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On Sobolev infinitesimal rigidity of linear
hyperbolic actions on the 2-torus*
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Abstract. Let A be a symmetric hyperbolic matrix in SL(2,Z) and0 the subgroup of
SL(2,Z) generated byA. We aim to study the infinitesimal rigidity of the standard action
of 0 on the torusT2. More precisely, we will consider the SobolevWs–infinitesimal
rigidity of this action (that is to determine if the cohomology spaceH1(0, Ws(T M))

is trivial or not), and show that it isWs–infinitesimally rigid only if 0 ≤ s < 1. A
consequence will be that this action is notC∞–infinitesimally rigid.
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Introduction

Let G be a topological group and0 be a finitely-generated group. We denote
by R(0, G) the set of all group homomorphisms of0 into G endowed with
the topology of pointwise convergence. Ifγ1, . . . , γk are fixed generators of
0, one may considerR(0, G) as a closed subset ofGk by means of the map
ρ 7→ (ρ(γ1), . . . , ρ(γk)). Note thatG acts naturally onR(0, G) by conjugation:
if ρ ∈ R(0, G) and g ∈ G, then for allγ ∈ 0, (g.ρ)(γ ) = gρ(γ )g−1. A
homomorphismρ0 is said to belocally rigid if its orbit is open inR(0, G), or
equivalently, if there exists a neighborhoodU of ρ0 in R(0, G) such that every
ρ ∈ U is conjugated toρ0. In the caseG is a Lie group,G acts differentiably on
itself by conjugation (for anyg0 in G, 8g0 : g 7→ g0gg0

−1 is an automorphism
of G), and this action induces an action ofG on its Lie Algebrag, which is
isomorphic to the tangent space T1G, by means of the derivatives8′

g0
(1). This

is what is called theadjoint representationAdG of G in g. In this context,
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Weil [W] proved that ifρ ∈ R(0, G) is such thatH1(0, AdG ◦ ρ) = 0 thenρ is
locally rigid (see also Raghunathan [R], chapter VI).

Let nowM be a compactC∞ manifold and Diff(M) be the group ofC∞ diffeo-
morphisms ofM endowed with the usualC∞ topology. We denote byC∞(T M)

the space ofC∞ vector fields onM . Any representationρ ∈ R(0, Diff (M))

induces a linear action of0 onC∞(T M), andρ is said to beC∞–infinitesimally
rigid (or for shortinfinitesimally rigid) if H1(0, C∞(T M)) = 0. This termi-
nology used by Zimmer [Z] suggests an analogy with Weil’s theorem. Indeed,
C∞(T M) is the Lie algebra of the infinite dimensional Lie group Diff(M), and
the natural action of0 on C∞(T M) is in fact the composition of the represen-
tation of0 into Diff(M) with the adjoint representation of Diff(M) on its Lie
algebra. Nevertheless, there is no established results connecting infinitesimal
and local rigidity.

For results about local rigidity of the standard action of SL(n,Z) on the torus
Tn, the reader can refer to [H1], [H2], [KL], [KLZ]. With regard to infinitesimal
rigidity of these actions on tori, many results have been established, especially
whenn ≥ 3 and0 is a subgroup of finite index in SL(n,Z). For instance, Pollicott
[P] showed that the action of SL(3,Z) onT3 is infinitesimally rigid, and Lewis
[Le] proved that forn ≥ 7 and0 a subgroup of finite index in SL(n,Z), the
action of0 onTn is also infinitesimally rigid. A more general result is given by
Hurder [H3], stating that forn ≥ 3 and0 a subgroup of finite index in SL(n,Z),
every affine action of0 onTn associated to the standard action is infinitesimally
rigid. The reader interested by affine actions on tori can also refer to [Lu]. As
a matter of fact the casen = 2 is raised in [H1], [H2], but these results only
concern local rigidity.

