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A generalized Jensen’s mapping and linear
mappings between Banach modules

Chun-Gil Park

Abstract. Let X andY be vector spaces. It is shown that a mappingX — Y
satisfies the functional equation

Zd+1 d+1

i=1 ’) me) )

if and only if the mappind : X — Y is additive, and prove the Cauchy—Rassias stability
of the functional equatio(it) in Banach modules over a unit@af-algebra. Let4 andB

be unitalC*-algebras, Poissdd*-algebras, PoissahC*-algebras or Lie) C*-algebras.

As an application, we show that every almost homomorphisnl — B of A into B

is a homomorphism wheln((d + 2)"uy) = h((d + 2)"u)h(y) orh((d +2)"uo y) =
h((d + 2)"u) o h(y) for all unitariesu € A, ally € A,andn=0,1,2, ---.

Moreover, we prove the Cauchy—Rassias stability of homomorphisi@$-migebras,
PoissorC*-algebras, PoissodiC*-algebras or Liel C*-algebras.

Keywords: Cauchy—Rassias stabilitg,*-algebra homomorphism, Poiss@ri-algebra
homomorphism, Poissod C*-algebra homomorphism, Lid C*-algebra homomor-
phism.

Mathematical subject classification: Primary 47B48, 39B52, 46L05, 17A36.

(d+1)f(

1 Introduction

In 1940, S.M. Ulam [24] raised the following question: Under what conditions

does there exist an additive mapping near an approximately additive mapping?
Let X andY be Banach spaces with norms|| and|| - ||, respectively. Hyers

[4] showed that il > 0 andf: X — Y such that

[fxX+y) — 10— f(Wl <e
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334 CHUN-GIL PARK

for all x, y € X, then there exists a unique additive mappihgX — Y such
that
O =TXI <e€

forall x € X.

Considerf : X — Y to be a mapping such thdt(tx) is continuous it € R
for each fixedx € X. Assume that there exist constaats- 0 andp € [0, 1)
such that

Ifx+y) = f) = fWI < edxI®+1yIP *)

for all x, y € X. Th.M. Rassias [16] showed that there exists a unigtimear
mappingT : X — Y such that

2
100 = Tl < =——

< 5o lIXIIP

for all x € X. The inequality £) that was introduced for the first time by
Th.M. Rassias [16] we call Cauchy—Rassias inequality and the stability of the
functional equatiorCauchy—Rassias stabilityThis inequality has provided a
lot of influence in the development of what we now ddllers—Ulam—Rassias
stability of functional equations. Beginning around the year 1980 the topic of
approximate homomorphismes, or the stability of the equation of homomorphism,
was taken up by a number of mathematicians (cf. [2], [5], [11]-[14], [18]-
[23]). Th.M. Rassias [17] during the $nternational Symposium on Functional
Equations asked the question whether such a theorem can also be proved for
p > 1. Z. Gajda [1] following the same approach as in Th.M. Rassias [16], gave
an affirmative solution to this question fpr> 1.

Junand Lee [6] proved the following: Denotedy X\ {0} x X\ {0} — [0, c0)
a function such that

g, y) =) 393 x,3y) <0
j=0

forall x, y € X\ {0}. Suppose thaf : X — Y is a mapping satisfying

+
12f (X—Zy> — ) — (Y] < e(x. y)

forall x, y € X\ {0}. Then there exists a unique additive mappihgX — Y
such that

1. ~
[f)— (0 -TX| = 30X =X) + (=X, 3x))
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LINEAR MAPPINGS BETWEEN BANACH MODULES 335

forall x € X\ {0}. C. Park and W. Park [15] applied the Jun and Lee’s result to
the Jensen’s equation in Banach modules ov@t-algebra.

Throughout this paper, assume tlas a positive integer.

In this paper, we solve the following functional equation

d+1 d+1
(o|+1)f(ZJ =1 ‘) Zf(xJ (L.i)

We moreover prove the Cauchy—Rassias stability of the functional equation (1.i)
in Banach modules over a unit@f-algebra. The main purpose of this paper
is to investigate homomorphisms betwegttralgebras, between Poiss@r-
algebras, between PoissdC*-algebras and between LIEC*-algebras, and to
prove their Cauchy—Rassias stability.

2 Ageneralized Jensen’s mapping

Throughout this section, assume tiaandY are linear spaces.

LemmaZ2.1. Amappingf : X — Y satisfiegl.i)forall X, o, - -+ , Xg41 € X
and f (0) = Oif and only if f is additive.

Proof. Assume thatf : X — Y satisfies (1.i) for alky, Xo, - - - , Xg41 € X.
PuttingX, = - -+ = Xg+1 = 0in (1.i), we get
A+ ) = fox) 2.1)
d+1)  ° '
for all x; € X. Puttingxz = - - - = Xg41 = 0 in (1.i), it follows from (2.1) that

X1+ X2
d+1

f(X1+X2)=(d+1)f< )=f(X1)+f(X2)

for all x4, X, € X. Thusf is additive.
The converse is obviously true. O

Whend = 1 in the functional equation (1.i), the functional equation (1.i)
becomes the Jensen functional equaticbmf'%—)’) = f(xX)+ f(y).
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336 CHUN-GIL PARK

3 Cauchy—Rassias stability of the generalized Jensen’s mapping in Banach
modules over aC*-algebra

Throughout this section, assume ttais a unitalC*-algebra with norm- | and
unitary groupU(A), and thatX andY are left Banach modules ovet with
norms|| - || and| - ||, respectively.

Given a mappingf : X — Y, we set

d+1

Zd+l
Duf(xl,.--,xd+1):=(d+l)f( ) X:Uf(xJ

forallu e U(A) and allxy, - - - , X411 € X.

