 1, a contradic-
tion. �
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6 The frame flow

In this section we come to one of the key ingredients in our analysis. We shall
consider a compact abelian extension of the geodesic flow, the frame flow, and
study it using symbolic dynamics.

Definition. We denote byF : PGL(2,Qp) → PGL(2,Qp) multiplication on
the right by the matrix

(
π 0
0 1

)
, i.e.,g 7→ g

(
π 0
0 1

)
. We define theframe flowto be

the mapF2 : PGL(2,Qp) → PGL(2,Qp).

6.1 Coordinates forPGL(2,Qp)

The following identification will prove useful later.

Definition. Let Z be the set of triples(α, β, τ ), whereα andβ are distinct
points in the projective spaceP1(Qp) andτ ∈ Q∗

p, the set of nonzerop-adic
numbers. Given anyξ ∈ Qp we define8ξ : PGL(2,Qp) 7→ Z by

8ξ : g 7→ (α, β, τξ ) := (g(∞), g(0), −(g(∞), g(0), ξ, g(1))) , (6.1)

providedξ 6= g(0), g(∞). In particular,

8ξ ±
(

a b
c d

)
=

(
a

c
,

b

d
,

a − ξc

b − ξd

)
. (6.2)

Lemma 6.1. The left action ofg′ in these coordinates is given by:

g′(α, β, τξ ) = (g′(α), g′(β), (α, β, (g′)−1(ξ), ξ) τξ ), (6.3)

where the first two actions are the projective ones and the third is multiplication
in Q∗

p by (α, β, (g′)−1(ξ), ξ).

Proof. This is by direct calculation. Supposeg andg′ are generic. Observe
that by definition

8ξ(g
′g) =

(
g′(α), g′(β), τξ (g

′g)
)
.

To simplify the final term, we write

τξ (g
′g) = −(g′g(∞), g′g(0), ξ, g′g(1))

= −(g(∞), g(0), (g′)−1(ξ), g(1))
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by Lemma 5.1.(1). By developing the last cross-ratio, we get

τξ (g
′g) = −(g(∞), g(0), ξ, g(1)) (g(∞), g(0), (g′)−1(ξ), ξ),

which is formula (6.3). �

In addition, if g is a hyperbolic matrix, andα, β are the fixed points ofg at
infinity, then we getg(α, β, τ ) = (α, β, λ2τ), whereλ is the maximal eigenvalue
of g, and this holds for any choice ofτξ , as long asξ is not one of the fixed points
of g.

6.2 Symbolic dynamics for frame flows

Let0 be a subgroup ofSL(2,Qp) containing−I . We assume thatP0 is torsion-
free and consider the symbolic dynamics for the geodesic flow from section 2.4.
Given e ande′ let n ≥ 0 be the least value such thatei = e′

i for |i | ≤ n. We
can then define a metric on6 by d(e, e′) = p−n, say. The following should be
compared with the measurable version in [18, Theorem 2.1].

Proposition 6.2. Let P0 be a torsion-free lattice ofPGL(2,Qp). There there
is a one-to-one conjugacy9 ′ : 6′ × O× → P0\PGL(2,Qp) and a Lipschitz
continuous function2′ : 6′ 7→ O×such that: F9 ′(x, u) = 9 ′(Tx,2′(x)u).

Moreover, ifx is a periodic orbit of period2k in 6′, andg ∈ 0 is some associated
element of0, then

|λ2|p = 2|trg|p = −2k and p2kλ2 = 2′(T2k−1x) . . . 2′(Tx)2′(x).

Proof. It is easy to see directly from (6.2) that, for any choice ofξ the ac-
tion of the frame flow in these coordinates takes the simple formF(α, β, τξ ) =
(α, β, πτξ ). Recall that the stabilizer of the geodesicσ0 is the subgroupQ of
diagonal matrices