The goal of this note is to study infinitesimal rigidity for the following example:
let Abe a symmetric and hyperbolic matrix (that is to say thatAhas no eigenvalue
of modulus 1, or equivalently in this case, that| tr A| > 2) in SL(2,Z) acting
linearly on M = T2. This matrix has two irrational eigenvalues, sayλ and
λ−1 with |λ| > 1. The infinite cyclic subgroup0 generated byA is of infinite
index in SL(2,Z) and its action onM is Anosov. LetL2(T M) be the Hilbert
space of square integrable vector fields onM and, for every real numbers ≥ 0,
denote byWs(T M) the space of vector fields ofs–Sobolev class; naturally
W0(T M) = L2(T M) and the intersectionW∞(T M) of all theWs(T M) is equal
toC∞(T M). We will show that the action of0 on M is Ws–infinitesimally rigid
if and only if s < 1, and in particular, that the action of0 on M is not C∞–
infinitesimally rigid.
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1 The spaceH0(0, L2(T M)) of invariant L2 vector fields

The problem of infinitesimal rigidity of the action of0 on M , that is to determine
H1(0, C∞(T M)), makes sense when considering real vector fields onM . How-
ever, the special case ofM = T2 will enable us to use Fourier analysis and then
to treat the more general problem of the cohomology of0 acting on complex
vector fields onM .

The local coordinates of a particular pointz ∈ M = T2 will be denoted by
(x, y). If X is a vector field onM , then on the covering spaceR2, we have

X(z) = f (x, y)
∂

∂x
+ g(x, y)

∂

∂y
,

where f andg areZ2-periodic functions. The fieldX is said to beL2 if the
coefficients f and g are L2 functions onM . In this case,f and g have the
following Fourier expansions:

f (x, y) =
∑

m,n

fm,ne2ıπ(mx+ny) , g(x, y) =
∑

m,n

gm,ne2ıπ(mx+ny) ,

where( fm,n) and(gm,n) are elements of the Hilbert space`2(Z2,C) of complex
square summable families indexed byZ2. In the caseX is a real vector field,
coefficientsfm,n andgm,n verify additional relations:

f−m,−n = fm,n and g−m,−n = gm,n.

From now on, we identifyL2 functions onM with elements of̀ 2(Z2,C).

SinceA =
(

a b
b c

)
is symmetric, it admits a diagonalization in an orthogonal

basis ofR2, say

A = P

(
λ 0
0 λ−1

)
P−1 with P =

(
cosθ − sinθ

sinθ cosθ

)
∈ SO(2,R).

The action of0 =< A > on L2(T M) is given by

A∗X(Az) = (a f (z) + bg(z))
∂

∂x
+ (bf (z) + cg(z))

∂

∂y
.

Linear eigenvector fieldsXλ = cosθ ∂
∂x + sinθ ∂

∂y and Xλ−1 = − sinθ ∂
∂x +

cosθ ∂
∂y respectively associated toλ andλ−1 (that is to sayA∗Xλ = λXλ and
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A∗Xλ−1 = λ−1Xλ−1) form a basis ofL2(T M) in which any vector fieldX is
written X(z) = u(z)Xλ +v(z)Xλ−1, whereu andv areL2 functions onM . Then
we have

A∗X (Az) = λu(z)Xλ + λ−1v(z)Xλ−1. (1)

For convenience, we put for any(m, n) ∈ Z2:
(

m
n

)
= A

(
m
n

)
and

(
m
n

)
= A−1

(
m
n

)
.

If (m0, n0) is a reference pair inZ2, we put for anyk ∈ Z:
(

mk

nk

)
= Ak

(
m0

n0

)
.

We can now show that

Theorem 1.1. The spaceH0(0, L2(T M)) of 0–invariant L2 vector fields is
trivial.

Proof. An L2 vector field X is invariant if and only if A∗X = X; this is
equivalent to

∀ z ∈ M, u(Az) = λu(z) and v(Az) = λ−1v(z).

Replacing for instance the functionu by its Fourier expansion, we obtain:
∑

p,q

up,qe2ıπ((ap+bq)x+(bp+cq)y) =
∑

m,n

λ um,ne2ıπ(mx+ny)

i.e.
∑

p,q

up,qe2ıπ(px+qy) =
∑

m,n

λ um,ne2ıπ(mx+ny).