Theorem 3.1. Letf : X — Y be a mapping satisfying (0) = 0 for which
there is a functiorp : X4+ — [0, co) such that

P(X1, -+ 4 Xdg1) ==
i i i
JZ o Z)J e((d+2))x, -, (A +2)xa11) < 00, (3.)
Dy f (X, Xar) | < 9(Xg, -+, Xdy1) (3.ii)
forallu e U(A)andallxy, - - - , Xg411 € X. Thenthere exists a uniqué-linear

generalized Jensen’s mappihg: X — Y such that

[fx)— LX) <
X X X X
— 1ld+2x. ==, ... -Z ol x. == ... —Z 3.iii
12 ¢Q + 2)X, g d)+¢<x g d) (3.1ii)
—_—— N—————
d times d times
forall x € X.
Proof. Letu = 1¢€ U(A). Puttingx; = dxandx, = --- = Xg;1 = —X in
(3.ii), we have
| — f@dx) —df(=x)[| <X, =X, -, =X) (3.1)
\*f_—/

d times
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LINEAR MAPPINGS BETWEEN BANACH MODULES

337
forall x € X. Puttingx; = (d? 4+ 2d)x andx, = - - - = Xq41 = —X in (3.ii), we
have
ld+2)fdx) — f((d*+2d)x) —df(—=x)[| < o((d*+2d)X, =X, -+, —X)

d times
forall x € X. So
I(d +2) f(dx) — f((@*+2d)x)|| <p((d® +2d)x, =X, -~ —X)
d times
+ @(dXx, =X, -+, —X),
— —
d times
and
1 1 X X
I f(x)— d——|—2f((d + 2)x)|| Sm‘/’((d + 2)X, B —a)
_\r_J
d times
(3.2)
P S O S
d+2°\" "d T
\_\/_-J
d times
for all x € X. Hence
= f(@ 4 2™ — = f(d+ 2™
d+2)" (d+2)n+1
1
_ n _ n
= (d+2)nllf((d+2) X) —d+2f((d+2)(d+2) X)||
1 Nl (d+2)"x (d+2)"x (33)
5(d+2)n+1“’((d+2) YT T g
d times
1 (d+2)"x (d+2)"x
- MMy "2 _FTHE A
+(d+2)n+1"’((d+ T )
d times
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338 CHUN-GIL PARK

for all x € X and all positive integers. By (3.3), we have

1
f 2)x)
d1om @+ - ==

1
i, @+2%% (d+2)
Z((d+2)k+1(p((d+2) X, d = 7 d

d times
d + 2)kx d + 2)kx
d ’ ’ d

d times

f((d+2)")|

) (3.4)

+ W(ﬂ((d + 2)kX, —

for all x € X and all positive integensr andn with m < n. This shows that the
sequencq

AT 2)n f((d +2)"x)} is a Cauchy sequence for alle X. Since

1
Y is complete, the sequen@e—z)n f((d+ 2)”x)} converges for alk € X.

So we can define a mappirtg: X — Y by

L(x) := I|m

1 n
(d+2)nf((d+2) X)

forall x € X. Also, we get

[DiL (X1, - -+, Xa4D) |l = D1 f((d+2)"Xq, -+, (d 4+ 2)"Xg41) |l

1
e ([d+2)n

< lim
—

1 N ] ~
n oo(d+2)n¢((d+2) X1, - ,(d+2) Xd+1)_0

for all X1, ---, Xg+1 € X. By Lemma 2.1,L is additive. Puttingn = 0 and
lettingn — oo in (3.4), we get (3.iii).

Now, letL’ : X — Y be another generalized Jensen’s mapping satisfying
(3.iii). Then we have

ILOO—L' 01l = IL(d+2)"%) — L'(d +2)")|

1
(d+2)n

S(d+2)n(||L((d+2) X)— f((d+2)")|

+IL'(d +2)"%) = f((d +2"™)])
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LINEAR MAPPINGS BETWEEN BANACH MODULES 339

2 - a1 (d+2)"x (d+2)"x
d times
2 ~ n (d+2)"x (d+2)"x
+W§0<(d+z) Xv_Ts"' ,—T),
d times

which tends to zero a8 — oo for all x € X. So we can conclude that
L(x) = L'(x) for all x € X. This proves the uniqueness lof
By the assumption, for eache U(A), we get

[DuL(x,0,---,0)[ = lim

IDyf((d+2)"%,0,---, 0
——

—— n— o0 (d+2)n
d times d times
1
< |lim ———o((d+2)"%,0,---,00=0
= lim G re(@ 420+ .0
d times

forall x € X. So

d+1
forallu € U(A) and allx € X. SincelL is additive,

d + 1)L(i) — uLx)

ux

L(ux) = (d+1)L(d+1

) = uL(x) (3.5)

forallu e U(A) and allx € X.

Now leta € A (a # 0) andM an integer greater thana}. Then|%| < ;11 <
1— % =1 By[7, Theorem 1], there exist three elemenisu,, uz € U(A)
such that & = u; + Uz 4 us. So by (3.5)

M a 1 _a M a

M M
= EL(ulx + UoX + U3X) = E(L(ulx) 4+ L(u2x) + L(usx))

M

a
3 3ML(X)

M
= g(ul + Uz +uz)L(x) =

=alL(Xx)
foralla € A and allx € X. Hence

L(@ax+ by) = L(ax) + L(by) = aL(x) + bL(y)
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340 CHUN-GIL PARK

foralla,b e A(4,| #7) andallx,y € X. And L(0x) = 0 = OL(x) for all
X € X. So the unique generalized Jensen’s mappingd — Bis anA-linear
mapping, as desired. O

Corollary 3.2. Let6 and p < 1 be positive real numbers. Ldt: X — Y be
a mapping satisfying (0) = 0 such that

d+1

1Dy f X, -+ Xa) | <0 11x11°
j=1

forallu e U(A)andallxy, - - - , Xg4+1 € X. Thenthere exists a uniqué-linear
generalized Jensen’s mappihg X — Y such that

(d+2)P+1+2d1-P

_ p
100 — LI < A1 2 —@dT2)p o11XI|

forall x € X.

