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Stable intersections of affine cantor sets

Bahman Honary, Carlos G. Moreira and Mahdi Pourbarat

Abstract. We construct open sets of pairs of affine Cantor sets(K , K ′)with the simplest
possible combinatorics (i.e., defined by two affine increasing maps) which have stable
intersection, while the product of lateral thicknessesτR(K ) ∙ τL(K ′) is smaller than one.
Thus, in a strong form, the converse to the following classic result due to Newhouse is
not true: if the product of the thicknesses of two Cantor sets is bigger than one then there
are translations of them which have stable intersection. We also describe the topological
structure ofK − K ′ for typical pairs(K , K ′) in this open set.

Keywords: Affine Cantor sets, stable intersections, arithmetic differences, thickness,
Palis conjecture.
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1 Introduction

Regular Cantor sets play an important role in dynamical systems and in some
problems in number theory, related to diophantine approximations. Intersections
of hyperbolic sets with stable and unstable manifolds of its points are often regular
Cantor sets, and so are many Cantor sets given by combinatorial conditions on
the continued fraction of real numbers. The study of metrical and topological
properties of arithmetic differences of regular Cantor sets appear naturally in the
study of homoclinic bifurcations, in dynamical systems, and in the study of the
classical Markov and Lagrange spectra related to diophantine approximations of
real numbers, in number theory (see [PT] and [M2]). Motivated by the study
of homoclinic bifurcations, J. Palis conjectured that generically the arithmetic
difference of two regular Cantor sets either has zero measure or else contains an
interval, and that this fact is always true for affine Cantor sets (see [PT], [M1]
and [P1], [P2]). C. G. Moreira and J.-C. Yoccoz proved this conjecture in the
setting of regular Cantor sets (see [MY]):

Received 12 August 2005.



“main” — 2005/11/29 — 17:41 — page 364 — #2

364 BAHMAN HONARY, CARLOS G. MOREIRA and MAHDI POURBARAT

Given two regular Cantor set whose sum of Hausdorff dimensions is greater
than one, in almost all cases, there exist translations of them whose intersection
persistently has positive Hausdorff dimension.

In fact they prove the existence of a non empty recurrent compact set of relative
configurations of (most pairs of) these Cantor sets, a condition which implies
stable intersection of pairs of Cantor sets in these relative configurations, as we
explain in section 1. We recall that, if the sum of the Hausdorff dimensions of
two regular Cantor sets is smaller than one, then their arithmetic difference has
zero Lebesgue measure.

Is to be emphasized that the above conjecture remains open in the affine case,
even in the generic setting. Besides the Hausdorff dimension, there is another
fractal invariant, introduced by Newhouse in [N], that plays a relevant role in such
questions, namely the thickness (which we define below). Newhouse showed
that the arithmetic difference of two Cantor sets whose product of thicknesses is
larger than one contains nontrivial intervals. Such thickness condition was gen-
eralized in [M1]. In this paper we provide open sets of pairs of affine Cantor sets
with the simplest possible combinatorics (defined by two affine expansive maps)
which have stable intersection in many relative positions (and so their arithmetic
differences persistently contains nontrivial intervals), but do not satisfy the gen-
eralized thickness conditions of [M1]. We also study the topological structure
of the arithmetic difference of such sets, which is generically an R-Cantorval,
a kind of compact set with dense interior and fractal boundary, in contrast with
the examples given by the thickness conditions, where arithmetic differences are
finite unions of intervals.

Let us give some initial definitions in order to state more precisely our results.
We say that a Cantor setK is regular or dynamically defined if:

i) there are disjoint compact intervalsK1, K2, ∙ ∙ ∙ , Kr such thatK ⊆ K1 ∪
∙ ∙ ∙ ∪ Kr and the boundary of eachKi is contained inK ,

ii) there is aC1+ε expanding mapψ defined in a neighborhood ofK1 ∪ K2 ∪
∙ ∙ ∙ ∪ Kr such thatψ(Ki ) is the convex hull of a finite union of some
intervalsK j satisfying:

ii.1 For eachi , 1 ≤ i ≤ r andn sufficiently big,ψn(K ∩ Ki ) = K ,

ii.2 K = ∩∞
n=1ψ

−n(K1 ∪ K2 ∪ ∙ ∙ ∙ ∪ Kr ).