By identifying coefficients, and doing it similarly forv, we obtain

um,n = λum,n andvm,n = λ−1vm,n.

Using these conditions, we can first deduce thatu0,0 = v0,0 = 0.

Suppose now that there exists a pair(m0, n0) 6= 0 such thatum0,n0 6= 0. Then
for all k ∈ N, um−k,n−k = λkum0,n0; hence limk→−∞ |umk,nk | = +∞. But this
contradicts the fact that the orbit byA of every point ofZ2 different from 0 is
infinite (see lemma 1.3 below), and that the Fourier coefficientum,n of u tends to
0 when(m, n) tends to infinity. Thus we haveum,n = 0 (and in the same manner
vm,n = 0) for all (m, n) ∈ Z2. Sou = v = 0 i.e. X = 0. �
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We give from now on two simple lemmas concerning the orbits ofZ2 for the
action of A that will be useful especially in the last section of this paper. The
first one is about the number of these orbits, and the second one specifies their
asymptotic behaviour.

Lemma 1.2. There is a countable infinite number of orbits for the action ofA
onZ2.

Proof. It suffices to remark that two pairs of integers that belong to the same
orbit have the same G.C.D, so each point of the form(p, p) wherep is a prime
number belongs to a unique orbit. �

Lemma 1.3. For any fixed pair(m0, n0) 6= 0, there exists positive constantsc+

andc− such that

m2
k + n2

k ∼
+∞

c+λ2k and m2
k + n2

k ∼
−∞

c−λ−2k

Proof. SinceA = P

(
λ 0
0 λ−1

)
P−1 with P =

(
cosθ − sinθ

sinθ cosθ

)
, we have:

(
mk

nk

)
= P

(
λk 0
0 λ−k

)
P−1

(
m0

n0

)

=
(

λk cosθ(m0 cosθ + n0 sinθ) + λ−k sinθ(−m0 sinθ + n0 cosθ)

−λk sinθ(m0 cosθ + n0 sinθ) + λ−k cosθ(−m0 sinθ + n0 cosθ)

)
.

So

mk
2 + nk

2 = λ2k(m0 cosθ + n0 sinθ)2 + λ−2k(−m0 sinθ + n0 cosθ)2

thus
m2

k + n2
k ∼

+∞
c+λ2k , m2

k + n2
k ∼

−∞
c−λ−2k,

where

c+ = (m0 cosθ + n0 sinθ)2 and c− = (−m0 sinθ + n0 cosθ)2.

Now (cosθ, sinθ) is an eigenvector ofA and we can show then that cosθ and
sinθ are rationally independent. Soc+ > 0 andc− > 0. �
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2 Ws-infinitesimal rigidity for 0 ≤ s < 1

For every reals ≥ 0, we say that a vector fieldX is in Ws(T M), thes-Sobolev
space of vector fields onM , if its coefficients are both inWs(M), with

Ws(M) =
{

f : Z2 → C
∣
∣
∣

∑

(m,n) 6=0

(m2 + n2)s| fm,n|
2 < +∞

}
.

Then for 0≤ s ≤ s′, we have

C∞(M) =
⋂

s≥0

Ws(M) ⊂ Ws′
(M) ⊂ Ws(M) ⊂ W0(M) = L2(M).

For everys < ∞, Ws(M) is a Hilbert space with the hermitian product〈•, •〉
s
:

〈 f, g〉
s

= f0,0g0,0 +
∑

(m,n) 6=0

(m2 + n2)s fm,ngm,n,

and the associated norm :

|| f ||s =



| f0,0|
2 +

∑

(m,n) 6=0

(m2 + n2)s| fm,n|
2





1
2

.

Let {δm,n}(m,n)∈Z2 be the canonical Hilbert basis of`2(Z2,C), that is:

δm,n
p,q =

{
1 if (p, q) = (m, n),

0 otherwise.

It is clear that{δm,n} is a Hilbert basis ofWs(M) for anys ≥ 0.

