Bull Braz Math Soc, New Series 37(1), 103-125
© 2006, Sociedade Brasileira de Matematica

Some beta distributions
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Abstract. Four new generalizations of the standard beta distribution are introduced.
Various properties are derived for each distribution, including its hazard rate function
and moments.
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1 Introduction

Beta distributions are very versatile and a variety of uncertainties can be use-
fully modeled by them. Many of the finite range distributions encountered in
practice can be easily transformed into the standard distribution. In reliability
and life testing experiments, many times the data are modeled by finite range
distributions, see for example Barlow and Proschan (1975).

A random variableX is said to have the standard beta distribution with param-
etersa andb if its probability density function (pdf) is:

Xa—l(l _ X)b—l

fx) = W (1)

forO < x < 1,a > 0andb > 0, where
1
Ba,b) = / t21(1 — t)°~1dt
0

denotes the beta function. Many generalizations of (1) involving algebraic, ex-
ponential and hypergeometric functions have been proposed in the literature; see
Chapter 25 in Johnson et al. (1995) and Gupta and Nadarajah (2004) for detailed
accounts. In this paper, we introduce four new generalizations of (1). We derive
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various properties for each distribution, including its pdf, cdf (cumulative distri-
bution function), moments and the hazard rate function. These results are given
in Sections 2, 3, 4 and 5. The calculations of this paper use the Anger function,
the Fresnel cosine integral, the Struve function, the incomplete gamma func-
tion, the Lerch function, the incomplete beta function, and the hypergeometric
functions defined by

l T
Ja(X) = ;/O cogat — x sint)dt,

Cx) = cos

=k

o (_1)kX2k+a+1
Hax) = g T(k+3/2T(@a+k+3/2)’

y@ x) = / t3 L exp(—t)dt,
0
o(x,a,b) = Y (b+kxk,

X
By(a,b) = /ta—l(l—t)b—ldt,
0

=L () XK
tFi(a; Bsx) = —
kzz(; (B K!

() xK
Fole; B,y %) =
Ry = 0 g s

=L (@) (B XK
2Fi(a, By X) = —_—
g Yk Kk
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and

e ¢]

3 (@ (B) ()i X"

Fa(a, B,y; 4, 145 X) ,
shz (@ By LDk K

where(c)x = c(c+ 1) --- (c+ k — 1) denotes the ascending factorial. A useful
relationship between the incomplete beta function and tke function (also
known as the Gauss hypergeometric function) is that

a

Bab) — ngFl(a,l—b;aJrl; X) 2)

The properties of these special functions can be found in Prudnikov et al. (1986)
and Gradshteyn and Ryzhik (2000).

2 Compound beta

This generalization is based on the characterization taaifidY are indepen-
dent gamma random variables then the ratjg X + Y) has the pdf (1). Here,
we takeX andY to have the compound gamma distribution with the pdfs

3 Xa—1(1+x)—(a+b)
f(x) = Ba.b) 3)

and

y L4yt
Bla. f)

for x > 0 andy > 0, respectively, and then consider the distribution of

W = X/(X +Y). We refer to this as theompound betalistribution. A
practical example of the use @f can be described as follows: suppose there are
two financial institutions A and B and that one is interested in quantifying their
relative performance. Assume that some financial indices for the two institutions
A and B are compound gamma distributed according to (3) and (4), respectively.
This assumption is very reasonable because the compound gamma distribution
(which is also known as the beta distribution of the second kind) has been heavily
applied in the areas of finance and economics. Under the assumption, it is clear
that the variablaV = X/(X + Y) will reflect the relative performance of insti-
tution A with respect to institution B. Hence, measures of relative performance
can be based on the distribution\af.

f(y) (4)
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The variable of interest 8/ = X/(X + Y). The cdf corresponding to (4) is
foy ta—l(l + t)—(a+ﬁ)dt
B(a, B)
1 _ a—
fl/(1+y) wf1(1 — w)* tdw
B(e, B)

1 B1/11y) (B, @)
B(a, B)

Thus, the cdf ofV can be written as
F(w) = Pr X <
w) = X+vy ="

1_
- Pr(Yz wx)
w

- 1—Pr(Y§1_wX> (5)

w

Fly) =

= 1-— /Oo { Bu/tu-+a-wx (B, 05)} XA+ X)_(a+b)dx
0 B(a, B) B(a, b)

