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Nonexistence of invariant graphs in all supercritical
energy levels of mechanical Lagrangians inT2

Rafael O. Ruggiero

Abstract. Let (T2, g) be a smooth Riemannian structure in the torusT2. We show
that givenε > 0 and anyC∞ functionU : T2 −→ R there exists aC1 functionUε with
Lipschitz derivatives that isε-C0 close toU for which there are no continuous invariant
graphs in any supercritical energy level of the mechanical LagrangianLε : T T2 −→ R
given by L(p, v) = 1

2g(v, v) − Uε(p). We also show that givenn ∈ N, the set of
C∞ potentialsU : T2 −→ R for which there are no continuous invariant graphs in any
supercritical energy levelE ≤ n of L(p, v) = 1

2g(v, v) − U (p) is C0 dense in the set
of C∞ functions.
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Introduction

In a previous article [20], we showed that the set of smooth Riemannian metrics
in the two-torus whose geodesic flows have no continuous invariant graphs is
open and dense in the set of metrics endowed with theC1 topology. Motivated
by this result, it is natural to ask whether the set of mechanical Lagrangians in
the torus without invariant graphs in any supercritical level of energy is dense
in someCk topology. Namely, given a mechanical Lagrangian in the torus,
does there exists a smooth,Ck-close mechanical Lagrangian without invariant
graphs in any supercritical level?. The purpose of this article is to show that
the answer to this question is positive, provided that the considered topology is
theC0 topology. Given a mechanical LagrangianL(p, v) = 1

2g(v, v) − U (p),
whereg is a smooth Riemannian metric inT2 andU : T2 −→ R is a smooth
positive potential, what we call the critical value of the Lagrangian is the absolute
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critical valueC = maxp∈T2 U (p).We say that a submanifoldS in the tangent
bundleT M of a smooth manifoldM is called a graph if the canonical projection
π : T M −→ M , π(p, v) = p restricted toS is a homeomorphism. Our main
result is the following.

Theorem 1. Let(T2, g) be aC∞ Riemannian structure inT2, and letCk(T2,R)

be the set ofCk functions fromT2 to the real numbers. Then, givenn > 0, the
set ofU ∈ C∞(T2,R) for which there are no continuous invariant graphs of the
Euler-Lagrange flow in any supercritical energy levelE ≤ n of the Lagrangian
L : T T2 −→ R given byL(p, v) = 1

2g(v, v)−U (p) is dense in theC0 topology.
Moreover, givenε > 0 andU ∈ C∞(T2,R), there is a functionUε ∈ C1(T2,R)

with Lipschitz first derivatives, such that

(1) ‖ U − Uε ‖∞≤ ε,

(2) There are no continuous invariant graphs in any supercritical energy level
of Lε(p, v) = 1

2g(v, v) − Uε(p).

Let us comment briefly some of the main difficulties and ideas concerning the
proof of Theorem 1. The Euler-Lagrange flow in energy levels whose energy
E is greater thanC is, up to reparametrization, the geodesic flow of a Rieman-
nian metricgE

p = (E − U (p))gp, called Maupertuis’ metric. This is the well
known Maupertuis’ Principle of reduced action. The elimination of invariant
tori of the geodesic flow of a Riemannian metric by perturbations of the metric
[20] allows us to eliminate continuous invariant graphs in small open subsets of
energy levels: under certainC1 perturbations ofgE we obtain an open subset of
metrics close togE in theC1 topology having no invariant tori. However, the
set of Maupertuis’ metrics is infinite, and although Maupertuis’ metrics are all
conformal to each other, they might have very different geometric features. We
would like to point out that the Gaussian curvature of Maupertuis’ metrics tends
to∞ at certain points as the energy gets close to the critical value. With all these
problems it seems unlikely that with a single perturbation of a metric we could
succeed in eliminating invariant tori in all Maupertuis’ metrics simultaneously.
The definition of Maupertuis’ metrics suggests that perturbing the potential could
be more convenient than perturbing a particular Maupertuis’ metric, and pertur-
bations of the potential are somehow more natural from the point of view of
physics. The key idea of the proof of Theorem 1 is to show the existence of
perturbations of the potential which provide what we call in Section 2 uniformly
geodesic neighborhoods: open balls inT2 where the exponential map of the
metricg is a diffeomorphism, where the radialg-geodesics are geodesics of all
Maupertuis’ metrics, and where the Gaussian curvatures of Maupertuis’ metrics
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are uniformly bounded above. The existence of uniformly geodesic balls allows
us to control the geometry of all the Maupertuis’ metrics simultaneously in a
certain ball. Then, with the help of uniformly geodesic balls and some special
C0 bumps we construct in this article (Appendix), we show that givene > C
we can perturb the potential in order to eliminate invariant graphs of constant
energyE simultaneously for allE ∈ (C, e].

