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The Nash modification and hyperplane sections
on surfaces

Jawad Snoussi

Abstract. We prove that the planar components of the tangent cone of a complex
analytic surface at a point correspond to the base points of hyperplane sections by
the Nash modification. This correspondence is then used to characterize domination
relations between the normalized Nash modification and the normalized blow-up of a
point.
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1 Introduction

For studying singularities of germs at a point of complex analytic surfaces, two
particular modifications may be considered: the blow-up of the point and the
Nash modification. Both transformations have desingularization virtues. In
fact, the surface can be desingularized after a finite iteration of normalized point
blow-ups ([11], [1]) or normalized Nash modifications ([9]).

The domination relation between these two modifications is related to hy-
perplane sections and polar curves and their base points after one or another
modification.

It is well known that the normalized blow-up of a point factors through the
Nash modification if and only if the family of local (absolute) polar curves does
not have a base point after the blow-up ([3], [9]). These base points correspond
to the so called “exceptional tangents" of the surface at the blown-up point ([6]).
They are completely characterized in the case of normal surfaces in [8]. For the
case of hypersurfaces ofC3 with non-isolated singularities we refer to [5].

In this work, we give a necessary and sufficient condition for the normalized
Nash modification to factor through the blow-up of a point.
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We first characterize the base points of hyperplane sections after Nash modi-
fication. We prove that these base points are in one-to-one correspondence with
the planar components of the tangent cone of the surface at the considered point
(Theorem 3.2).

Then we prove that the normalized Nash modification of the surface factors
through the blow-up of a point if and only if the tangent cone of the surface at
that point does not have any planar component (Theorem 4.2).

In the last section, we use the characterizations of the base points of the polar
curves after the blow-up of a point, given in [8], to prove that, in the case of
normal surfaces, the normalized blow-up of a point dominates the normalized
Nash modification if and only if they are isomorphic (Theorem 5.4).

The main tool we use to prove the results of this work is the so-called “normal-
conormal” diagram, adapted to the case of the Nash modification (see for example
[6]).
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USP in São Carlos. The author would like to thank particularly M.A. Ruas for
all the help she provided, and also R. Bondil, D.T. Lê, and P. Popescu-Pampu for
fruitful discussions and comments on preliminary versions of the manuscript.

2 Planes of the tangent cone

Let (S, 0) be a germ of reduced and equidimensional complex analytic surface
embedded in(CN, 0).

Denote bye : S′ → S the blow-up of the origin in a representative of(S, 0);
or equivalently the blow-up of the maximal idealm of the local ringOS,0 of
holomorphic functions on(S, 0). Call S0 the non-singular locus of the surface
S, and consider the morphismλ : S0 → G(2, N) such thatλ(x) = Tx S; where
G(2, N) is the Grassmannian of 2-dimensional linear subspaces ofCN andTx S
is the direction of the tangent space toSat x. The closurẽSof the graph ofλ in
S× G(2, N) is a reduced analytic surface. The induced morphismν : S̃ → S
is called the Nash modification ofS; it is an isomorphism over the non-singular
locus of S (see for example [3], [5] or [9]). The blow-up of the idealmOS̃,
defines a morphisme′ : X → S̃.

We have the following commutative diagram:

S× PN−1 × G(2, N) ⊃ X
e′

−−−−→ S̃ ⊂ S× G(2, N)

ν′




y ν




y

S× PN−1 ⊃ S′ e
−−−−→ S ⊂ CN

(1)
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where the morphismν ′ is induced by the universal property of the blowing-up.
Let us callξ : X → S the composed morphismν ◦ e′ = e◦ ν ′.

Recall the following description of the fibers of the morphismse andν:
|e−1(0)| is isomorphic to|ProjCS,0|, where|ProjCS,0| is the set of generatrices

of the tangent cone ofS at the origin (see [10, §8]). In other words, a linel
represented by a point ofPN−1 is such that(0, l ) ∈ |e−1(0)| if and only if there
exists a sequence(xn) of points inS converging to 0 such that the sequence of
lines(0xn) (called secants) converges tol in PN−1.

On the other hand,|ν−1(0)| is the set of all limits of directions of tangent
spaces at the origin. In other words,(0, T) ∈ |ν−1(0)| if and only if there exists
a sequence(xn) of non-singular points inSconverging to 0 such that the sequence
(Txn S) converges toT in G(2, N).