I (w)
B(a, b)B(a, )’

where
l(w) = f XYL+ ) OB s 1w (B, @)dX. (6)
0

Using the relationship (2), (6) can be rewritten as

00 _ B
l(w) = i/ X2 (L + x) @D <1+ ! wx)
B Jo w

(7)
w
2F1 (ﬁ’ l-a;B+1 m) dx
Settingy = w/{w + (1 — w)x}, (7) can be further rewritten as
l(w) = lwa(l — w)P(1 = 2w) @D g (), (8)

B
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where
1 —(a+b)
Jw) = / y -yt ( + y)
0 1-2w (9)
2F1 (B, 1—a; B+ 1 y)dy.
Using the series representation
> T'(@+1 2z
1 + V4 « )
42" = Lre—j+o 5
(9) can be expanded as
o (_1)k(a + b)k w —(a+b+k)
J = J 10
(w) kgo " (1 — 2w> ks (10)

where

1
Y = / YAl el R (81— 4 Lyydy.  (11)
0

By application of equation (2.21.1.5) in Prudnikov et al. (1986, volume 3),
(11) can be evaluated as

k = Bk+b-g,a 3F@B,1-a,b—-8,8+1b+a-51. (12)
Combining (5), (8), (10) and (12), one obtains the cd\hs
F(w) =
—w\P L)k _ k (13)
C(l w> Z( 1) (a+b)k(1 2w> B(k1b_B.a).
w

|
w k=0 k!

where the constar@ is given by

sFo(B,1—a,b—B;8+1Lb+a—p8;1
BB(, b)B(a, B) '

Differentiating (13) with respect t@, one obtains the corresponding pdf as

c = (14)

o0

C(l— w)b? (—D¥@+b)B(k+b—8,a)
wbtl(1 — 2w) s k!

f(w) =
(15)

k
x (1_w2“’> (2b+Kw—b—K].
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Figure 1: The pdf (15) for (a)(a, b) = (0.5, 0.5); (b): (a,b) = (4, 4); (c):
(a,b) =(2,4); and, (d):(a, b) = (0.5, 4).

Figure 1 illustrates the shape of (15) for selected values of the parameters
(@, b,a, B).

Several particular cases of (13) can be obtained by using special properties
of the Gauss hypergeometric function (see Sections 9.10 to 9.13 of Gradshteyn
and Ryzhik (2000)). We consider two casedh & 28 + 1 then (13) reduces to

rra+a)

F(U)) = al“(a_|_ o + 13) B(a, b) B(CI, ﬂ)

(16)

1—2w
sFo(a,a+bato;a+lata+pB; 1 ,
—w
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and,ifb=1—a+ B —athen
F(w) =

c(i=w bi (—D*@+ by (l+k—a—a) 1—2w)k
( w )k=0k!F(2a+b+2a—k—2)F(l+k—oz)( w ’

17)
where the constar@ is given by

F@r@r@a+ao FB.b-4+11
B(a, b)B(«, B) ‘

The hazard rate function defined byx) = f (x)/{1 — F(x)} is an important
guantity characterizing life phenomena. It can be loosely interpreted as fol-
lows: if there is a large number of items (sayx)) in operation at timex, then
n(x) x h(x) is approximately equal to the number of failures per unit time (or
h(x) is approximately equal to the number of failures per unit time per unit at
risk). It is immediate from (13) and (15) that the hazard rate function is given by

C =

h(x) =

_ 1)k _ 3 K
(-a+ B et b ﬁ,a)<1 w2w> (2D Kyw — b K]

¢

(18)

~
Il

0

% 1k B K '
1-wl@—w)(1-2w) E (—D"(@+ b <1 2w> Bk+b-g8a)
= k! w

Some possible shapes of (18) o= b = 1/2 are shown in Figure 2. Ideally
one would like a “bathtub” shape fdr(x) because most systems in real-life
capture the three distinct hazard regimes: the region of infant mortality (where
h(x) decreases witk), the random failure region (whelgx) does not change
rapidly with x) and the wear-out region (whehgx) increases withx due to
deterioration processes). Itis pleasing to see that the shapes exhibited in Figure
2 are exactly of this type.