The set{K1, K2, ∙ ∙ ∙ , Kr } is, by definition, a Markov partition forK , and the
setD = ∪r

i =1Ki is the corresponding Markov domain ofK .
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We say that the Cantor setK is close on the topologyC1+ε to a Cantor set
K̃ with Markov partition{K̃1, K̃2, ∙ ∙ ∙ , K̃s} defined by the expansive map̃ψ if
and only if r = s, the extremes ofKi are near the corresponding extremes of
K̃i , i = 1, 2, ..., r and supposingψ ∈ C1+ε with Holder constantC, we must
haveψ̃ ∈ C1+ε̃ with Holder constant̃C such that(C̃, ε̃) is near(C, ε) andψ̃ is
close toψ in theC1 topology.

We say that regular Cantor setsK andK ′ have stable intersection if for any
pair of regular Cantor sets(K̃ , K̃ ′) near(K , K ′), we haveK̃ ∩ K̃ ′ 6= ∅.

Stable intersections between Cantor sets which come from stable and unsta-
ble foliations of a horseshoe provide persistent examples of open sets of non-
hyperbolic diffeomorphisms, after the unfolding of a homoclinic tangency. In
these cases, the open set of diffeomorphisms presenting persistent tangencies
between the stable and unstable foliations of the horseshoe stably has positive
lower density at the initial parameter of the bifurcation, in parametrized families
(see [M1] and [PT]).

Stable intersection of regular Cantor setsK andK ′ clearly implies the existence
of an interval contained in the arithmetic difference of the Cantor setsK andK ′,
which is given by:

K − K ′ := {x − y | x ∈ K , y ∈ K ′} = {t ∈ R | K ∩ (K ′ + t) 6= ∅}.

The lateral thicknessesτR andτL and the thicknessτ of a Cantor set are defined
as follows:

Let U be a gap (i.e., a connected component of the complement) of the Cantor
setK and letLU , RU be the intervals at its left and its right, respectively, that
separate it from the closest larger gaps.

K : | ( ) ( ) ( ) |
LU U

RU

We defineτR(U ) = |RU |
|U | , τL(U ) = |LU |

|U | ,

τR(K ) =Inf{τR(U )|U bounded gap ofK }, the right thickness ofK ,

τL(K ) =Inf{τL(U )|U bounded gap ofK }, the left thickness ofK and

τ(K ) =Min{τR(K ), τL(K )}, the thickness ofK (introduced by Newhouse).

In [M1], it is shown that there exist an open and dense subset inC1+ε topology
of regular Cantor sets whose elements have these lateral thicknesses varying
continuously. It is also shown that these lateral thicknesses are continuous at
affine cantor sets defined by two expansive maps.
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Here we state some classical results on regular Cantor sets:

I) If H D(K ) + H D(K ′) < 1, thenK − K ′ has measure zero, therefore no
translations ofK andK ′ have stable intersection (see [PT]).

II) If τ(K ).τ (K ′) > 1 andK is linked toK ′ then(K , K ′)have stable intersection,
thereforeK − K ′ contains a nontrivial interval (see [N] and [PT]).

III) If τR(K ).τL(K ′) > 1 andτL(K ).τR(K ′) > 1 thenK − K ′ always contains
an interval. In fact(K , K ′) have stable intersection, provided

i) K is linked toK ′,

ii)τR andτL are continuous atK andK ′ (see [M1]).

IV) There exist Cantor setsK , K ′ such thatK − K ′ has positive Lebesgue
measure, but doesn’t contain any interval (see [S]).

It is not difficult to construct affine Cantor sets defined by more than 2 expan-
sive maps and small lateral thicknesses, while they have stable intersection (see
[M1]). However, for affine Cantor sets defined by two affine expansive map,
the conditions given in [M1] which guarantee stable intersections are equivalent
to condition (III) above. These considerations motivate the following problem,
which we will discuss in this work:

Problem 1. Does there exist a non empty open set in the space of affine Cantor
sets defined by two expansive maps contained in the region

{(K , K ′) | τR(K ).τL(K
′) < 1 or τL(K ).τR(K

′) < 1},

such that their elements have stable intersection?