Thanks to Whitney’s lemma (see [10, theorem 22.1]), we can give the following
description of the fibers of the morphismξ (see also [5, proof of theorem 1.4.4.1]):

A point of ξ−1(0) is of the form(0, l , T) wherel andT are respectively limits
of secants and directions of tangent spaces reached by the same sequence of
non-singular points; in particular we havel ⊂ T .

Consider now the irreducible decomposition|ξ−1(0)| =
⋃

α Dα. All the
componentsDα are of dimension 1. CallWα = |e′(Dα)|, andVα = |ν ′(Dα)|.
The duality between theVα ’s and theWα ’s is important for the description of
the limits of tangent spaces (see [6] and [2]). We are going to use this duality
to describe some particular components of the tangent cone of the surface at the
origin; namely the planar components.

Proposition 2.1.The setsWα of dimension0 are in one-to-one correspondence
with the 2-dimensional planes of the tangent cone|CS,0|.

Proof. If dimWα = 0 then it is of the form(0, Tα) with Tα ∈ G(2, N). The
componentDα being of dimension one, there exists an irreducible component
Cα of |CS,0| suchDα = {(0, l , Tα), l ∈ Proj (Cα)}. By the description we gave
for ξ−1(0), we haveCα ⊂ Tα. SinceTα is a two-dimensional plane, we have
Cα = Tα.

If T0 is a two-dimensional plane contained in the reduced tangent cone of S
at 0, thenT0 is a limit of tangent spaces toS at 0 ([4, theorem 1.5]). Hence
Dα0 = {(0, l , T0), l ∈ Proj (T0)} is an irreducible component of|ξ−1(0)|. The
imageWα0 = e′(Dα0) = {(0, T0)} is of dimension 0. �

Remark 2.2. Note that aWα of dimension 1 is an irreducible component of
the fiber|ν−1(0)|, in case it has dimension one. By the characterization given
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in [6], it is either a pencil of planes containing an exceptional tangent or the
planes tangent to a non-planar irreducible component of the tangent cone at the
origin.

3 Base points of hyperplane sections by the Nash modification

D.T. Lê and B. Teissier showed that the exceptional tangents correspond exactly
to the base points of the local (absolute) polar curves after the blow-up of the
maximal ideal ([6, proposition 2.2.1]).

We are going to prove a dual statement, making a correspondence between the
planes of the tangent cone and the base points of hyperplane sections after the
Nash modification.

Definition 3.1. Let (Cα, 0) be a family of germs of curves on the surface(S, 0),
parameterized by a projective spacePr . Consider a modification of the surface
μ : X → S.

A pointη ∈ X is a base point of the family of curves(Cα) by the modification
μ if there exists an open dense set� ⊂ Pr , such thatη is a point of the strict
transform of the curveCα for anyα ∈ �.

Theorem 3.2.A pointη ∈ S̃ is a base point of the hyperplane sections ofS by
the Nash modification if and only ifη corresponds to a plane of the tangent cone
of Sat 0.

Proof. Setη = (0, T0) ∈ ν−1(0), and supposeT0 is a plane of the tangent cone
CS,0.

By Proposition (2.1), there existsα such that{(0, T0)} = Wα = e′(Dα). On
the other hand,Vα = ν ′(Dα) is an irreducible component of Proj|CS,0| that is
actually Proj(T0).

For any hyperplaneH ∈ (PN−1)∨, we have Proj(H) ∩ Proj (T0) 6= ∅. Hence
by commutativity of the diagram (1), the strict transform ofH ∩ Sby ν contains
the pointη; soη is a base point.

Conversely, supposeη is a base point of the hyperplane sections ofSby ν. By
commutativity of the diagram (1), for a generic hyperplaneH , the intersection
Proj (H) ∩ ν ′(e′−1(η)) is not empty. Hence, dime′−1(η) > 0. The pointη
corresponds then to aWα of dimension zero, which is, by Proposition 2.1, a
plane of the tangent cone. �

Remark 3.3. From the proof of theorem 3.2, it follows that if the tangent cone
CS,0 contains a plane then, the strict transforms by the Nash modification of all
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the hyperplane sections (not only generical ones) will contain the point corre-
sponding to that plane.