Proof. Definegp(Xy, -, X4+1) =0 Z?ﬁ [1Xj11P, and apply Theorem 3.1[]

Theorem 3.3. Let f: X — Y be a mapping satisfyindg (0) = 0 for which
there is a functiorp: X9+ — [0, co) such that

~ = i X1 Xd+1 .
X1, 0, X = d+2)! . , (3.iv
o(X1 d+1) ;( +)(p((d+2)1 (d+2)1><oo (3.iv)
Dy f(Xe, -+, X+l < @(Xg, -+, Xd41) (3.v)
forallu € U(A)andallxy, - -- , Xg+1 € X. Thenthere exists a uniqué-linear
generalized Jensen’s mappihg X — Y such that
160 — Lol <=—3( d + 2%, 2 z
_d+2(P ) da ’ d
d times
3.vi
n 1 - « X X (3.v)
d+2°\" a4
—
d times
forall x € X.
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LINEAR MAPPINGS BETWEEN BANACH MODULES 341

Proof. Replacingx by d%_,_ in (3.2), we have

X X X
||f(X)—(d+2)f(d—+2>|| S¢<X’_d(d+2)"” ’_d(d+2)>

d times

n X X X
\d¥2° dd+2° " dd+2

d times

forall x € X. So

n X _ n+1 X
”(d+2) f((d—l—2)n> (d+2) f((d+2)n+1>”

n X 1 X
=@+2) ”f((d+2)n)_(d+2)f<d+2' (d+2)")”

X X X
2)" _ R 3.6
s<d+>w((d+2)n, s ,d(d+2)n+l) (3.6)
d times
X X X
d+2)" _ X
+d+ )‘p((d+2)n+l’ dd+ 2t d(d+2)”+1)
d times

for all x € X and all positive integers. By (3.6), we have

mef X\ _ n X
l(d+2) f((d—i—Z)m) (d+2) f((d—{—Z)n)H

n-1
X X X
< d+2"< ,— _—>
k;n(( "\@r 27 “ddr 2 dd+24t /) (37
d times
X X X
2)k — e
d times

for all x € X and all positive integens andn with m < n. This shows that the
sequence(d + 2)" f (ﬁ)} is a Cauchy sequence for alle X. SinceY is
complete, the sequen¢e + 2)" f (ﬁ)} converges for alkk € X. Sowe can
define a mappind. : X — Y by

. n X
L(X) := nIl_)moo(d +2)"f ((d n 2)n>
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342 CHUN-GIL PARK

forall x € X. Also, we get

_ X1 Xd+1
ID1L(xe, -+ Xap2) | = lim (d +2)"| Dy f <_(d +20 T (d+ 2>”)”

. X1 Xd+1
< limd+2)"9( —r—, -, =0
= At )‘p<(d+2)n (d+2)n)
forall X1, -, X421 € X. By Lemma 2.1 L is additive. Puttingn = 0 and
lettingn — oo in (3.7), we get (3.vi).
The rest of the proof is similar to the proof of Theorem 3.1. d

Corollary 3.4. Letf and p > 1 be positive real numbers. Ldt: X — Y be
a mapping satisfying (0) = 0 such that

d+1

1Dy f O, -+ XarD) Il <60 ) 1111°

j=1
forallu € U(A)andallxy, --- , Xg41 € X. Thenthere exists a uniqué-linear
generalized Jensen’s mappihg X — Y such that

(d+2)P+1+2d+P

—_ p
00— LI =< d12P—@d+2 11X

forall x € X.

Proof. Definep(Xy, -+, X441) =0 Zd“ [1Xj11P, and apply Theorem 3.3(]

Theorem 3.5. Letd > 1, and letf: X — Y be an odd mapping for which
there is a functiorp: X9+ — [0, co) such that

PXt, - Xde1) 1= Zod’ o(dxg, -, dixgs1) < oo, (3.vii)
j

” DU f (Xls T Xd+1)|| = (P(Xl, Ty Xd-l—l) (3V”|)
forallu e U(A)andallxy, - - - , Xg411 € X. Thenthere exists a uniqué-linear

generalized Jensen’s mappihg X — Y such that

1. .
00— LX) < acp(dx, =X, 0, —X) (3.ix)
— e
d times

forall x € X.
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LINEAR MAPPINGS BETWEEN BANACH MODULES 343

Proof. Note thatf(0) = 0andf(—x) = —f(x) forall x € X sincef is an
odd mapping. Lett = 1 € ‘U(A). By (3.1),

| = f(dx) +dfX) || < @dX, =X, -, —X) (3.8)
—
d times
forall x € X. So
1 1
d d _— D
d times

for all x € X. Hence

1 1
g Fd™) - dnﬂ FA™™S0ll = Lt g f@-d™|
(3.9
< W(ﬁ(dn+lx, —an, cee, —an)
d times
for all x € X and all positive integems. By (3.9), we have
||if(dmx) - if(ol“x)n < niiq)(dk“x —d*x, -+, —=d*x) (3.10)
dm dn B dk+ ’ —_— '

d times

for all x € X and all positive integens1 andn with m < n. This shows that the
sequence{zdin f (d"x)} is a Cauchy sequence for alle X. SinceY is complete,
the sequence(% f (d"x)} converges for alk € X. So we can define a mapping
L: X — Yhy

L(X) := nI|_r)nOo d—ln f (d"x)

forall x € X. Sincef(—x) = —f(x) for all x € X, we haveL (—x) = L(x)
forall x € X. Also, we get

) 1
D1l (Xq, -+, Xgg) |l = n“_f)noo $|l D1 f(d"%q, - -+, d"Xg4a) ||
1 n n
n“m d—SO(d Xy, -+, d"%g11) =0

forall X4, -+, X421 € X. By Lemma 2.1 L is additive. Puttingn = 0 and
lettingn — oo in (3.10), we get (3.ix).
The rest of the proof is similar to the proof of Theorem 3.1. d
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Corollary 3.6. Letd > 1 and letd and p < 1 be positive real numbers. Let
f: X — Y be an odd mapping such that

d+1

1Dy f(Xa, -+ Xa) | <0 11%11°
j=1

forallu e U(A)andallxy, - - - , Xg41 € X. Thenthere exists a uniqué-linear
generalized Jensen’s mappihg X — Y such that
d-+dP
fx)—LX)| < o|Ix||P
[RECS) ()Il_d_OIp [1X]]
forall x € X.