(
a 0
0 d

)
such that|a|p = |d|p < ∞. The right action ofPQ on

PGL(2,Qp) is given by multiplication of the third coordinate bya
d , an element

of O×. Moreover thePQ-orbit is the fiber of the projection fromPGL(2,Qp)

to Y. In other words,(α, β, |τξ |p) defines another parameterization ofY, where
the geodesic flow is subtracting 1 from the last coordinate,PGL(2,Qp) is re-
presented asY × O×, frames going to the same geodesic are parameterized by
τξ/|τξ |p, and the frame flow is represented as the product of the geodesic flow and
the identity in the fiber. Observe that all these properties hold even ifξ depends
onα andβ. From the above description ofPGL(2,Qp) and the corresponding
coding of geodesics, we can representP0\PGL(2,Qp) by 6′ × O×. More
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precisely, we can choose some fundamental domain inX for 0\X. Let e ∈ 6′

represent a geodesic and writey(e) for the image of this geodesic with zeroth
coordinate in the fundamental domain. For eache we chooseξe ∈ Qp ∪ {∞}
different from the ends ofy(e). It is easy to see that we need only choose a finite
number of such reference points. More precisely, we can consider two nearby
geodesicse, e′ ∈ 6′ for which ei = e′

i , for −n ≤ i ≤ n, with n is sufficiently
large, then we can chooseξe = ξe′ . Since we are assuming thateande′ agree on
a very long cylinder then the endy(e′) in the projective spaceP1(Qp) (thought
as the boundary∂ X of the treeX) must be close to the end ofy(e). (Similarly
for g−1y(Te) andg−1y(Te′), for g ∈ 00.) If the cylinders are long enough, it is
possible to findξe outside all these sets. We thus parameterize the set of frames
projecting on the geodesicy(e) by the mapuξe:

uξe(g) =
τξe

|τξe|p
, (6.4)

where(g(∞), g(0), |τξe|p) corresponds to the above parameterization ofe. We
thus have a one-to-one representation of0\PGL(2,Qp) by6′×O× which fibers
over the representation of geodesics by6′. The frame flow preserves0 orbits,
commutes with the projection to geodesics, and factors as the geodesic flow. To
compute the fiber mapping defined by the frame flow abovee, we successively
invertuξe, apply the frame flow, bring back the frame in the fundamental domain
if necessary, and applyuξTe to the new frame. This is precisely multiplication
by an element2′(e) ∈ O×. Observe that, with this construction, the formula
for periodic orbits is automatic. It remains to show that it is possible to choose
e 7→ ξe in such a way that2′ is Lipschitz continuous. Lete ∈ 6′ and let
y(e) be the associated geodesic described above. There is aN and two numbers
−N ≤ q(e) ≤ 0 and 0< q′(e) ≤ N such that the vertexα(ei ) belongs to the
fundamental domain if, and only if,q ≤ i < q′. We say thate is entering if
q(e) = 0 andleaving if q′(e) = 1. We denote byg(e) the element of0 such
that y(Tq′(e)e) = g(e)y(e). The set00 of possible suchg is finite andq, q′ and
g depend only on theei , for |i | ≤ N. We can simplify matters by definingξe

for entering elements only. More precisely, we setξe = ξT−q(e)e, and thus we
have2′(e) = 1 when 1< q′. For q′ = 1, we need to show that the map2′

is Lipschitz continuous. Recall that givene ande′ with ei = e′
i for |i | ≤ n, for

anyn ≥ N we can writed(e, e′) = p−n, say. We know that we have the same
boundary identification elementg ∈ 00 for the two sequences. It is clear for
the construction that the two pairs of end pointsα, α′, β, β ′ ∈ Qp will each be
correspondingly close, i.e.,||α −α′|| ≤ p−n and||β −β ′|| ≤ p−n. We also have
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that|(α, β, γ, ξe)|p = |(α′, β ′, γ, ξe)|p. Finally, we observe that

||uξe − uξe′
|| =

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

τξe

|τξe|p
−

τξe′

|τξe′
|p

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

=

∣
∣
∣
∣

∣
∣
∣
∣

(g(∞), g(0), ξe, g(1))

|(g(∞), g(0), ξe, g(1))|p
−

(g(∞), g(0), ξe′, g(1))

|(g(∞), g(0), ξe′, g(1))|p

∣
∣
∣
∣

∣
∣
∣
∣ .