Let X ∈ Ws(T M) with X(Z) = u(z)Xλ +v(z)Yλ−1. According to expression
(1), we haveA∗X(z) = U (z)Xλ + V(z)Xλ−1, with

U (z) = λu(A−1z) = λ
∑

m,n

um,ne2ıπ(m(cx−by)+n(−bx+ay))

= λ
∑

m,n

um,ne2ıπ(mx+ny) = λ
∑

m,n

um,ne2ıπ(mx+ny);

V(z) = λ−1v(A−1z) = λ−1
∑

m,n

vm,ne2ıπ(mx+ny).

SoU = λTAu andV = λ−1TAv, whereTA is the linear operator consisting of
the permutation of the indices of Fourier coefficients byA:

∀ f ∈ L2(M), (TA f )m,n = fm,n.

Bull Braz Math Soc, Vol. 36, N. 3, 2005
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It is clear thatTA is a bijective isometry of̀2(Z2,C) and thatTA
−1 = TA−1.

Let us be more precise with the the following proposition:

Proposition 2.1.For anys ≥ 0, TA andTA−1 are bijective continuous operators
of Ws(M) and|||TA−1|||

s
= |||TA|||

s
= |λ|s.

Proof. Let f =
∑

m,n

fm,nδ
m,n ∈ Ws(M); thenTA f =

∑

m,n

fm,nδ
m,n and

||TA f ||2
s

= | f0,0|
2 +

∑

(m,n) 6=0

(m2 + n2)s| fm,n|
2

= | f0,0|
2 +

∑

(m,n) 6=0

(m2 + n2)s| fm,n|
2.

SinceA−1 is diagonalizable in an orthogonal basis, we can easily show that, as
a linear operator of the usual euclidian spaceR2, |||A−1||| = |λ| > 1. Conse-
quently,

||TA f ||2
s

≤ | f0,0|
2 +

∑

(m,n) 6=0

|||A−1|||
2s

(m2 + n2)s| fm,n|
2

≤ λ2s|| f ||2
s
,

and this for anyf ∈ Ws(M), hence|||TA|||
s

≤ |λ|s.
Let ε > 0; the functionx 7→ xs is continuous in]0, +∞[, therefore there

existsη > 0 such that

∀ x > 0, |x − |λ|| ≤ η ⇒ |xs − |λ|s| ≤ ε.

Then, for a small enoughη > 0 :

|λ|s − ε ≤ (|λ| − η)s.

Now, as|||A−1||| = |λ|, there exists a pair(p, q) ∈ Z× N∗ such that

|λ| − η ≤ ||A−1(p(p2 + q2)−
1
2 , q(p2 + q2)− 1

2 )|| ≤ |λ|,

and so
(p2 + q2)s(|λ| − η)2s ≤ (p2 + q2)s ≤ (p2 + q2)sλ2s.

Let g = (p2 + q2)− s
2 δ p,q ∈ Ws(M), so that||g||

s
= 1 and

(|λ| − η)2s ≤ ||TAg||2
s

= (p2 + q2)s(p2 + q2)−s ≤ λ2s,
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and then
|λ|s − ε ≤ (|λ| − η)s ≤ ||TAg||

s
≤ |λ|s.

Thus,

∀ ε > 0, ∃ g ∈ Ws(M), ||g||
s

= 1 and |λ|s − ε ≤ ||TAg||
s

≤ |λ|s,

and we can conclude that|||TA|||
s

= |λ|s. Moreover, all this holds forA−1

instead ofA, so that we also have|||TA−1|||
s

= |λ|s. �

We can then assert:

Corollary 2.2. For anys ≥ 0, Ws(T M) is a sub–0–module ofL2(T M).

Since the group0 is isomorphic toZ, it is well known that

H1(0, Ws(T M)) = Ws(T M)
/ {

A∗X − X | X ∈ Ws(T M)
}
.