Proof. Definep(xy, -+, Xgy1) =6 Zd“ [1Xj11P, and apply Theorem 3.5[]

Theorem 3.7. Letd > landletf: X — Y be an odd mapping for which
there is a functiorp: X9+ — [0, co) such that

~ Xd+1
O(X1, 0 5 Xdy1) == Zd‘ <dl x d—T) < 00, (3.X)
Dy f(xq, - ,xd+1)|| < o(X, -, Xdy1) (3.xi)
forallu e U(A)andallxy, -- - , Xg11 € X. Thenthere exists a uniqué-linear

generalized Jensen’s mappihg X — Y such that

1. ,
I fO) =L < a(p(dX, —X, -+, —X) (3.xii)

d times

forall x € X.

Proof. Note thatf(0) = 0 andf(—x) = —f(x) for all x € X sincef is an
odd mapping. Replacing by 3 in (3.8), we have

160 = dT (Il < (p(x,—g,... ,__>

R
d times
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LINEAR MAPPINGS BETWEEN BANACH MODULES 345

forall x € X. So

X 1 x
1901 (G )~ (g = ()~ (-3 )

fd“go(i XX ) (3.11)

gn ’ gn+1 ’ gn+1
d times

for all x € X and all positive integems. By (3.11), we have

n-1
X gk X X X
||dmf<d—m>—d” ( >||_Z (F‘W"""W) (3.12)

k=m

d times

for all x € X and all positive integens andn with m < n. This shows that the
sequencéd” f (37)} is a Cauchy sequence for alle X. SinceY is complete,
the sequencéd” f (7))} converges for alk € X. So we can define a mapping

L: X — Yhy
o nef X
L(x) := nI|_>mood f<—dn)

forall x € X. Sincef(—x) = —f(x) for all x € X, we haveL (—x) = L(X)
forall x € X. Also, we get

X X
IDiL (X1, - -+, Xar)ll = lim. d"||D, f (di o d+1>||
H X1 Xd+1
Sn||—>moodn¢($” dJr: ):O

forall X4, -, X411 € X. By Lemma 2.1 L is additive. Puttingn = 0 and
lettingn — oo in (3.12), we get (3.xii).
The rest of the proof is similar to the proof of Theorem 3.1. a

Corollary 3.8. Letd > 1and letd and p > 1 be positive real numbers. Let
f: X = Y be an odd mapping such that

d+1

1Dy f X, -+ Xar) | <0 11x11°
j=1

forallu € U(A)andallxy, --- , Xg+1 € X. Thenthere exists a uniqui-linear
generalized Jensen’s mappihg X — Y such that
dP +d

00— LN =< g d9||x||”

Bull Braz Math Soc, Vol. 36, N. 3, 2005
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forall x € X.

Proof. Definep(Xy, -+, Xg41) =0 Zd“ [1Xj11P, and apply Theorem 3.7(]

4 Isomorphisms between unitalC*-algebras

Throughout this section, assume thtis a unitalC*-algebra with norm| - ||,
unite and unitary grougd/(A), and thatB is a unitalC*-algebra with nornj - ||.

We are going to investigat€*-algebra isomorphisms between uni@t-
algebras.

Theorem 4.1. Leth: A — B be a bijective mapping satisfying0) = 0
andh((d + 2)"uy) = h((d + 2)"u)h(y) for all u € U(A), all y € A, and
n=0,12,---, for which there is a functiop : A%! — [0, co) satisfying
(3.i) such that

Zd+1M d+1
||(d+1)h( ’Jlr ’) Zuh(xj)ll<<p(xl, ©, Xd11)s (4.0)

Ih((d +2)"u*) — h((d + 2)"w)*|| <((d+2)"u,---,(d+2)"u) (4.ii)
d + 1times

forallu e U(A), all X, ,Xgqs1 € A,alp e T :={AeC| A =1}

andn = 0,1,2,---. Assume tha4.iii) lim n_oo h(((gign@ is invertible. Then

the bijective mappint: A — B is aC*-algebra isomorphism.

Proof. We can consider £*-algebra as a Banach module over a unit&
algebraC. So by Theorem 3.1, there exists a unidqiénear mappingH: A —
B such that

1 X X
Ih(x) = HX) [l < d—+2<p<(d + 2)X, g _E>
—
d times
(4.iv)
Lo XX
ar2\ % "a Ty
— e
d times
forall x € A. The mappingH : A — B is given by
1
H(x) = I|m L dt 2 h((d + 2)"x) (4.2)
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LINEAR MAPPINGS BETWEEN BANACH MODULES 347

forallx € A.
By (3.i) and (4.ii), we get
h(d +2)"u") i h(d +2)"u)*
_ = 1IIm —
(d+2)" n—oo  (d+2)"

o h(@ 42w\ .
- (4 Gz ) o

) =

forallu € ‘U(A). SinceH is C-linear and eaclt € A is a finite linear combi-
nation of unitary elements (see [8, Theorem 4.1.7]), kes Y[, Ajuj (A; €
C,uj € U(A)),