In order to give an affirmative solution to this problem, the main challenge is
to construct a recurrent compact set of relative configurations. It would give a
positive answer to Problem 1, since, by the proposition in section 2.3 of [MY],
any relative configuration contained in a recurrent compact set is a configuration
of stable intersection.

In [MMR], the topological structures with appear persistently for arithmetic
sums and differences of regular Cantor sets are studied. We apply some tech-
niques of this work in order to show that for generic pairs(K , K ′) of Cantor sets
in the open set which we are considering, the arithmetic differenceK − K ′ is
an R-Cantorval (a certain type of compact subset of the real line introduced in
[MO], a work about the topological structure of arithmetic sums of affine Cantor
sets).
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In section 2 we present the necessary definitions and state the recurrence con-
dition on relative configurations of [MY] which implies stable intersection of
pairs of regular Cantor sets.

In section 3 we translate this condition to the setting of affine Cantor sets,
which gives a recurrent condition on a simpler space of relative configurations.

In section 4 we construct a recurrent set of relative configurations of affine
Cantor sets defined by two expansive mapsK andK ′ with τL(K ) ∙ τR(K ′) < 1
under special conditions (theorem 2).

In section 5 we characterize the topological structure of arithmetic difference
setsK − λK ′ with λ > 0 for generic pairs(K , K ′) as described in section 4.

2 Basic definitions

We will use notations similar to those of [MY] which are restated here.
A regular Cantor set can be reinterpreted as follow.
Let A be a finite alphabet,B a subset ofA2, and6 the subshift of finite type

AZ with allowed transitionsB.
We will always assume that6 is topologically mixing, and that every letter in

A occurs in6.
An expansive map of type6 is a mapg with the following properties:

i) the domain ofg is a disjoint union
⋃
B I (a, b), where, for each(a, b), I (a, b)

is a compact subinterval ofI (a) := [0, 1] × {a},

ii) for each(a, b) ∈ B, the restriction ofg to I (a, b) is a smooth diffeomorphism
onto I (b) satisfying|Dg(t)| > 1 for all t .

Theregular Cantor setassociated tog is the maximal invariant set

K =
⋂

n≥0

g−n

( ⋃

B

I (a, b)

)
.

A regular Cantor setK is affineif Dg is constant on everyI (a, b).
Let 6− = {(θn)n≤0 : (θi , θi +1) ∈ B for i < 0}. We equip6− with the

following ultrametric distance: forθ 6= θ̃ ∈ 6−, set

d(θ, θ̃ ) =
{

1 θ0 6= θ̃0

|I (θ ∧ θ̃ )| otherwise
,

whereθ ∧ θ̃ = (θ−n, ∙ ∙ ∙ , θ0) if θ̃− j = θ− j for 0 ≤ j ≤ n andθ̃−n−1 6= θ−n−1.
Now, letθ ∈ 6−; for n > 0, letθn = (θ−n, . . . , θ0), and letB(θn) be the affine
map from I (θn) onto I (θ0) such that the diffeomorphismkθn = B(θn) ◦ fθn is
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orientation preserving. For anyθ ∈ 6−, there is a smooth diffeomorphismkθ

such thatkθn converges tokθ in Diff r
+(I (θ0)), for anyr ∈ (1,+∞), uniformly

in θ .
Next, we define renormalization operators. For(a, b) ∈ B, let

fa,b = [g|I (a,b)]
−1;

this is a contracting diffeomorphism fromI (b) onto I (a, b). If a =
(a0,a1, . . . , an) is a word of6, we put

fa = fa0,a1 ◦ ∙ ∙ ∙ fan−1,an,

this is a contracting diffeomorphism fromI (an) onto a subinterval ofI (a0)

that we denote byI (a).
Let Fθ be the affine map fromI (θ0) onto I (θ−1, θ0) with the same orientation

of fθ−1,θ0.
LetA = {(θ, A)}, whereθ ∈ 6− andA is an affine embedding ofI (θ0) into

R. Therenormalization operatorsTθ1,θ0 : A → A is defined as follow:

Tθ1,θ0(θ, A) = (θθ1, A ◦ Fθθ1) where (θ0, θ1) ∈ B.