A series representation for timth moment ofW can be obtained as follows.
Note from (13) that one can write

ok _ \k+eot
Fw) =CY > (;) = iv(a g (c+b - B a) w KL —w)P,
k=0 ¢=0 :

whereC is given by (14). Thus, using the definition that
1

EW") = n/ w1 {1 — F(w)} dw,
0
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Figure 2: The hazard rate function (18) foe= b = 0.5.

one can obtain

EW") =

oo Kk K+£5¢

K\ (-DkTt2f@+b 19

1—nCZZ<€>( S KB (kb p 2B+ L bk bt 1) (19)
k=0¢=0

One can also obtain simpler expressions than (19) by considering the special

cases (16) and (17).

3 Power beta

The generalization of this section is also based on the basic characterization
that if X andY are independent gamma distributed random variables with com-
mon scale parameter then the ratip( X + Y) has the pdf (1). More specifically,

if X andY have the pdfs

a—1 _
Foo = X7 exp(—x/B) (20)

per(a)
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and

y*~texp(—y/B)
BT (b)

for x > 0 andy > 0, respectively, then the rati®/(X + Y) will have the
pdf (1). We consider the distribution & = X°/(X® + Y°®), ¢ > 0, which we
refer to aspower beta A practical example of the use ¥¥ can be described
as follows: suppose that a physical plant has two components A and B and
that one is interested in quantifying their relative performance. Assume that
the inter-failure times for the two components A and B are gamma distributed
according to (20) and (21), respectively. Assume further that the parameter
reflects the physical process which leads to the failures, i.e. the number of ways
in which the failures can occur. Under these assumptions, it is clear that the
variableW = X¢/(X° + Y°®) will reflect the relative performance of component
A with respect to component B. Hence, measures of relative performance can
be based on the distribution @¥.

The variable of interest gV = X¢/(X®+ Y®), ¢c > 0. The cdf corresponding
to (21) is

f(y) (21)

y (b, x)

F(y) ro)

Thus, the cdf ofV can be written as

F(w) = Pr (—Xc < w)
N Xe 4 Ye =
- 1/c
— Pr (Y > (1—w> x)
w
o 1/c
1— Pr(Y < (1—“’) x) (22)
w

L /oo y (b, (1_Tw)1/c %) Xa—lexp(_%>dx
0

I'(b) par(a)

1w
BT @I (b)’
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where

00 _ 1/c
[(w) = /(; xa-1 eXp<—%) 4 (b, (1Tw> %) dx. (23)

By direct application of equation (6.455.2) in Gradshteyn and Ryzhik (2000),
(23) can be evaluated as

B2 (a + b) (1— w)b/C
l(w) =
b w

1—w 1/c
2F b,a+b;b+l;—<—) .
w

Substituting this into (22), one obtains the cdifas

1 1—w\¢
Fw) = 1_bB(a,b)( w )

1—w 1/c
2F1 b,a+b;b+l;—(—> .
w

Differentiating (24) with respect t@, one obtains the corresponding pdf as

~(1+2) by 1/c
_w /(11— w)c ) L 1—w
fw) = bcB@. b) {sz1<b,a+b,b+1, (—w ) )

_ 1/c _ 1/c
—<1—w) 2F1<b+1,a+b+1;b+2;—(1 w) )}
w w

Figure 3 illustrates the shape of (25) for selected values of the parameters
(a,b,c). The effect of the parametercan be clearly seen — higher values

of ¢ have the effect of increasing the concentration of mass around the end
points 0 and 1.

Several particular cases of (24) can be obtained by using special properties
of the Gauss hypergeometric function (see Sections 9.10 to 9.13 of Gradshteyn
and Ryzhik (2000)). It = 1 then (24) reduces to

B, (a, b)

Fw) = Bab (26)

(24)

(25)

which is the cdf of (1). Ifa = 1 then
b

Fw) = 1- (1_7“’)%{“(1_7“))1/6}_ . 27)
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Figure 3: The pdf (25) for (a):(a,b) = (0.5,0.5); (b): (a,b) = (1,1);
(c): (a,b) = 4,4); (d): (a,b) = (2,%); (e): (a,b) = (0.5,4); and, (f):
(a,b) = (4,0.5).