H(x*) = H(iju]‘) =) AHUH =) AHup*
j=1 j=1 j=1
=(Zx,—H(u,—)> =H( Aju,) = HX)*
j=1

=1

forall x € A.
Sinceh((d + 2)"uy) = h((d + 2)"u)h(y) forallu € U(A), ally € A, and
aln=0,1,2,---,

h((d + 2)"uy)

Huy) = n”—>moo (d+42)n

— lim 1 (4.2)
n—oco (d 4 2)N
= H(wh(y)

forallu € U(A) and ally € A. By the additivity ofH and (4.2),

h((d + 2)"wh(y)

(d+2)"H(uy) = H((d +2)"uy) = H(u((d + 2)"y)) = HWwh((d + 2)"y)

forallu € U(A) and ally € A. Hence

h((d+2)"y) (4.3)

HWh((d +2)"y) = H(u)

1 1
H =
W) =d1 2 d+2r
forallu € U(A) and ally € A. Taking the limitin (4.3) a®s — oo, we obtain

H(uy) = HwH(y) (4.4)
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forallu € U(A) and ally € A. SinceH is C-linear and eack € A is a finite
linear combination of unitary elements, i.&.,= lenzl)\.jUj (rj € Cu; €
U(A)), it follows from (4.4) that

H(xy) = H(ijujy) = ZAjH(ujy) - ZA;H(uj)H(y)

j:l j:l j:l
= H(ZA,—u,—)H(y) = HOOH(y)
j=1

forallx,y e A.
By (4.2) and (4.4),

H(e)H(y) = H(ey) = H(eh(y)

h((d +2)"e)

f Il A. Si M= oo
orally e ince lim, A+ 27

= H(e) is invertible,H (y) = h(y)

forally € A.
Therefore, the bijective mappirig A — B is aC*-algebra isomorphismi.]

Corollary 4.2. Leth: A — B be a bijective mapping satisfyirtg0) = 0
andh((d + 2)"uy) = h((d + 2)"u)h(y) forallu € U(A), ally € A, and all
n=0,1,2, ..., for which there exist constants> 0 and p < [0, 1) such that

Zd+iﬂ X; d+1 d+1
||(d+1>h( S ) > uhx)| < GZHXJHP
j=1
Ih((d +2)"u*) — h((d +2)"u)*|| < (d +1)(d + 2)"Po
forall w € TY, allu € U(A),n =0,1,2,---,and all Xy, - - , X441 € A.
Assume thatm,_, « h(égjg,:e) isinvertible. Then the bijective mappihg A —

B is aC*-algebra isomorphism.

Proof. Definep(Xy, -+, Xgy1) =06 Zd“ [1Xj11P, and apply Theorem 4.1[]

Theorem 4.3. Leth: A — B be a bijective mapping satisfying0) = 0
andh((d + 2)"uy) = h((d + 2)"u)h(y) for all u € U(A), all y € A, and
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n=2012,---, for which there is a functiom: AL 5 [0, 00) satisfying
(3.i), (4.ii), and(4.iii) such that

Zd-i—iu X d+1
[l (d + 1)h< (Jj 1 ) - ;lfvh(xj)” < @o(Xg, -+, Xdg1)s (4.v)
forall x3,---,Xq11 € Aandu = 1,i. If h(tx) is continuous in € R for

each fixedx € A, then the bijective mapping: A — B is a C*-algebra
isomorphism.

Proof. Putu = 1in (4.v). By the same reasoning as in the proof of Theorem
4.1, there exists a unique generalized Jensen’s magpingl — B satisfying
(4.iv). By the same reasoning as in the proof of [16, Theorem], the additive
mappingH : A — BisR-linear.

Putu =i in (4.v). By the same method as in the proof of Theorem 4.1, one
can obtain that

. . h((d+2)"ix) . ih((d+2)"%) .
H(ix) = nIl_)moo W = nIl_)mOO W =iH(X)

forallx € A.
For each elemernt € C, A = s+ it, wheres, t € R. So
H(Xx) = H(sx+itx) = sH(X) +tH(ix) = sH(X) + itH (x)
=(s+it)H(X) = AH(X)
forallAr € Candallx € A. So

H(x+ny) =H(@Ex)+ Hny) = ¢HX) + nH(y)

forall¢,n € C, and allx, y € A. Hence the additive mapping: A — Bis
C-linear.
The rest of the proof is the same as in the proof of Theorem 4.1. d

Now we prove the Cauchy—Rassias stabilityGifalgebra homomorphisms
in unital C*-algebras.

Theorem 4.4. Leth: A — B be a mapping satisfying(0) = 0 for which
there exists a functiop: A%t — [0, oo) satisfying(3.i), (4.i) and (4.ii) such
that
Ih((d + 2)"u(d + 2)"v) — h((d + 2)"u)h((d + 2)"v)||
<e(@+2"u, [d+2™,0,---,0  (4V)

d — 1times
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forallu,v e U(A)andn =0, 1, 2, ---. Thenthere exists a unig@-algebra
homomorphisnH : A — B satisfying(4.iv).

Proof. By the same reasoning as in the proof of Theorem 4.1, there exists a
uniqueC-linear involutive mappindd : A — B satisfying (4.iv).
By (4.vi),

[h((d + 2)"u(d + 2)"v) — h((d + 2)"uwh((d + 2)"v)||

@t 25
1 . ]
= @3 ome(@+2'ud+2".0--.0)
d — 1times
=

(P((d + Z)nua (d + Z)nv9 Oa ) O)v
——

d — 1times

d+2)"

which tends to zero by (3.i) as— oco. By (4.1),

e DA 42"u@d+2)M) L h((d 4+ 2)"wh(d +2)")
A= dr2 % d+2)

_ jim N +2)"w) h(d +2)")

T oo (d+2)n (d 4 2)n

= HWH®)

for all u,v € U(A). SinceH is C-linear and eaclkx € A is a finite linear
combination of unitary elements, i.& = er”zlxjuj (Aj € C,uj; € UA)),