Assume that we are given two sets of data(A,B, 6, g), (A′,B′, 6′, g′) defin-
ing regular Cantor setsK , K ′.

We denote byC the quotient ofA ×A by the diagonal action on the left of
affine group.

A compact setL in C is recurrent if for every u ∈ L and `, `′ ≥ 0 with
` + `′ > 0, when(θ, A) and (θ ′, A′) representsu, then there exists words
a = (a0, ∙ ∙ ∙ ,a`) anda′ = (a′

0, ∙ ∙ ∙ ,a
′
`′) in6 and6′, respectively, witha0 = θ0,

a′
0 = θ ′

0, such that(Ta(θ, A), T ′
a′(θ

′, A′)) = v belongs toL◦ := int(L). The
following proposition is proved in [MY].

Proposition 1. Any relative configuration (of limit geometries) contained in a
recurrent compact set is stably intersecting.

In the end of this section we suppose thatS = 6− × 6
′− × R∗, where

R∗ = R\{0}. One can see that the fibers of the quotient mapC −→ S are
one-dimensional and have a canonical affine structure. Moreover, this bundle
map is trivializable. We choose an explicit trivializationC ∼= S × R in order to
have a coordinate in each fiber.
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3 Transfer of renormalization operators on the spaceS× R

We assume thatK is an affine Cantor set together with the Markov partition
{I (n,m)}m,n∈A and an expansive map

8 |I (n,m) (x) = p
(n,m) ∙ x + q

(n,m) ,

where A = {1, 2, 3, . . . , N}. Moreover, we assume thatI (n) = [a1
n,a

2
n] ,

I (n,m) = [a1
n,m,a

2
n,m], therefore, for every(n,m) ∈ B, we have:

8(I (n,m)) = I (m).

In the casep(θ0,θ1) > 0, Fθθ1 is as below:

Fθθ1 : I (θ1) −→ I (θ0, θ1),

Fθθ1(x) =
a2
θ0,θ1

− a1
θ0,θ1

a2
θ1

− a1
θ1

(x − a1
θ1
)+ a1

θ0,θ1
.

Also, in the opposite orientation, we have:

Fθθ1(x) =
a2
θ0,θ1

− a1
θ0,θ1

a2
θ1

− a1
θ1

(x − a1
θ1
)+ a2

θ0,θ1
.

Therefore, in both cases we have:

Fθθ1(x) =
1

p(θ0,θ1)
x −

q(θ0,θ1)
p(θ0,θ1)

.

In this section we first construct the homeomorphism betweenS × R andC,
then we transfer all renormalization operators toS×R and we find the recurrent
set inS× R.

Theorem 1. The map

L : C → S× R
[
(θ,ax + b), (θ ′,a′x + b′)

]
7→

(
θ, θ ′,

a′

a
,

b′ − b

a

)

is an homeomorphism between the space of relative configurationsC andS×R.
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Proof. L is well defined:
Let

[(θ, ax + b), (θ ′,a′x + b′)] = [(θ, a1x + b1), (θ
′,a′

1x + b′
1)].

Then there existsc, d ∈ R such that:

a1x + b1 = c(ax + b)+ d , a′
1x + b′

1 = c(a′x + b′)+ d,

therefore
a′

a
=

a′
1

a1
,

b′ − b

a
=

b′
1 − b1

a1
.

L is onto:

∀(θ, θ ′, s, t) ∈ S× R, L([(θ, x), (θ ′, sx+ t)]) = (θ, θ ′, s, t).