If bis an integer then

(—1)°B(1—a— b, b) [ (1—w 1/°}b
Fw) = 1— L1+ (=

B(a, b)
k (28)
b CDKP(b+k—1) [1—w) T
XKX_; F(b)T (k) ( w ) '
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If a4+ b=1then

_ (1— w)b/c 1—w\Ye
Fw) = 1_F(a)F(l—a)wb/°<D<_(—) ,1Lb). (29

Finally, ifa=b = 1/2 then

_ 1/(2c)
for = -2 (1(50)7).

where i = +/—1 is the imaginary unit.

It is immediate from (24) and (25) that the hazard rate function is given by
b

h = —

(x) cw(l—w)

- w?et R (bt LatbrLby2—(52)") G

w

cwt/ert oF (ba+bib+ 1 — (52)")

w

Some possible shapes of (31) fo= b = 1/2 andc = 1, 2, 4, 10 are shown
in Figure 4. As with (18), itis pleasing to see that “bathtub” shapes are exhibited.
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Figure 4: The hazard rate function (31) foe= b = 0.5.
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Using (24) and the definition that
1
E(WY = k/ w1 - F(w)} dw,
0

one can write th&th moment ofW as

K k1 (1—w bre
EWY = bB(ab)/ ( w )

1_w l/C
2F1 b,a+b;b+1;—<—) dw.
w

Settingx = ((1 — w)/w)/¢, (32) can be reduced to
Xb+c—1

E (WX = /

(W) bB(a.b) Jo (14 x9)*

The integral on the right of (33) is difficult to calculate for gendraHowever,
if k < —1 then on using the binomial expansion one can rewrite (33) as

o k& —(k+1))
EW) = 55a D) > ( . )1, (34)

=0

(32)

- oFi(b,a+b;b+ 1 —x)dx. (33)

where

@) = / KDL E (b a4 b: b+ 1 —X) dx,
0

By equation (7.511) in Gradshteyn and Ryzhik (2000),
bI'(c¢ +b '—ct—-—clr'@a—-ct—
() = (ct+b+ol'(—cl —ol(a C). (35)
''a+bI'l—ct—oc)

Combining (34) and (35), one obtains tkth moment folk < —1 as

E (W =
ck ‘%” (—(k+ 1)) I'(ct +b+ )T (—ct —c)'@@—ct — ¢)
r@rb = ¢ rd—ct—c '

One can also obtain simpler expressions than (33) by considering the special
cases (26)—(30). For instanceait= 1 then one has

b+c—1 1 —b
E (W) :ck T X A+ 4x
(l—I—XC)k+1
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4 Hypergeometric beta

In this section, we introduce a generalization of (1) involving the Gauss hyper-
geometric function. We define its pdf by

bB(a, b)

f — 7 yatb-l p 11—y a b: 36
(X) Babi ) 2Fi(l—y,aa+b;x) (36)
forO<x < 1l,a>0,b> 0andy > 0. The corresponding cdf is:
bB(a, b) X B
FOX) = ——— LR -y asa+ by y)dy. 37
(X) Babiy) ) ) 2F1(l—y,a5a+b;y)dy (37)

By an application of equation (2.21.1.4) in Prudnikov et al. (1986, volume 3),
(37) can be reduced to
bB(a, b)

F(X) = aTDBa b+y)xa+sz1(1—y,a;a+b+1; x). (38)

Thenth moment associated with (36) is:

bB(a, b)

1
Babiy ) X Rd-yaathiodx (39)

E(X") =
Now, by an application of equation (2.21.1.5) in Prudnikov et al. (1986, vol-
ume 3), (39) can be reduced to

E(X”) B bB(a, b)
~ (n+a+b)B@b+y)

sFo(l—vy,a,n+a+b;a+bn+a+b+1;1).

Note that in the particular cade = 0, (36) reduces to the standard beta
pdf (1) with parametera and y. Figure 5 illustrates the shape of (36) for
selected values dh, b, v). The effect of the parametbrcan be clearly seen.

It is immediate from (36) and (38) that the hazard rate function is given by

h(X) =

b(a+ b)B(a, b)yx2*-1,F, (1 —y,a;a+ b; x) (40)
(@+b)B(@,b+y)—bB@ b)xatb ,F (1 —y,a;a+b+1;x)

Some possible shapes of (40) far= y = 1/2 andb = 0.1,1,2,5 are
shown in Figure 6. As with (18) and (31), it is pleasing to see that “bathtub”
shapes are exhibited.
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Figure 5: The pdf (36) for (a){a, y) = (4, 4); (b): (@, y) = (0.5, 0.5); (c):
(@, y) = (4,0.5); and, (d):(a, y) = (0.5, 4).