H (xv) = H(ka,—v) = AjHujv) =) A HUpPH @)
j=1 j=1 j=1
= H(ZA;U,-)H(U) = HX)H(v)
j=1

forall x € A and allv € U(A). By the same method as given above, one can
obtain that

H(xy) = HOX)OH(y)

forall x, y € A. So the mappindd : A — B is aC*-algebra homomorphism,
as desired. O
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5 Homomorphisms between Poisso@*-algebras

A PoissorC*-algebraA is aC*-algebra with &-bilinear map(-, -} : Ax A —
A, called aPoisson bracketsuch tha( A, {, -}) is a complex Lie algebra and

{ab,c} = a{b,c} + {a, c}b

for all a,b,c € A. Poisson algebras have played an important role in many
mathematical areas and have been studied to find sympletic leaves of the cor-
responding Poisson varieties. It is also important to find or construct a Poisson
bracket in the theory of Poisson algebra (see [3], [9], [10]).

Throughout this section, el be a unital Poisso@*-algebra with norm| - ||,
unit e and unitary groupl/(A), andB a unital PoissorC*-algebra with norm

Definition 5.1. A C*-algebra homomorphisrhl : A — B s called a Poisson
C*-algebra homomorphism H: A — B satisfies

H{z w}) = {H(2), H(w)}
forall z, w € A.

We are going to investigate Poisgotralgebra homomorphisms between Pois-
sonC*-algebras.

Theorem 5.1. Leth: A — B be a mapping satisfyinig(0) = 0 andh((d +
2)"uy) = h((d+ 2)"u)h(y) forally e A, allu e U(A)andn=0,1,2,---,
for which there exists a functiop: A9+3 — [0, co) such that

PO Xas1, 2, w) = go G2t @+x
d+2) %411, d+2))z, (d+2)w) < oo, (5.0)
Yitiex iz w)y &
II(d+1)h( i1 )—;uh(xj)—{h(th(w)}ll
< (P(Xl» T, Xd+1s Z, 'LU), (5”)

Ih((d +2)"u*) — h((d + 2)"w)"|
<o(d+2", -, (d+2"u,0,0) (5.ii)

d+ 1ltimes
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forallue UA),all X, - ,Xg41,zZzw e A,all p e T*andn=0,1,2, - --.

Assume thal5.iv) lim_ « “%gjgg,?@ is invertible. Then the mappirlg A — B

is a PoissorC*-algebra homomorphism.

Proof. By the same reasoning as in the proof of Theorem 4.1, there exists a
uniqueC*-algebra homomorphisH : A — B such that

[h(x) — HX) | (5.v)
1 X X X X
— | o(d 2 —_— ... —— 0.0 % —_ ... —— 0.0
S d+2((p(( + )X’ d’ b q’ 9 )+(p(x’ d? 9 d? 9 ))
d times d times

for all x € A. In the proof of Theorem 4.1, we showed that th&algebra
homomorphisnH : A — B is exactly the mapping: A — B.
It follows from (4.1) that

_ o h(@+2)7x)
H(X) = nILmooW (5.1)
forallx € A. Letx; = --- = Xq41 = 0in (5.ii)). Then we get
{z, w}

d + 1times

forallz, w € A. So

dromlid+ 1)h({(OI + 2)';IZ,JF(011+ 2)”w})
—{h((d +2)"2), h((d + 2)"w)}]|
= m‘”&’;;;_@ d+2)"z d+2)"w) (5.2)
d + 1times
CE 2)”(/)(9’—';,';9’ d+2)"z (d+2)"w)
d+ 1times
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forall z, w € A. By (5.i), (5.1) and (5.2),

{Lm):“m<d+nmm+am%%>

DH
@+ (d+1 g0 d+ 22

(d + 1)h({(d+2)”§ici+2)”w})
n—o00 (d+ 2)2n

r]Ii_)moo m{h((d +2)"2), h((d + 2)"w)}

. h((d+2"2) h((d+2)"w)

=M (= o @y ) = (H@ H@)

forallz, w € A. So

{z, w)
d+1

H({Z,U)})=(d+1)H< )={H(Z),H(w)}

forallz, w € A.
Therefore, the mapping: A — B is a PoissonC*-algebra homomor-
phism. O

Now we are going to prove the Cauchy—Rassias stability of Po{Ssaigebra
homomorphisms in unital Poiss@t-algebras.

Theorem 5.2. Leth: A — B be a mapping satisfying(0) = 0 for which
there exists a functiop: A%+ — [0, co) satisfying(5.i), (5.ii) and(5.iii) such
that
I1h((d + 2)"u(d 4+ 2)"v)—h((d + 2)"u)h((d + 2)"v) ||
<o((d+2)"u, d+2",0,---,00 (5.vi)
e e’

d+ 1ltimes

forall u,v € U(A) andn = 0,1, 2,---. Then there exists a unique Poisson
C*-algebra homomorphisril : A — B satisfying(5.v).

Proof. The proof is similar to the proofs of Theorems 4.4 and 5.1. O

Remark 5.1. If each Poisson bracket, -} in this section is replaced by the
Lie product[-, -], which is defined in Section 8, one can obtain a resultlfiar
C*-algebra homomorphism’
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6 Homomorphisms between Poissod C*-algebras

The original motivation to introduce the class of nonassociative algebras known
as Jordan algebras came from quantum mechanics (see [25])( %€} be the
real vector space of all bounded self-adjoint linear operatord pimterpreted as
the (boundedpbservablesf the system. In 1932, Jordan observed th@at!)
is a (nonassociative) algebra via theticommutator produck o y := ’%Tyx
A commutative algebraX with productx o y is called aJordan algebra A
unital JordarC*-subalgebra of £*-algebra, endowed with the anticommutator
product, is called aJC*-algebra A PoissonC*-algebra, endowed with the
anticommutator product, is calledPaissonJ C*-algebra

Throughout this section, assume ttfatis a unital Poissord C*-algebra with
unite, norm|| - || and unitary groupl(A), and thatB is a unital Poissold C*-
algebra with unig’ and norm|| - |.