L is one to one:
Suppose that

L([(θ, x), (θ ′, sx+ t)]) = L([(θ, x), (θ ′, s′x + t ′)]),

thens = s′ , t = t ′.
From the structure ofL, we haveL andL−1 are continuous. �

Now we transfer the renormalization operators of relative configurationsC to
the spaceS× R. To do this, let((θ1, θ0), (θ

′
1, θ

′
0)) ∈ B× B′, then we have:

(θ, θ ′, s, t)
L−1

−−→
[
(θ, x) , (θ ′, sx+ t)

] (T
θ1,θ0

,T ′
θ ′1,θ

′
0
)

−−−−−−−→
[

(θ θ1,
1

p(θ0,θ1)
x −

q(θ0,θ1)
p(θ0,θ1)

) , (θ ′ θ ′
1,

s

p(θ ′
0,θ

′
1)

x −
q(θ ′

0,θ
′
1)

p(θ ′
0,θ

′
1)

s + t)

]
L

−→

(

θ θ1, θ
′ θ ′

1,
p(θ0,θ1)
p′
(θ ′

0,θ
′
1)

s , p(θ0,θ1)t −
q′
(θ ′

0,θ
′
1)

p′
(θ ′

0,θ
′
1)

p(θ0,θ1) s + q(θ0,θ1)

)

,

we denoteL ◦ (T
θ1,θ0
, T ′

θ ′1,θ
′
0

) ◦ L−1 by T((θ1,θ0),(θ ′
1,θ

′
0))

. Moreover,

T((θ1,θ0),id) : (θ, θ ′, s, t) −→ (θθ1, θ
′, p

θ1,θ0
s , p

θ1,θ0
t + q

θ1,θ0
),

T ′
(id,(θ ′

1,θ
′
0))

: (θ, θ ′, s, t) −→ (θ, θ ′θ ′
1,

s

p′
θ ′1,θ

′
0

, t −
q′
θ1,θ0

p′
θ1,θ0

s).
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4 Construction of recurrent sets

In this section we introduce a family of affine Cantor sets that have a recurrent
compact set in relative configurations while they satisfy:τL(K ) ∙ τR(K ′) =
3
4 < 1.

Theorem 2. Suppose thatK ,K ′ are two Cantor sets as follows:

K :
1 2 n

K ′ :
3 2 3

That is,K is the affine Cantor set associated to

ψ : [0, 1] ∪ [3, n + 3] → [0, n + 3]

given by

ψ(x) :=
{
(n + 3)x x ∈ [0, 1]
(n + 3)(x − 3)/n x ∈ [3, n + 3]

,

while K ′ is the affine Cantor set associated toϕ : [0, 3] ∪ [5, 8] → [0, 8] given
by

ϕ(x) :=
{

8x/3 x ∈ [0, 3]
8(x − 5)/3 x ∈ [5, 8]

.

Then forn ≥ 130, there exist a non empty compact recurrent set in relative
configurations.

Proof. By Theorem 1, it is sufficient to show the existence of a recurrent com-
pact set for the following maps:

R∗ × R → R∗ × R

(s, t)
T07−→ ((n + 3)s, (n + 3)t) (s, t)

T17−→
(

n + 3

n
s,

n + 3

n
t −

3(n + 3)

n

)
(*)

(s, t)
T ′

07−→
(

3

8
s, t

)
(s, t)

T ′
17−→

(
3

8
s, t + 5s

)

We claim that ifn is chosen conveniently large, then the set

L = {(s, t)| 1 ≤ s ≤
3(n + 3)

8
, 8s + t ≥ 7 and t ≤ n + 2},

is a recurrent set for the maps(∗).

Bull Braz Math Soc, Vol. 36, N. 3, 2005
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Case 1. If 1 ≤ s ≤ n+3
3 and 3≤ t ≤ n+2, thenT1(s, t) ∈ L◦, wheren ≥ 24.

Case 2. If n+3
3 < s ≤ 3(n+3)

8 and 3≤ t ≤ n + 2, thenT1 ◦ T ′
0(s, t) ∈ L◦.

Case 3. If 3 ≤ s ≤ 3(n+3)
8 , t < 3 and 3s + t ≥ 8, thenT ′

0(s, t) ∈ L◦.

Case 4. For 1≤ s ≤ 3, t < 3 and 8s + t ≥ 10, we have:

8(π1 ◦ T1(s, t))+ π2 ◦ T1(s, t) =
n + 3

n
(8s + t − 3) ≥ 7(

n + 3

n
) > 7.

ThusT1(s, t) ∈ L◦.

Case 5. If 1 ≤ s< 3, 7 ≤ 8s + t < 10, we denote:

i (s) :=
{

2 1 ≤ s ≤ 256
135

3 256
135 < s< 3

, c(s) := 3i (s)

8i (s)−1 s and m := n
n+3.