4 Factorization of the Nash modification through the blow-up of the
maximal ideal

It is known that the Nash modification has a “universal property" with respect
to polar curves, in the sense that a normalized modificationμ of the origin does
not have any base point for the polar curves if and only ifμ factorizes through
the normalized Nash modification (see [9, III.1.2] and [3, 1.2]).

In this section we will state a similar result with respect to hyperplane sections
and the blow-up of the maximal ideal.

We first prove an algebraic version of the statement that seems to be well
known to many specialists.

Let f1, . . . , fr be holomorphic functions inOS,0, whose unique common zero
in a sufficiently small neighborhood of the origin is 0. The linear system of
curves generated by thefi ’s is the family of curves defined by an equation of the
form α1 f1 + . . . + αr fr = 0 with (α1 : . . . : αr ) ∈ Pr −1.

Proposition 4.1.Letμ : X → Sbe a normalized modification of the surfaceS.
The linear system of curves generated byf1, . . . , fr has no base point byμ if
and only if the ideal sheaf( f1, . . . , fr )OX is locally principal.

Proof. Let us callI the ideal ofOS,0 generated byf1, . . . , fr .
Supposeη ∈ μ−1(0) ⊂ X is not a base point byμ of the linear system

generated byf1, . . . , fr . Then there exists a linear combinationf of the fi ’s
such that:

i) The strict transform off = 0 byμ does not containη, and

ii) The valuation of f along the irreducible components of the exceptional
divisor passing throughη is minimum among the valuations of all the
functions inI .

Let g ∈ I . SinceX is a normal surface, the exceptional divisor ofμ is Cartier
outside a finite number of points. So the quotient(g◦μ)/( f ◦μ) is well defined
nearη except maybe inη. Again by normality ofX, this quotient extends to a
holomorphic function nearη. Hence( f ◦ μ) generatesIOX,η.

Conversely, supposeIOX,η principal, withη ∈ μ−1(0) ⊂ X. If fi0 is such
that the order atη of ( fi0 ◦ μ) is minimum among the orders atη of the other
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generators, thenIOX,η = ( fi0 ◦ μ)OX,η. Since the idealI is primary for the
maximal ideal ofOS,0, the strict transform offi0 = 0 by μ does not containη.
So, for a generic linear combinationf = α1 f1 + . . . + αr fr the strict transform
by μ of f = 0 does not contain the pointη. Henceη is not a base point. �

If we apply Proposition 4.1 to the Nash modification, consider the caseI = m
and use the universal property of the blowing-up and theorem 3.2, then we obtain:

Theorem 4.2.The normalized Nash modification of a reduced equidimensional
germ of surface(S, 0) dominates the blow-up of the origin if and only if the
reduced tangent cone ofSat 0 does not contain any two-dimensional plane.

5 Comparison between Nash modification and point blow-up for normal
surfaces

We already know that, the normalized blow-up of the origin of a normal surface
dominates the Nash modification if and only if there are no base points of the
polar curves by the blow-up of the origin ([9, theorem III, 1.2]).

In [8, theorem 5.8], we gave characterizations of base points of polar curves
on a normal surface by the blow-up of the origin. We used for that the fact that
they correspond one-to-one to the exceptional tangents of the surface at 0 (see
[6, proposition 2.2.1]).

Let us state this result for the commodity of the reader:

Theorem 5.1. Let (S, 0) be a germ of a normal surface singularity. Calle :
S′ → S the blow-up of the origin, andn : S̄ → S′ its normalization. The base
points of the family of polar curves by the blow-upe are:

• the image byn of the singular points of the surfacēS,

• the image byn of the singular points of the exceptional divisor|(e ◦
n)−1(0)|,

• the critical values of the restriction ofn to the exceptional divisor|(e ◦
n)−1(0)|, and

• the singular points of the analytically irreducible components of the ex-
ceptional divisor|e−1(0)|.

As a corollary of this theorem we have the following properties for the normal
surfaces without base points for the polar curves by the blow-up of the origin.
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Corollary 5.2. Let (S, 0) be a germ of a normal surface such that the family of
polar curves does not have base points by the blow-up of the origin. Then, the
normalized blow-up of the origin is smooth and the tangent cone at the origin is
irreducible.