Definition 6.1. A C-linear mappingH: A — B is called a Poisson] C*-
algebra homomorphism H: A — B satisfies

H(Xoy) =HX) o H(y),

H{x, y) = {H®X), H(y)}

forall x,y € A.

We are going to investigate PoissdiC*-algebra homomorphisms between
Poisson] C*-algebras.

Theorem 6.1. Leth: A — B be a mapping satisfyinig(0) = 0 andh((d +
2)"uoy) = h((d+2)"u)oh(y)forally € A,allu e U(A)andn=0,1,2,---,
for which there exists a function: A9+3 — [0, co) satisfying(5.i) such that

d+1 d+1
I+ 1)h(2"=1 e ”’}) - gumxj) ~th@ bl
< (X, -0, Xdy1, Z, W),
forall xq, --- , X441, Z, w € A, and allu € T:. Assumé.ii)
h(d+2)")

nE;noo (d + 2)”

Then the mapping: A — B is a Poisson] C*-algebra homomorphism.
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Proof. By the same reasoning as in the proof of Theorem 4.1, there exists a
uniqueC-linear mappingH : A — B satisfying (5.v).

Sinceh((d +2)"uo y) = h((d + 2)"u) o h(y) forally € A, allu € U(A)
andn=0,1,2, ..,

HUuoy) = I|m h((d+2)"uoy)

1
o (d+2)n

(6.1)

= I| h((d + 2)"u) o h(y)

o (d42)"
= H() o h(y)

forally € A and allu € ‘U(A). By the additivity ofH and (6.1),
(d+2)"H (uoy) = H((d+2)"uoy) = H(uo((d+2)"y)) = H(u)oh((d+2)"y)

forally € A and allu € U(A). Hence

H(uoh((d+2)"y) = H(u)o h((d+2)"y) (6.2)

1
H(uoy) = (d +2)n

d+2)n

forally € A and allu € ‘U(A). Taking the limitin (6.2) as — oo, we obtain
Huoy)=H(u)oH(y) (6.3)

forally € A and allu € ‘U(A). SinceH is C-linear and eackx € A is a
finite linear combination of unitary elements i.e.+= Z?’:Mjuj (xjeC,uj e
U(A)),

H(xoy) = H<Z iuj oy> =) AjH@Ujoy) =) AjH(uj) o H(y)

j=1 j=1 j=1

(ZMU-) o H(y) = H(X) o H(y)

j=1

forallx,y e A.
By (6.ii), (6.1) and (6.3),

H(y) = H(eoy) = H(e) o h(y) = € o h(y) = h(y)

forally € A. SoH(y) = h(y) forally € A.
The rest of the proof is similar to the proof of Theorem 5.1. d
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Theorem 6.2. Leth: A — B be a mapping satisfying((d + 2)x) = (d +
2)h(x) for all x € A for which there exists a functiop: A3 — [0, co)
satisfying(5.i), (6.i) and (6.ii) such that

Ih((d+2)"uoy) —h((d+2"Woh(y| < e,y 0,---,0  (6.ii)
——

[ —
d + 1times

forally e A,allu e U(A)andn=0,1, 2, --.. Thenthe mapping: A — B
is a Poisson] C*-algebra homomorphism.

Proof. By the same reasoning as in the proof of Theorem 4.1, there exists a
uniqueC-linear mappingH : A — B satisfying (5.v).
By (6.iii) and the assumption tha((d + 2)x) = (d + 2)h(x) forall x € A,

Ih((d +2)"u o y)—h((d + 2)"u) o h(y)|
= WHh((d-l—Z) d+2)"uo(d+2)My)
—h(d+2)"(d+2)"u) o h((d +2)"y)||

_— d 2 m d 2 m s O’ R} O
= Grame@+2Mud+2my )
d + 1times
2)M 2)m
< (d+2)m<o((d+ )"u, (d+2)"y, 0, .-, 0),
d + 1times
which tends to zero as — oo by (5.i). So
h((d +2)"uoy) =h((d+2)"u) o h(y)
forally e A,allue U(A)andn=0,1,2,---. But by (4.1),
1
Hx) = li h(d+2)"x) =h
00 = lim o sh(@+2"0 = hoo
forallx € A.
The rest of the proof is the same as in the proof of Theorem 5.1. g

We are going to show the Cauchy—Rassias stability of homomorphisms in
Poisson] C*-algebras.

Bull Braz Math Soc, Vol. 36, N. 3, 2005



LINEAR MAPPINGS BETWEEN BANACH MODULES 357

Theorem 6.3. Leth: A — B be a mapping satisfying(0) = 0 for which
there exists a functionp: A% — [0, co) such that

o0

PO, - Xapn Zow, 8, b) =)
j=0

d+2)z,d+2))w, d+2)'a, (d+2)'b) < oo, (6.iv)

mfp((d +2)0%g, -, d+ Z)jxd+lv

M xi +{zw+aoby
I+ 1)h(zl‘1“ e ) — Y uhx) — {h(@). h(w)}

j=1
—h@) oh()|| < @(X1, -, X441, Z, w, &, b) (6.v)

forall uw e T*and allxy, - - - , X441, Z, w, @, b € A. Then there exists a unique
PoissonJ C*-algebra homomaorphisrhl : A — B such that

1 X X
h —H <—@ d 2 ,__,"',__50’07070
Ih(x) (X)Il_d+2¢<( + 2)Xx g g )
—_—
d times .
6.
PRI (V. X 0,0,0,0 o
d+2§0 ) d’ 9 d? ’ k) 9
—
d times
forall x € A.