By using 4
5 < c(s) ≤ 32

15, we selectn sufficiently large (e.g.n ≥ 130) such
that:

1) 10− 3 − 3m − 3m2 − c(s) < n3(n+2)
(n+3)4

2) 4− 3m> 8n
(n+3)2

3) 3m2 + 8
n+3m3 − 8

3c(s) < n2(n+2)
(n+3)3

4) 4− 5
3c(s) > 8n

(n+3)2

5) 27
32 <

n−7
n+3m2 6) 3+ 3m − 17n−143

3(n+3) m2 < n+1
n+3

7) 3+ n+1
n+3m − 2

3(
2n+16
n+3 + 3) > 7

n+3.

Now we consider following operators:

I) T
′i (s)

1 ◦T0 ◦T3
1 (s, t) = ( (n+3)4

n3 (3
8)

i (s)s, (n+3)4

n3 (8s+t−3−3m−3m2−c(s))),

II) T
′i (s)

1 ◦ T0 ◦T2
1 (s, t) = ( (n+3)3

n2 (3
8)

i (s)s, (n+3)3

n2 (8s + t − 3 − 3m − c(s))),

III) T
′

0◦T
′i (s)−1

1 ◦T0 ◦T2
1 (s, t) = ( (n+3)3

n2 (3
8)

i (s)s, (n+3)3

n2 (8s+t−3−3m− 8
3c(s))),

IV) T
′

0 ◦ T
′i (s)−1

1 ◦ T0 ◦T1(s, t) = ( (n+3)2

n (3
8)

i (s)s, (n+3)2

n (8s + t − 3 − 8
3c(s))).

The above equalities hold, since for every natural numberj we have:

Bull Braz Math Soc, Vol. 36, N. 3, 2005
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i) T j
1 (s, t) = ((n+3

n ) j s, (n+3
n ) j (t − 3 − 3m − 3m2 − ...− 3mj −1)),

ii) T
′ j

1 (s, t) = ((3
8)

j s, t + 8(1 − (3
8)

j )s).

For simplicity we use the notion (̃s,̃t) as the image of operators (I),...,(IV). It
is easy to see that forn ≥ 8, we always have:

1< s̃<
3(n + 3)

8
since

4

5
< c(s) ≤

32

15
.

To prove thatL is recurrent, we have to divide this region to the following cases:

5.1) 8s + t ≥ 3 + 3m + 3m2 + 8
n+3m3.

We use (I) and (1) and we obtainT
′i (s)

1 ◦ T0 ◦T3
1 (s, t) ∈ L◦, since

8̃s + t̃ =
(n + 3)4

n3
(8s + t − 3 − 3m − 3m2) ≥

(n + 3)4

n3

8

n + 3
(

n

n + 3
)3 > 7.

5.2) 8s + t ≤ 3 + 3m + n+1
n+3m2 + c(s).

We use (II) and (2) and we obtainT
′i (s)

1 ◦ T0 ◦T2
1 (s, t) ∈ L◦, since

8̃s + t̃ =
(n + 3)3

n2
(8s + t − 3 − 3m).

5.3) 8s + t ≥ 3 + 3m + 8
n+3m2 + 5

3c(s) and we are not in the case (5.1).

We use (III) and (3) and we obtainT
′

0 ◦ T
′i (s)−1

1 ◦ T0 ◦T2
1 (s, t) ∈ L◦, since

8̃s + t̃ =
(n + 3)3

n2

(
8s + t − 3 − 3m −

5

3
c(s)

)

≥
(n + 3)3

n2

8

n + 3

(
n

n + 3

)2

> 7,

t̃ =
(n + 3)3

n2

(
8s + t − 3 − 3m −

8

3
c(s)

)

<
(n + 3)3

n2
(3m2 +

8

n + 3
m3 −

8

3
c(s)) < n + 2.
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5.4) 8s + t ≤ 3 + n+1
n+3m + 8

3c(s).