In particular, we see that||uξe −uξe′
|| = O(p−n), from the definition of the cross

ratio. �

6.3 The case forPSL(2,Qp)

There are fourPSL(2,Qp) orbits (eight if p = 2) in P0\PGL(2,Qp), which
are described by the value ofρ. We already defined the parity of an element of6′,
and set6 for the set of even sequences. We still have to computeε((9 ′)−1(e, u)).
We see from (6.4) that:

ε((9 ′)−1(e, u)) = ε(u) + ε((α − β)(α − ξe)(β − ξe)) (mod 2), (6.5)

whereα andβ are the ends of the geodesicy(e).

Proposition 6.3. There is a one-to-one representation9 : P0\PSL(2,Qp)

7→ 6 × S and a Lipschitz continuous function2 : 6 7→ S such that:

9F29−1(e, s) = (σe,2(e)s) := σ̂ (e, s),

whereF2 is the right multiplication by
(

π 0
0 p

)
in PSL(2,Qp). Furthermore, if

e is a periodic orbit of periodk in 6, andg ∈ 0 is any element associated toe,
then

|λ2|p = 2|trg|p = −2k and p2kλ2 = 2(σ k−1e) . . . 2(σe)2(e).

Proof. We define9−1 as the restriction of(9 ′)−1 to 6 × S. We have to show
that we can choose theξe in the proof of Proposition 6.2 such that all(9 ′)−1(e, s)
are in the samePSL(2,Qp) orbit. Letsvary inS. We haveε(s) = 0 and by (6.5)
we should chooseξe such thatε

(
(α − β)(α − ξe)(β − ξe)

)
= 0 for all e. Since

the cross ratio(α, β, ξ, ξ ′) takes all possible values, it is possible to choose such a
locally constantξe, provided the endsα(y(e)) andβ(y(e)) vary in a small enough
sets. Set2(e) = 2(Te)2(e). Then(9 ′)−1(e, s) and(9 ′)−1(σe,2(e), s′) are
in the samePSL(2,Qp) orbit for all s, s′ ∈ S. The result follows from the
transitivity ofσ on6. �
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Finally, we remark for completeness that Proposition 2.7 for geodesic flows
easily extends to frame flows:

Proposition 6.4. The frame flowF2 on P0\PSL(2,Qp) is transitive and has
entropy2 log p. The measure of maximal entropy is ergodic. It corresponds to
the Haar measure on0\SL(2,Qp).

7 Proof of Theorem C

In this section we shall make use of the symbolic dynamics described in the
previous section. The following useful notion is adapted from [10].

Definition. A continuous map2 : 6 7→ S is called weakly aperiodic if the
relation

h(σ x) = zζ(2(x))h(x),

wherez ∈ C, ζ is a character onS, andh is a continuous function on6, has
only the trivial solutionz = 1, ζ trivial andh constant.

Proposition 7.1. The map2 defined in §6 is weakly aperiodic.

Proof. Assume not. Then there existz and ζ such that for any periodic
orbit of period k, we haveζ(2(k)(e)) = z−k, where we write2(k)(e) for
2(σ k−1x) . . . 2(σ x)2(x). Therefore we have for allg ∈ 0 that

ζ(p−|λ2
g|pλ2

g) = z|λg|p,

i.e., ζ̄ (λ2
g) = 1, whereζ̄ (u) = ζ(p−|u|pu)z−|u|p/2 is a character on the group of

squares inQ∗
p. By Lemma 5.1 (3) this implies that̄ζ ((x, y, u, v)2) = 1 for all

pairwise distinctx, y, u, v ∈ 3. This implies thatζ is trivial as a character onS
andz = ±1. We havez 6= −1 becauseσ is mixing. �

We also have the following useful result.

Lemma 7.2. We can find a1
2-Hölder continuous functionU : 6 → S such

that 2+ = (U ◦ σ)2U−1 depends only on sequences in the future (i.e., can be
realized as a function on the associated one sided shift space6+).

We can therefore assume (without loss of generality) that2 is defined on
6+. We letCα(6+) denote the Banach space of complex valuedα-continuous
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functions7 with norms||w|| = |w|∞ + |w|α, where| ∙ |∞ is the supremum norm
and

|w|α = sup
{

p−αn|w(x) − w(y)| : xm = ym for m < n
}

.

Let χ : S → C be a character for the compact abelian groupS. We can define a
transfer operatorL : Cα(6+) → Cα(6+) by

Lχw(x) =
1

p2

∑

σ y=x

χ([2(y)]−1)w(y).