Proof. By the same reasoning as in the proof of Theorem 4.1, there exists a
uniqueC-linear mappingH : A — B satisfying (6.vi).
The rest of the proof is similar to the proofs of Theorems 4.1 and 5.1.00

7 Homomorphisms between Lie]J C*-algebras

A unital C*-algebraC, endowed with the Lie produgk, y] = *** on C, is
called aLie C*-algebra A unital C*-algebraC, endowed with the Lie product
[-, -] and the anticommutator produgtis called a.ie JC*-algebraif (C, o) is
a JC*-algebra andcC, [-, -]) is a LieC*-algebra (see [3], [9]).

Throughout this paper, lel be a unital LieJ C*-algebra with norm| - ||, unit
e and unitary groupU(A) = {u € A | uu* = u*u = e}, andB a unital Lie
JC*-algebra with nornj| - || and unite'.
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Definition 7.1. A C-linear mappingH : A — B s called a LieJ C*-algebra
homomorphism iH: A — B satisfies
H(Xoy) = H(X) o H(y),
H(X, yD = [HX), H(Y),
H(X") = HX)"
forall x,y € A.

Remark7.1. A C-linear mappinH: A — BisaC*-algebra homomorphism
if and only if the mappingd : A — B is a Lie JC*-algebra homomorphism.
Assume that is a Lie JC*-algebra homomorphism. Then
H(Xy) = H(IX, y] +Xoy) = H(IX, yD) + H(X o y)
=[H), HWIT+ H(X) o H(y)
=HMH()
forall x,y € A. SoH is aC*-algebra homomorphism.
Assume thaH is aC*-algebra homomorphism. Then

- HOOH(y) — H(y)H

Hitx vl = HOY DY) = ) “’)2 WH® _ Ho, Hyl,
H H H H

100y = HOYEYE,  HOOHOEHORO)

forall x,y € A. SoH is a Lie JC*-algebra homomorphism.

We are going to investigate Li@C*-algebra homomorphisms between Lie
JC*-algebras.

Theorem 7.1. Leth: A — B be a mapping satisfyiniy(0) = 0 andh((d +
2)"uoy) = h((d+2)"u)oh(y)forally € A,allu e U(A)andn=0,1,2,---,
for which there exists a functiap: A9+3 — [0, co) satisfying(5.i) and (5.iii)
such that

Y uxi 4+ [z wly &
d+ Hh( == )- h(x;) — [h(2), h
Id+1) ( 1 ;u (x;) — [h(@), h(w)]| @i
S @(Xl, Y Xd+l7 Z, w)a
forall u € T, and allxq, - - - , X441, Z, w € A. Assumé7.ii)
_h(d+2)"e)
| 7 7 =
e (d+2)n

Then the mapping: A — Bis a Lie JC*-algebra homomorphism.
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Proof. By the same reasoning as in the proof of Theorem 4.1, there exists a
uniqueC-linear involutive mappindd : A — B satisfying (5.v).
In the proof of Theorem 6.1, we showed that

H(Xoy) = H(X) o H(y)

for all x,y € A, and that the mappingl : A — B is exactly the mapping
h: 4 - B.

It follows from (4.1) that

. h(@d+2>x)
forallx € A. Letx; =--- = Xq41 = 0in (7.i). Then we get

[z, w]
d+

d + 1times

o

forallz, w € A. So

[(d+2)"z (d + 2)"w]
l(d+ 1)h< i1 )

— [h((d + 2)"2), h((d + 2)"w)]]|

1
(d+2)2

@©0,---,0,(d+2"z d+2"w) (7.2)
———

d + 1times

<
- (d +2)2n

=

0,---,0,(d+2)"z, (d + 2)"w)
——

d + 1times

forall z, w € A. By (5.i), (7.1), and (7.2),

d+2n?

[z, w] _(d+Dh(d + 2y
(d+1)H(d+1)_n'£noo d+2)2
. (d + 1)h([(d+2)n§ii+2)nw])
n— 00 (d+ 2)2n

H 1 n n
= n“_[noo m[h((d +2)"2), h((d 4+ 2)"w)]
_ h((d+2)"2) h((d + 2)"w)

Im = o @) = H@ H@)
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forallz, w € A. So

[z, w]
d+1

H(lz, w])=(d+1)H( >=[H(Z),H(w)]
forall z, w € A.
Therefore, the mappinig: A — B is a Lie JC*-algebra homomorphisni.l

Theorem 7.2. Leth: A — B be a mapping satisfying((d + 2)x) = (d +
2)h(x) for all x € A for which there exists a functiop: A%3 — [0, oo)
satisfying(5.i), (5.iii), (6.iii), (7.i) and(7.ii). Then the mapping: A — Bisa
Lie JC*-algebra homomorphism.

Proof. The proof is similar to the proofs of Theorems 5.1 and 6.2. a

We are going to show the Cauchy—Rassias stability ofll@&-algebra homo-
morphisms in LieJ C*-algebras.

Theorem 7.3. Leth: A — B be a mapping satisfying(0) = 0 for which
there exists a functiop: A9+5 — [0, co) satisfying(6.iv) such that

d+1 d+1
=1 X + [z, w]+aob
[ (d + Dh( ar1 )—§Mh(xj) — [h(2), h(w)]
—h@ ohM@)| < (X, -+, X441, Z, w, &, b) (7.iii)
Ih((d 4+ 2)"u*) —h((d + 2)"u)*||
<e(d+2)", -, (d+2)"u,0,0,0,0) (7.iv)
d + 1times
forallp € T allu e U(A),n=0,1,2,---,andallXy, - -- , X441, Z, w,a, b €

A. Then there exists a unique LIEC*-algebra homomorphisi : A — B
satisfying(6.vi).

Proof. By the same reasoning as in the proof of Theorem 4.1, there exists a
uniqueC-linear involutive mappindd : A — B satisfying (6.vi).
The rest of the proof is similar to the proof of Theorem 7.1. O
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