We use (IV) and (4) to obtainT
′

0 ◦ T
′i (s)−1

1 ◦ T0 ◦ T1(s, t) ∈ L◦, since

8̃s + t̃ =
(n + 3)2

n
(8s + t − 3 −

5

3
c(s)) ≥

(n + 3)2

n
(4 −

5

3
c(s)) > 7,

t̃ =
(n + 3)2

n
(8s + t − 3 −

8

3
c(s)) ≤

(n + 3)2

n

n + 1

n + 3

n

n + 3
< n + 2.

If i (s) = 3, because (5) is valid we have:

3 + 3m +
8

n + 3
m2 +

5

3
c(s) < 3 + 3m +

n + 1

n + 3
m2 + c(s).

Otherwise:

5.5) Max
{
3 + 3m + n+1

n+3m2 + c(s), 3 + n+1
n+3m + 8

3c(s)
}
< 8s + t

< Min

{
3 + 3m +

8

n + 3
m2 +

5

3
c(s), 3 + 3m + 3m2 +

8

n + 3
m3

}
.

As

3 + 3m +
n + 1

n + 3
m2 + c(s) < 8s + t < 3 + 3m +

8

n + 3
m2 +

5

3
c(s),

we obtain:
3(n − 7)

2(n + 3)
m2 < c(s).

Also from relation

3 +
n + 1

n + 3
m +

8

3
c(s) < 8s + t < 3 + 3m + 3m2 +

8

n + 3
m3,

we have:

c(s) <
2n + 8

n + 3
m + 3m2 +

8

n + 3
m3 <

3

8

(
2n + 16

n + 3
+ 3

)
.

Therefore we have:

T
′

1 ◦ T
′

0 ◦ T0(s, t) = ((n + 3)(
3

8
)2s, (n + 3)(8s + t −

49

9
c(s))) ∈ L◦,

since relations (i) and (ii) are valid:
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i) 8s + t − 49
9 c(s) = 8s + t − 5

3c(s)− 34
9 c(s)

< 3 + 3m +
8

n + 3
m2 −

17

3

n − 7

n + 3
m2

= 3 + 3m −
17n − 143

3(n + 3)
m2

<
n + 1

n + 3
,

since (6) is valid.

ii) 8(π1◦T
′

1 ◦T
′

0 ◦T0(s, t))+π2◦T
′

1 ◦T
′

0 ◦T0(s, t) = (n+3)(8s+ t − 40
9 c(s))

= (n+3)(8s+t− 8
3c(s)− 16

9 c(s)) > (n+3)(3+ n+1
n+3m− 2

3(
2n+16
n+3 +3)) > 7,

since (7) is valid.

Case 6. For 3≤ s ≤ 3(n+3)
8 , 7 ≤ 8s+ t and 3s + t < 8, we have:

i) 1 < π1 ◦ T
′

1(s, t) = 3
8s< 3(n+3)

8 ,

ii) π2 ◦ T
′

1(s, t) = t + 5s ≤ t + 3s + 6(n+3)
8 < n + 2, sincen > 33,

iii) 8(π1 ◦ T
′

1(s, t))+ π2 ◦ T
′

1(s, t) = 8s + t ≥ 7.

ThusT ′
1(s, t) ∈ L◦. Note that in the case of equality, we come back to the

case (5). This completes proof of the theorem. �

5 On the topology of the difference setsK − λK ′

We will use results of [MMR] in order to show the following proposition. Recall
that aR − Cantorval is a perfect compact subset of the real line with dense
interior such that all of its bounded gaps have non-trivial intervals attached at
their left extremes and have the right extremes accumulated by both intervals
and gaps (see [MO]).

Proposition 2. If n0 is large enough, there is a residual and full measure subset
R ⊂ (n0,+∞)× (0,+∞) such that if(n, λ) ∈ R, thenK −λK ′ = K (n)−λK ′

is an R − Cantorval.
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Proof. Let us first show that forn in large as described in the previous section,
and for anyλ > 0, K andλK ′ + (n + 3) have extremal stable intersection, i.e.,
there existsδ > 0 such that for any pair of regular Cantor sets(K̃ , K̃ ′) close
enough to(K , λK ′), K̃ − K̃ ′ contains an interval of sizeδ whose rightmost point
coincides with the rightmost point̃K − K̃ ′. In fact, it is enough to show that,
givenλ > 0 there existε > 0 such that, ifn + 3 − ε < t < n + 3, thenK and
λK ′ + t have stable intersection.