The following result is fairly standard.

Lemma 7.3.

(1) If χ = I then the spectrum ofLI has a simple maximal eigenvalue1, and
the rest of the spectrum is contained in the disk{z ∈ C : |z| < 1}

(2) If χ 6= I then the spectral radius ofLχ is strictly less than1.

Moreover, the operator has essential spectral radius8 at mostp−1.

Proof. Part (1) on the spectrum ofLI is described in [19]. For part (2), it
is easily seen that the spectral radius ofLχ is at most 1 and the bound on the
essential spectral radius follows from [19]. IfLχ has spectral radius 1 then we
can findw ∈ Cα(6+) and 0 ≤ θ < 2π such thatLχw = ei θw. However,
this impliesχ(2−1(x))w(x) = ei θw(σ x), for all x ∈ 6+. By aperiodicity we
deduce thatw is constant andχ = I. �

Recall that2(n) is the function on6+ defined by

2(n)(x) = 2(σ n−1x) . . . 2(σ x)2(x).

We can write

Ln
χw(x) =

1

p2n

∑

σny=x

χ([2(n)(y)]−1)w(y).

By Lemma 7.3, ifm denotes the measure of maximal entropy on6+, we have
an alternative characterization of the isolated eigenvalues.

7In fact, we can assumeα = 1/2 since2 was Lipschitz and Lemma 7.2 requires us to half the
exponent.

8If σ expands the metric by 1/ρ > 1 then the function acting onα-Holder functions has essential
spectral radius isρα [19]. Hereρ = p−2 andα = 1/2.
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Lemma 7.4. For any characterχ onS and anyθ > 1
p :

Ln
χw(x) =

∫
wdm

∫
χdω +

∑

|λi |≥θ

bi,n,χ (w, x)λn
i + O

(
θn

)
. (7.1)

whereλi are the eigenvalues ofLχ ,

|bi,n,χ (w, x)| ≤
(n + di − 1)!

(di − 1)!
||w||

anddi ≥ 1 is the multiplicity ofλi . If λi is simple, we may take|bi,n,χ (w, x)| ≤
||w||.

Proof. We can write Ln
χ =

∑
i Pn

i + Qn, where Pi are eigenpro-
jections associated to eigenvaluesλi (of modulus not smaller thanθ ) and
lim supn→+∞ ||Qn||1/n < θ . By writing eachPi in Jordan canonical form we
can now derive (7.1). �

The eigenvaluesλi also have a more geometric interpretation. Let0n be the set
of conjugacy classes ofγ ∈ 0 with |trγ |p = −n. For each class[γ ] ∈ 0n, denote
by ι([γ ]) ∈ S the common value ofpnλγ . There is the following refinement of
Corollary 2.7.3:

Proposition 7.5. For any characterχ onS and anyγ > θ > 1
p :

n

p2n

∑

[γ ]∈0n

χ(ι([γ ])2) =
∫

χdω +
∑

|λi |>θ

ci,n,χλn
i + O

(
γ n

)
. (7.2)

whereλi are eigenvalues forLχ with multiplicitiesdi and|ci,n,χ | ≤ (n+di −1)!
(di −1)! . If

λi are simple, we may takeci,n,χ independent ofn. In particular, eigenvalues
of matrices in0 are uniformly distributed in the sense that for any continuous
functionφ onS, we have:

lim
n→∞

n

p2n

∑

[γ ]∈0n

φ(ι([γ ])2) =
∫

φ(s)dω(s),

whereω is the Haar probability measure onS.

The proof consists in an application of the arguments from [22] or [19]. The
original argument of Ruelle gave an exponential error term, but one with a larger
exponent thanγ . The optimal estimate was later derived by Haydn, and it is
his proof which is followed in [19]. However, subsequently a simplified proof
of this result was obtained by Ruelle [22] which is the one that we will briefly
describe. The main ingredient is the following lemma.
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Lemma 7.6. For any characterχ onS and anyγ > θ > 1
p :

1

p2n

∑

σnx=x

χ([2(n)(x)]−1) =
∫

χdω +
∑

|λi |>θ

ci,n,χλn
i + O

(
γ n

)
. (7.3)

whereλi are eigenvalues forLχ of multiplicity di , and|ci,n,χ | ≤ (n+di −1)!
(di −1)! . If λi

are simple isolated eigenvalues, we may takeci,n,χ independent ofn.