To prove thatH1(0, Ws(T M)) = 0 is equivalent to show that, for each vector
fieldY in Ws(T M), there exists a vector fieldX in Ws(T M) such thatA∗X−X =
Y. Let X(z) = u(z)Xλ + v(z)Xλ−1 andY(z) = U (z)Xλ + V(z)Xλ−1; then the
equationA∗X − X = Y is equivalent to the system

{
(λTA − Id)u = U

(λ−1TA − Id)v = V
(2)

or equivalently: {
(TA−1 − λId)u = −TA−1U

(TA − λId)v = λV
(3)

Let us putSA = TA − λId andSA−1 = TA−1 − λId.

We can now easily prove that

Proposition 2.3.For 0 ≤ s < 1, H1(0, Ws(T M)) = 0.

Proof. It is an established fact that, for a continuous operator of a Hilbert space
(and more generally of a Banach space), its spectral radius is not greater than its
norm. So, if 0≤ s < 1, then|λ|s < |λ| and as a consequence,λ is a regular
value of bothTA andTA−1, that is to saySA andSA−1 are invertible operators of
Ws(M). Hence there exists a unique pair of functionsu andv verifying system
(3), and so the equationA∗X − X = Y has a unique solution inWs(M). �

It is straightforward thatTA andTA−1, and thenSA andSA−1, sends real-valued
functions to real-valued functions. It is not much more difficult to show it for
their inversesS−1

A andS−1
A−1. So we can assert:

Theorem 2.4.For 0 ≤ s < 1, the action of0 on M is Ws–infinitesimally rigid.

Bull Braz Math Soc, Vol. 36, N. 3, 2005
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3 The spaceH1(0, Ws(T M)) for s ≥ 1

Now, let us show that, fors ≥ 1, the vector spaceH1(0, Ws(T M)) is non
trivial. In order to do that, we just have to exhibit a vector fieldY in Ws(T M)

such that the unique solutionX in L2(T M) of the equationA∗X − X = Y is not
in Ws(T M). It is then useful to determine the preimages of the basis{δm,n} by
SA−1.

Proposition 3.1. For any fixed pair(m0, n0) ∈ Z2, we setηm0,n0 = S−1
A−1δ

m0,n0.
Then

η0,0 =
1

1 − λ
δ0,0 and ηm0,n0 = −

+∞∑

k=0

λ−k−1δmk,nk if (m0, n0) 6= 0.

Proof. By using the relationηm0,n0
m,n − ληm0,n0

m,n = δm0,n0
m,n , we have:

• If (m0, n0) = 0, then
{

η
0,0
0,0 − λη

0,0
0,0 = 1

η0,0
m,n − λη0,0

m,n = 0 if (m, n) 6= 0;

hence 



η

0,0
0,0 =

1

1 − λ
,

η0,0
m,n = λη0,0

m,n if (m, n) 6= 0.

If we refer to the proof of theorem 1.1, we know that for(m, n) 6= 0, we
necessarily haveη0,0

m,n = 0, hence

η0,0 =
1

1 − λ
δ0,0.

• If (m0, n0) 6= 0, then
{

ηm0,n0
m−1,n−1

− ληm0,n0
m0,n0

= 1

ηm0,n0
m,n − ληm0,n0

m,n = 0 if (m, n) 6= (m0, n0).

Thus

ηm0,n0
m−1,n−1

= 1 + ληm0,n0
m0,n0

,

ηm0,n0
m−2,n−2

= ληm0,n0
m−1,n−1

= λ(1 + ληm0,n0
m0,n0

) ,

...

ηm0,n0
m−k,n−k

= λk−1(1 + ληm0,n0
m0,n0

) for all k ≥ 1.
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Similarly, in the opposite direction, we have also

ηm0,n0
m1,n1

= λ−1ηm0,n0
m0,n0

,

ηm0,n0
m2,n2

= λ−2ηm0,n0
m0,n0

,

...

ηm0,n0
mk,nk

= λ−kηm0,n0
m0,n0

for all k ≥ 0 ,

Once again because limk→+∞ ηm0,n0
m−k,n−k

= 0, we necessarily have 1+
ληm0,n0

m0,n0
= 0, and consequently

ηm0,n0
mk,nk

=

{
0 if k < 0,

−λ−k−1 if k ≥ 0.