Proof. The smoothness of the normalized blow-up is immediate from Theo-
rem 5.1.

If the reduced tangent cone is not irreducible, then the exceptional divisor
|(e◦ n)−1(0)| will have at least two irreducible components. By Zariski’s main
theorem, there is at least one singular point of the exceptional divisor|(e ◦
n)−1(0)|. By theorem 5.1, the image of such a point will be a base point of the
polar curves bye. So the reduced tangent cone needs to be irreducible.�

Remark 5.3. Notice that, in theorem 5.1, an intersection point of two irreducible
components ofe−1(0) does not need to be a base point of the polar curves bye
(unless it is one of the other points specified in theorem 5.1). However, in the case
of hypersurfaces ofC3, or normal singularities whose blow-up at the origin is
still normal, these intersection points are always base points of the polar curves
(see [4, theorem 3.1] and [8, corollary 5.11] respectively).

We can now state and prove the main result of this section:

Theorem 5.4.Let(S, 0) be a singular germ of a normal surface. The normalized
blow-up of the origin dominates the normalized Nash modification if and only
they are isomorphic. In this case they both desingularize the surface.

Proof. Suppose that the normalized Nash modification does not dominate the
blow-up of the origin. By theorem 4.2, the tangent coneCS,0 contains a two-
dimensional plane. Two cases are possible:

i) The reduced tangent cone is not irreducible. By corollary 5.2, the polar curves
have a base point by the blow-up of the origin. Hence, by [9, theorem III, 1.2],
the normalized blow-up of the origin does not dominate the Nash modification.

ii) CS,0 is irreducible and is a two-dimensional plane. In this case, consider a
linear spaceL ⊂ CN of dimensionN − 2, such thatL ∩ |CS,0| = {0}. Call
p : CN → C2 the linear projection whose kernel isL. The restriction ofp to
S is a finite generic mapπ : S → C2. Since the surfaceS is singular at 0,
the discriminant ofπ is a non-empty curve (see [7, proposition 2.3]). LetD
be a line of the tangent cone of the discriminant at 0. By, [8, theorem 3.3], the
hyperplaneH = p−1(D) is a limit of tangent hyperplanes toS at 0. Because
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of the conditionL ∩ |CS,0| = {0}, the hyperplaneH can not contain the tangent
plane to the tangent cone (that is the tangent cone itself). SoH contains an
exceptional tangent (see [6] or [8]). Hence the polar curves have a base point by
the normalized blow-up of the origin. So, by [9, theorem III, 1.2], the normalized
blow-up of the origin does not dominate the Nash modification.

We have then proved that, if the normalized blow-up of the origin dominates
the normalized Nash modification then the converse is also true, and hence they
are isomorphic.

The other implication is obviously true. The smoothness is given by Corol-
lary 5.2. �

6 Examples

i) Consider the surfaceSdefined inC3 by the equationf = xn + yn + zn = 0.
f being homogeneous, the tangent coneCS,0 is also defined byf = 0. It is
an irreducible cone that is not a plane. So the normalized Nash modification
dominates the blow-up of the origin (theorem 4.2).

We can prove independently of the results contained in this work, that the
normalized Nash modification of this surface is isomorphic the the blow-up of
the origin. In fact, the Nash modification is the blow-up of the jacobian ideal
(xn−1, yn−1, zn−1). The jacobian ideal has the same integral closure as the ideal
(x, y, z)n−1, and this last one has the same blow-up as the maximal ideal(x, y, z).
So the normalized blow-up of the jacobian ideal is isomorphic to the blow-up of
the maximal ideal (that is already normal).

ii) S is defined inC3 by x2 + y2 + z3 = 0. The tangent cone is a union of two
planes. So the normalized Nash modification does not dominate the blow-up of
the origin (theorem 4.2).

Actually, the blow-up of the origin is the minimal resolution of(S, 0). On the
other hand the normalized Nash modification produces two singular points of
multiplicity 3 each one (see for example [3]).

iii) Consider the surfaceS union of two planes inC4 intersecting at the origin.
The Nash modification ofS is the normalization ofS, that is non-singular. The
blow-up of the origin is a resolution of the singularity; it factors then through the
normalization. But they are not isomorphic since the blow-up is not finite. This
proves that we can not extend theorem 5.4 to non-normal surface singularities.
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