Proof. For completeness, we briefly sketch the idea of the proof (see Ruelle
[22, §2.13] and [19, pp. 157-164]). For each stringi0, ∙ ∙ ∙ , i l−1 for 6 we choose
a sequencexi0,∙∙∙ ,i l−1 ∈ [i0, ∙ ∙ ∙ , i l−1] whose first symbol isi . One can then
estimate

∑

σne=e

χ([2(n)(e)]−1) −
∑

i0

(Ln
χ I[i ])(xi )

=
n∑

l=1




∑

i =i0,...,i l−1

(Ln
χ I[i0,...,i l−1])(xi0,...,i l−1) − (Ln

χ I[i0,...,i l−2])(xi0,...,i l−2)





= O(nθn),

(7.4)

for any 1
p < θ < 1, Whenχ = I we have the maximal eigenprojection forLI is

∫
∙dm. In particular,Ln

I I[i ] →
∫

I[i ]dm. We deduce estimate (7.3) using (7.1)
and (7.4). The proof is the same whenχ 6= I, but now the main term is 0, that
we interpret as

∫
χdω. �

To complete the proof of Proposition 7.5, recall that by Proposition 6.3, we
have a one-to-one correspondence between periodic orbits ofσ of periodn and
conjugacy classes in0n. Moreover, the value of2(n) is exactly the unitary part
ι([γ ])2 of the square of the maximal eigenvalue of the conjugacy class[γ ]. It
follows that we can estimate, by counting only prime periodic orbits:

|
1

n

∑

σnx=x

χ([2(n)(x)]−1) −
∑

[γ ]∈0n

χ(ι([γ ])2)| = O(pn).

Which completes the proof. �

Remark. In the case thatp 6= 2, we can remove the squares in the statement
of Theorem C. This follows since the eigenvalues forγ and−γ appear as the
square roots ofλ2

γ .
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8 Error terms and the Ramanujan-Petersson Conjecture

In this final section we shall prove Corollary 1. We use a mixture of symbolic
dynamics and representation theory, which has parallels with the Lewis-Zagier
approach to cusp forms [15].

8.1 Transfer operators

We begin with some comments based on the transfer operator. By Proposition
7.5 we get:

|
n

p2n

∑

0n

χ(ι([γ ])2) −
∫

χdω| ≤ Cn(χ)|λ1(χ)|n, (8.1)

whereλ1(χ) is the eigenvalue ofLχ with highest modulus (second highest when
χ = I), Cn(χ) depends on the total multiplicities of eigenvalues with the same
modulus asλ1(χ), and grows polynomially inn. We want to consider

c(0) := sup
χ

|λ1(χ)|.

If we havec(0) < 1, we obtain relation (0.2) for anyθ, c(0) < θ < 1. A related
result comes from a consideration of the rate of mixing of the frame flow with
respect to the measureμ = m × ω on6+ × S.

Lemma 8.1. Fix χ ∈ S, choose Lipschitz functionsG, H ∈ Cα(6) and denote
Gχ(x, s) = Gχ(x)χ(s), Hχ(x, s) = Hχ(x)χ(s) and cG,H,χ (n) :=

∫
Gχ ◦

(σ̂ )nHχdμ. Then for anyγ > θ > 1
p :

cG,H,χ (n) =
∫

Gdm
∫

Hdm
∫

χdω +
∑

|λi |>θ

(n + di − 1)!

(di − 1)!
Di λ

n
i +O

(
γ n

)
, (8.2)

whereDi depends onG andH . If λi are simple isolated eigenvalues this becomes

cG,H,χ (n) =
∫

Gdm
∫

Hdm
∫

χdω +
∑

|λi |>γ

Di λ
n
i + O

(
γ n

)
,

whereDi depends onG and H .