In order to show this, notice that there is exactly one value ofk ∈ N such that,

2 ≤
(

n + 3

n

)k

(n + 3 − t) < 2

(
n + 3

n

)
,

providedε < 2 (in this case, we have 0< n + 3− t < ε < 2). If ε > 0 is small
enough,k should be large, so(n+3

n )kδ > 1, thus there isj ∈ N such that

1<

(
3

8

) j (n + 3

n

)k

≤
8

3
.

Now we have:

T ′
0Tk

1 (s, t) = ((
3

8
) j (

n + 3

n
)kδ, n + 3 − (

n + 3

n
)k(n + 3 − t)) =: (̃s, t̃) ∈ L◦,

indeed, 1< s̃ ≤ 8
3 <

3(n+3)
8 andn < t̃ ≤ n + 1, sincen+3

n < 3
2.

A pair (K , K ′) of two affine Cantor sets defined by increasing maps satisfies
the∗R property (see [M1] and [MMR]), if there areλ > 0, t ∈ R such that the
support intervals[a, b] of λK + t and[c, d] of K are left-linked, i.e.,a < c <
b < d and(λK + t)

⋂
K = ∅. In our setting,(K , K ′) satisfies the∗R property,

because
3

5
.[0, 8] −

19

10
is left-linked with

[0, n + 3] and

(
3

5
.K ′ −

19

10

) ⋂
K = ∅.

According to the arguments of proposition 1 and 2 of section 3 of [MMR], which
we reproduce below, it is enough to have

ln(n + 3)

ln 8
3

/∈ Q and a − λc 6= b − λd, i.e., λ 6=
b − a

d − c
,

for everya, b extreme points of gaps ofK andc 6= d extreme points of gaps of
K ′ in order to conclude thatK − λK ′ is an R-Cantorval.
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The set of(n, λ) which satisfy these conditions is the complement of a count-
able union of curves, so it is a residual and full-measure set.

To show the statement above, notice that a right extreme of a bounded gap of
K − λK ′ is always, in a unique way, of the forma − λc, wherea ∈ K , c ∈ K ′

are extremes of gaps, so there are intervals of the construction ofK andK ′, say
J1 and J2 such thata is the right extreme ofJ1 andc is the left extreme ofJ2,
andif K = K

⋂
J1 andK ′ = K ′ ⋂ J2, thenK andK ′ are Cantor sets similar to

K andK ′, and, since(K , K ′) satisfies the∗R property andln(n+3)
ln 8

3
/∈ Q therefore

K − λK ′ does not contain any interval adjacent toa − λc, by theorem IV.1 of
[M1]. On the other hand, a left extreme of a bounded gap ofK − λK ′ is of the
form a − λc, wherea ∈ K , c ∈ K ′ are extremes of gaps, sayJ3 andJ4 such that
a is the left extreme ofJ3 andc is the left extreme ofJ4. If K̂ = K

⋂
J3 and

K̂ ′ = K
⋂

J4, thenK̂ andK̂ ′ are Cantor sets similar toK andK ′ , and , by the
extremal stable intersection property,K̂ − λK̂ ′ contains an interval attached to
it rightmost pointa − λc and this completes the proof of proposition. �

Remark. The same proof shows that, for generic pairs(K̃ , K̃ ′) of regular
Cantor sets close to(K , K ′), the same result holds; forλ ∈ (0,+∞)\C, where
C is a countable set,̃K − λK̃ ′ is a R-Cantorval.

Open Problem 1. Does there exist a non empty open set in the space of pairs
of affine Cantor sets defined by two expansive maps contained in the region

{(K , K ′) | τR(K ).τL(K
′) < 1 and τL(K ).τR(K

′) < 1},

such that their elements have stable intersection?
We can pose the same question for homogeneous affine Cantor sets defined by

two expansive maps. We find this problem particularly interesting since these
are the simplest examples of regular Cantor sets, and not much is known about
the arithmetic difference of two such sets in the cases where the product of their
thicknesses is smaller than one but the sum of their Hausdorff dimensions is
larger than one.
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