Several particular cases of (36) can be obtained by using special properties of
the Gauss hypergeometric function (see Section 7.3 of Prudnikov et al. (1986)
and Sections 9.10 to 9.13 of Gradshteyn and Ryzhik (2000)). Some of these
cases are:

1. Ifa+ b+ y = 1then (36) reduces to

bI'(b)xa+tP-1(1 — x)~2

e ra—-arlr@+hb)

2. Ifa+b+y =2then

_ b@a+b-1B(@.b)
f(x) = Ba2_a By@a+b—1,1—a)
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Figure 6: The hazard rate function (40) foe= y = 0.5.

If in addition

() a4+ b — 1isanintegerthen
ba@a+b-1)B(abB@+b-11-a)

f(x) =

B(@,2—a)
a+b—1
_ Fr€-a  , 1. _1a
X {1 ;:1 —F(l— a)F(E)X 1-—x) } .

(i) a=1/2andb = 1then

4 X
f(x) = — arctan /——.
b4 1-—x

(i) a=1/2 andb = k then
k(2k — 1)B (1/2, k) B (1/2, k — 1/2)
T

k-1
x Earctan X —\/x(l—x)ZdK .
T X ot

1-—

f(x) =
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3. If y = 0then
f(x) = b@+b-1(1—-x)"'By@@a+b-1,1-b).
If in addition
() a4+ b —1isanintegerthen

f(x) = b@+b—1B@+b—-11-hby(1l-x)>?

a+b—1
- Fe=b . 1
x{l ;Zl F(l—b)F(Z)X 1-—x) }

(i) a=1andb=1/2then

arctan

Fo0 = 1 X
o 2J/1—x 1-x

(i) a=kandb=1/2then

k—1
f(x) = (k- VBA/2k=12 | 2, cran |- —Vx@=x)) de ¢
41 —-x b4 1-x =

4. If y = 1then
f(x) = (@a+bx**,
a power function pdf.
5. Ifa=0then
f(x) = bxP71
another power function pdf.

6. If b= 1then

Bx(@, y)

e Bay+l)

If in addition

Bull Braz Math Soc, Vol. 37, N. 1, 2006
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() aisaninteger then
a STy +0-1) ,,
f = (—+1)3{1- _— 1-x)7¢.
o0 (y >[ 2 Torm X A9 }
(i) y is an integer then

_ @D s
o0 = (5 ){Z raro <470

=1

(i) a=y =1/2then

fx) = 4arctan X
7w 1—x

(v) a=k—-1/2andy = j — 1/2 then

2
fx) = <a+l)[arctan X
y b4 1-

It should be noted above that the constanptandd, are given by

k—1 j—-1
—\/X(l—X)ng + ZC@, .
=1 (=1

F(k+ ¢ — Dx< Y21 — x)t=22

C F'(kk—1/2)T (¢ +1/2)
and
d r)x-1
¢ T(+1/2)T(1/2)

respectively.

5 Trigonometric beta

In this section, we introduce generalizations of (1) involving trigonometric

functions. We refer to them as the beta trigonometric beta (TB) distributions.

We propose four TB distributions in all: two of these involve the cosine function

and the other two are complementary distributions involving the sine function.
The first generalization is given by the pdf

fx) = Cx 11 —-x)*"1cogax) (41)
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forO<x<1,v>0u>0and0< a < n/2, where the constar@@ is
given by

1 1 . .
c = EB(VaM){lFl(V§V+M§|a)+ tF(v; v+ s —1a))

andi = +/—1 is the imaginary unit. The standard beta pdf (1) arises as the
particular case of (41) faa = 0. Some other particular cases of (41) are:

f(x) = Cix*1(1-x)*"1cogax)
forO<x<1,u>0 and O<a < n/2;
f(xX) = Cy(1-x)"cogax)
for O<x<1,v> -1 and O<a < 7/2; and,
f(x) = CsxY?cogqax)

for 0 < x <1 and 0< a < 7/2, where the constant€,, C, and C3; are
given by

1 _ 1/2—n a a

o = Jra cos(z) I'()dp-1/2 (5) ,

1 i _ (v — 2a)i
N e ¢ F0) _ E e
c, 2a |:y 14+ v, —ia) exp{ 5 }

—y(1+v,ia) exp{—@”