Proof. We can writecG,H,χ (n) =
∫

GχL
n
χ Hχdμ and then the result follows

from Lemma 7.4. �
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8.2 Representations

Let us fix χ ∈ Ŝ, and consider functionsG j , j = 1, . . . , K (χ), such that
G j,χ = G j (x)χ(s), j = 1, . . . , K (χ) form an orthonormal basis of the sum of
the eigenspaces corresponding to eigenvalues with the same modulus asλ1(χ).
By Lemma 8.2 we have that

log |λ1(χ)| = lim
n

1

n
sup
j,k

log

∣
∣
∣
∣

∫
G j,χ ◦ (σ̂ )nGk,χdμ

∣
∣
∣
∣ ,

whereσ̂ is the symbolic frame flow. By Proposition 6.3, we get

logc(0) ≤ sup
χ

sup
G,H

lim
n→+∞

1

n
log

∣
∣
∣
∣
∣

∫

0\PSL(2,Qp)

Gχ(0gan)Hχ (0g)dg

∣
∣
∣
∣
∣
, (8.3)

wherea is the diagonal elementa =
(

p 0
0 π

)
and the supremum is taken over all

α−Hölder continuous functionsG, H on the associated shift6+ (taken with∫
G = 0 whenχ = I). We can use representation theory to estimate the Right

Hand Side of (8.3).
Let G = PSL(2,Qp), and0 a lattice inG, and let us denote byUg, g ∈ G,

the regular right representation ofG on L2(0\G). In order to effectively bound
(8.3) we have to replace general Hölder functions byK -finite vectors.9 Let ϕ

be a typicalα Hölder continuous function on6+, then we can write

ϕ =
∞∑

i =0

ϕi , (8.4)

whereϕ0 =
∫

ϕ and

(a) ϕi depends only on coordinates between 0 andi on6+,

(b)
∫

ϕi = 0, and

(c) ||ϕi ||∞ ≤ ‖ϕ‖α p−αi .

We can suppose we have chosen for our identification of6 with
0\PSL(2,Qp)/M a fundamental domain of diameter smaller thanD, say, and
containing the vertexe0 (which is fixed byK = PSL(2,Zp)). Fix χ . Let 8i

be associated to the functionϕi (x)χ(s). The imagesK8i of 8i under the right
action of K are associated to functions on the tree which depend only on the
edges at distance toe0 smaller thani + D. Moreover, the orbit ofχ underK is
finite. It follows that the8i areK -finite, and dim(〈K8i 〉) ≤ Cχ(p2 + 1)i +D.
Recall that we can chooseα = 1

2.

9i.e., functions for which the span〈K8i 〉 of the K -orbit K8 is finite dimensional.
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Lemma 8.2. Assume there is a numberβ < 1 such that for theK -finite func-
tions8i , 9 j with norm 1 and orthogonal to constants, we have:

|〈Uan8i , 9 j 〉| ≤
√

dim(〈K8i 〉)dim(〈K9 j 〉) βn. (8.5)

Then, forGχ =
∑∞

i =0 8i and Hχ =
∑∞

i =0 9i , we have that, for eachγ < 1
3

|〈UanGχ , Hχ 〉| = O
(
βnγ

)
.

Proof. The proof uses decomposing the functionsGχ , Hχ from formula (8.4)
into a sum ofK -finite functions as above. We then apply (8.5) to get:

|〈UanGχ , Hχ 〉| ≤
∑

i, j ≥0

|〈Uan8i , 9 j 〉|

≤
∑

i, j ≥0

min{Cχ(
√

p2 + 1)i + j +2Dβn, ‖G‖ 1
2
‖H‖ 1

2
p−(i + j )/2}

The estimate easily follows. �

We also need the following standard result on representations.

Lemma 8.3 [8, p. 23]. Since0\PSL(2,Qp) is compact, the regular right
representation ofG splits into a countable number of discrete unitary represen-
tations.

A K -finite function8 in L2(0\PSL(2,Qp)) decomposes into an orthogonal
sum of8k in the irreducible representations. It is clear that the8k areK -finite
and that

dim(〈K8〉) =
∑

k

dim(〈K8k〉).

To prove (8.5), it suffices to know that there is a numberβ < 1 such that
for any irreducible representationρ in L2(0\G), anyK -finite unit vectorsu, v

orthogonal to the constant functions, we have:

〈ρ(an)u, v〉 ≤
√

dim(〈Ku〉)dim(〈Kv〉) βn. (8.6)

In order to minimizeβ, we shall concentrate on congruence subgroups.
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8.3 Congruence subgroups

For definiteness, consider the quaternion algebraD = D(1, 1). Recall from
§2.3 that if we writeG(Qp) = D ⊗Qp then

(1) G(R) is compact,

(2) G(Q2) is compact, and

(3) G(Qp) is not compact forp 6= 2, ∞.