When the point(m, n) does not belong to the orbit of(m0, n0), we use
the same argument again to assert thatηm0,n0

m,n = 0. Finally, for all
(m0, n0) 6= 0:

ηm0,n0 = −
+∞∑

k=0

λ−k−1δmk,nk .

We verify by the way thatηm0,n0 is actually inW0(M) = L2(M) and that

||ηm0,n0||
0

=
|λ|

√
1 − λ−2

. �

For every pair(m0, n0), it is clear thatδm0,n0 is in Ws(M) for any reals; but what
aboutηm0,n0 (of course in the case(m0, n0) 6= 0, since it is obvious thatη0,0 is
in everyWs(M))?

Proposition 3.2.For any pair(m0, n0) 6= 0, ηm0,n0 is not inWs(M) if s ≥ 1.

Proof. We have to show that the series
∑

k≥0(m
2
k + n2

k)
sλ−2k−2 is divergent.

Lemma 1.3 implies that(m2
k + n2

k)
sλ−2k−2 ∼

+∞
λ−2c+

s
λ2(s−1)k, and the series

∑
k≥0(m

2
k + n2

k)
sλ−2k−2 is convergent if and only ifs < 1. �

Finally, we are in a position to give an example of a countable family{Yp} of
real vector fields onM such thatYp ∈ Ws(T M) for anys ≥ 0 and for which
the unique fieldXp in L2(T M) such thatA∗Xp − Xp = Yp is not inWs(T M)

if s ≥ 1.
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Proposition 3.3.LetP be the set of prime numbers and put for everyp ∈ P,

Yp(z) = 2 cos((a + b)px + (b + c)py)Xλ.

Then for anyp ∈ P, the unique vector fieldXp ∈ L2(T M) such that

A∗Xp − Xp = Yp

is not inWs(T M) for s ≥ 1.

Proof. It is obvious thatYp = UpXλ with Up = δ−p,−p + δ p,p is in Ws(T M)

for anys ≥ 0. Now Xp = upXλ with up = −S−1
A−1TA−1Up = −(η−p,−p +ηp,p),

and if we set(m0, n0) = (p, p), we have

up =
+∞∑

k=0

λ−k−1δ−mk,−nk +
+∞∑

k=0

λ−k−1δmk,nk,

hence

||up||
2
s

= 2
+∞∑

k=0

(m2
k + n2

k)
s
λ−2k−2 = 2||ηp,p||2

s
= +∞.

Soup 6∈ Ws(M) and thenXp 6∈ Ws(T M). �

Proposition 3.4. The family {[Yp]}p∈P is linearly independent in
H1(0, Ws(T M)) whens ≥ 1.

Proof. Let J be a finite subset ofP and(μp)p∈J ∈ CJ such that

∑

p∈J

μp[Yp] = 0 in Ws(T M), s ≥ 1.

Then, there existsX ∈ Ws(T M), X = uXλ, such that
∑

p∈J μpYp = A∗X − X
with u =

∑
p∈J μpup, and

||u||2
s

=
∑

p∈J

|μp|
2||up||

2
s

≥ |μq|
2||uq||

2
s

for anyq ∈ J.

So, since||u||2
s

< +∞ and||uq||2s = +∞, we necessarily haveμq = 0 for any
q ∈ J. �
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As a conclusion, we have:

Theorem 3.5. The action of0 on M = T2 is Ws–infinitesimally rigid if and
only if 0 ≤ s < 1. Moreover, in case1 ≤ s ≤ ∞, the spaceH1(0, Ws(T M)) is
infinite-dimensionnal.

We could expect to obtain similar results forA ∈ SL(n,Z) acting onTn with
n > 2 using the same kind of method. However, in dimension 2, the fact that
the two eigenvalues ofA are the inverse one of the other appears to be essential.
So a generalization in higher dimension seems to be difficult, except maybe in
the casen is even, because there exist then symmetric hyperbolic matricesA in
SL(n,Z) such thatA andA−1 have the same eigenvalues.
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