1 2T
& - Eewa.

respectively. The modes of (41) are the solutions of the equation:

and

nu—1 v-1

1—x X

Using equation (3.768.12) in Gradshteyn and Ryzhik (2000)nthenoment
associated with (41) can be derived as

E(X") =
B(u,n+wv){i:Fxr(n+v;n+v+u;ia)+ i:F(h+v;n+v+u; —ia)}
B(u,v) {1F1(v;v+p;ia) + 1F (v v + u; —ia)}

atan(ax) =
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forn> 1.
The complementary sine pdf associated with (41) is:

f(x) = Cx1(1—-x)*1sin@@x)
for0<x<1,v>-1(@ #0),x > 0and O0< a < w, where the constar@
is given by

1 i . .
c = —EB(v,/L){lFl(v;eru;la)— 1tFL (v +p; —ia)}.

The modes of this pdf are the solutions of the equation:

u—1 v—-1

acotax) = T x <

while its nth moment turns out to be
E(X") =

B(u,n+v){1Fi(n+vin+v+pusia) — (Fr(n+v;n+v+ u; —ia)}
B(u,v) {1F1(v;v+p;ia) — 1F(viv + u; —ia)}

for n > 1. The latter result follows by using equation (3.768.11) in Gradshteyn
and Ryzhik (2000).
The second generalization is given by the pdf

f(x) = Cx¥1(1- xz)”_1 cogax) (42)

for0 < x < 1,v>0u>0and 0< a < w/2, where the constar@ is
given by
1

Lo b vt &
-~ = A v, v, =,V s — ]-
c ~ 2o\ VT Ty

Settinga = 0 into (42), one obtains a simple transformation of the standard
beta pdf (1). Some other particular cases of (42) are:

f(x) = C (1—x2)”_1/2cos(ax)
and

v—1/2

f(x) = Cox(1-x?) cogax)
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forO0 < x < 1,v > —1/2and 0< a < 7/2, where the constant; andC,
are given by

1 Jro(2\" 1

— = —(—-) T - 1J,(a

& =7 (5) r(r+g)r

1 1 ST 2\ 1
Hal YT E) r v+ 2 ) Ho@),
C, 1+2v 2 (a) (”+2> +1(@)

respectively. The modes of (42) are the solutions of the equation:

2u—1x  2v -1
atanlax) = — .
n@x 1-—x2 X
By equation (3.771.4) in Gradshteyn and Ryzhik (2000), nitie moment
becomes

and

B(v+3.u) 1F2(v+%;%,v+u+g;—%2)
1

E(X”) =
. . _ a2
B, w) iF2(v; 3, v+u; —F
v=09&u=05 v=09&pu=10
o o
— -
© -
o
= ] 2 ©
< 4
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Figure 7: Plots of the pdf (41) wita = /2.
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Figure 8: Plots of the pdf (42) wita = /2.

forn > 1.
The complementary sine pdf associated with (42) is:
f(x) = Cx**(1- xz)“_1 sin(ax)

for0 < x <1,v>-1/2, u > 0and O< a < m, where the constar@ is
given by
1 = ilB<v-|—},,u> 1F2<v+};§,v+u+};—a—2>.
C 2 2 22 2" 4
The modes of this pdf are the solutions of the equation:
2w —1x 2v—-1
1-—x2 X

acot(ax) =
while thenth moment takes the form

B(v+"% 1) 1F v+ﬁ1;§,u+“—l;—a7f)

E(Xn) . 2 2
o 1 1.3 1._ &
B(v+3. 1) 1Fz(V+2,2,V+M+2, 4)

Bull Braz Math Soc, Vol. 37, N. 1, 2006



SOME BETA DISTRIBUTIONS 125

for n > 1. The latter result follows by application of equation (3.771.3) in
Gradshteyn and Ryzhik (2000).

Figures 7 and 8 show some of the possible shapes of the pdfs (41) and (42).
The parameten is fixed ata = 7 /2. In Figures 7 and 8, the pdf appears
monotonically decreasing with whenv < 1. Whenv > 1 the pdf appears
uni-modal with its tails exhibiting a left skewu(< 1) or right skew & > 1).
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