For p ≡ 1(4), PG(Qp) is isomorphic toPGL(2,Qp), and0 = 0(1) =
PG(Z[1/p]) is a cocompact lattice inPGL(2,Qp).

Definition. For p ≡ 1(4) andN ≥ 1, (N|p) = 1, thecongruencesubgroup
0(N) of PGL(2,Qp) associated toD andN is the group

0(N) = Ker(G(Z[1/p]) 7→ G(Z[1/p]/NZ[1/p])).

Clearly, a congruence subgroup is a cocompact lattice inPGL(2,Qp). By
Lemma 1.1, its intersection withPSL(2,Qp) is a cocompact lattice in
PSL(2,Qp). Our objective is to show the following.

Proposition 8.4. Let 0 be a congruence subgroup ofPGL(2,Qp). Then,
for any irreducible representationρ in L2(0\PGL(2,Qp)), any K -finite unit
vectorsv1, v2 orthogonal to the constant functions, we have:

〈ρ(an)u, v〉 ≤
√

dim(〈Ku〉)dim(〈Kv〉)
(

1

p

)n

. (8.7)

Proposition 8.4 itself follows from deep results of Jacquet-Langlands [12,
Theorem 18, p. 186] and Deligne [12, Theorem 6, p.137], [14, pp. 79-82].
More precisely, forq 6= p, let Kq ⊂ G(Qq) be a compact open set and let
0 = G(A) ∩

∏
q 6=p Kq, whereA denotes the adeles ofQ. There is a natu-

ral bijection betweenG(Q)\G(A)/
(

G(R) ×
∏

q 6=p Kq

)
and0\G(Qp), which

induces aG(Qp)-equivariant isometry on the correspondingL2 spaces. In par-
ticular, if ρp is an irreducible representation appearing inL2(0\Qp) then there
exists an irreducible representationρ in L2(G(Q)\G(A)) such that thepth com-
ponent ofρ isρp. By the Jacquet-Langlands theorem, for all suchρp there exists
an irreducible representation of̃ρ ∈ L2(SL(2,Q)\SL(2,A)) such that̃ρp = ρp
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andρ̃∞ is a discrete series forSL(2,R). It then follows from Deligne’s Theorem
thatρ̃p is tempered. In particular, for allε > 0 andK -finite vectorsu, v we have
that〈ρp

(
pn 0
0 πn

)
u, v〉 = O

(√
dim(〈Ku〉)dim(〈Kv〉)p−n

)
[5].

We can now complete the proof of Corollary 1.
By sections 8.1 and 8.2 we see that the spectral gap can be estimated by the

speed of mixing and thus by the decay of coefficients in some representations
(Lemma 8.3). This decay is given by (8.7). It follows that no eigenvalue for any

operatorLχ occurs in the region|z| >
(

1
p

)1/3
and Corollary 1 follows.

Remarks.

(i) There are a number of closely related invariants associated to graphs such
as0\G/K . Perhaps the most familiar is theIhara zeta functiondefined
by

Z(s) =
∏

γ

(
1 − p−sl(γ )

)−1

where the product is over prime closed curvesγ in 0\G/K of lengthl (γ ).
Ihara showed thatZ(s) is rational inu = q−s and can be expressed in terms
of the transition matrixA by Z(s) = (1 − u2)−1 det(I − Au + qu2)−1.
In particular, the poles ofZ(s) are determined by the eigenvalues of the
transition matrixA and for congruence subgroups we have the analogue of
the Riemann hypothesis on the location of the zeros. The above analysis
shows that the correspondingL-function

L(s, χ) =
∏

[γ ]

(
1 − χ(ι([γ ]))p−sl(γ )

)−1

has a meromorphic extension to a half-planeRe(s) > c, wherec < 1.

(ii) It would be interesting to extend Theorem 3 and Corollary 1 to the case
of lattices0 containing torsion. However, this would require a significant
revision of the method of coding geodesics since0\Y is not obviously a
subshift of finite type. There is a discussion of this problem in [2].
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