We would like to point out that Theorem 1 is the first result, as far as we know,
about the destruction of invariant graphs in all supercritical levels, and that the
proof of Theorem 1 cannot be extended to theC1 topology. We also think that
without much extra work we can extend Theorem 1 to n-dimensional tori.

1 Conformal metrics, Maupertuis’ principle

The goal of the section is to show some basic facts concerning the geodesics
and curvature of Maupertuis’ metrics. Although some of these results might be
well known we decided to include them in a preliminary section for the sake of
completeness. Let(T2, g) be aC∞ Riemannian structure inT2, let U : T2 −→
R be a smooth function (that can be assumed to be positive without loss of
generality), and consider the mechanical LagrangianL(p, v) = 1

2g(v, v) −
U (p), where(p, v) are the canonical coordinates of the tangent bundle ofT2.
The energy function ofL is given byE(p, v) = 1

2g(v, v)+U (p), and the number
C = C(U ) = maxp∈T2 U (p) is called the absolute critical value of the energy.
We shall refer toC simply as the critical value of the energy. The well known
Maupertuis’ principle tells us that the integral curves of the Euler-Lagrange flow
of L in a level of constant energyE > C are the geodesics of the Riemannian
metricgE in T2 given by

gE
p (z, w) = (E − U (p))gp(z, w),

which is usually called a Maupertuis’ metric. All these metrics are conformal
to the metricg, and hence the formulae of conformal geometry can be applied
to study the surfaces(T2, gE). Let us recall briefly the conformal connection
formula and the conformal curvature formula, we follow [7], [16]. Letḡp =
f (p)gp be two conformal metrics, wheref : T2 −→ R is a smooth positive
function, and let∇ be the Levi-Civita connection of the metricg. Writing
f (p) = e2σ(p), soσ(p) = 1

2ln( f (p)), we have that the Levi-Civita connection
of ḡ can be written in the following way:

Lemma 1.1.The Levi-Civita connection̄∇ of the metricḡ evaluated in smooth,
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local vector fieldsX, Y of T2 at the pointp ∈ T2 is given by

∇̄XY|p = ∇XY|p + gp(grad(σ ),

X(p))Y(p) + gp(grad(σ ),

Y(p))X(p) − gp(X, Y) grad(σ )p,

wheregrad(σ ) is the gradient vector field of the functionσ .

The following lemma that is straightforward from the conformal connection
formula is essentially proved in [16] (see also [17], [19] for instance).

Lemma 1.2. If the gradientgrad(σ ) is parallel to the field of vectors tangent
to a geodesicγ : (0, 1) −→ T2 of the metricg, then the geodesicγ (0, 1) is a
geodesic of the metric̄g = f g.

Now, let R be the curvature tensor of the metricg. The curvature tensor of̄g
is given by the well known conformal curvature formula.

Lemma 1.3. The curvature tensor̄R of the metricḡ evaluated in smooth, local
vector fieldsX, Y, Z, W at the pointp ∈ T2 is given by

e−2σ(p) R̄p(X, Y, Z, W) = Rp(X, Y, Z, W)

+ [Q(Y, Z)(σ ) + gp(Y, Z) ‖ grad(σ )p ‖2]gp(X, W)

− [Q(X, Z)(σ ) + gp(X, Z) ‖ grad(σ )p ‖2]gp(Y, W)

+ gp(Y, Z)Q(X, W)(σ ) − gp(X, Z)Q(Y, W)(σ ),

where‖ v ‖2= g(v, v), and Q(X, Y) is the vector field which applied to a
smooth functionh : T2 −→ R gives the function

Q(X, Y)(h) = X(Y(h)) − (∇XY)(h) − X(h)Y(h).

The main lemma of Section 1 contains some elementary properties of the
geodesics and the Gaussian curvature of Maupertuis’ metrics which are very
important for the forthcoming sections. LetK (p) and K E(p) be respectively
the Gaussian curvatures of the metricsg andgE at p ∈ T2. We shall use the
notationdg to designate the distance associated to the metricg, a ball ofg-radius
r centered atp will be denoted byBr (p), and agE-ball of radiusr centered at
p by BE

r (p).

Lemma 1.4.

(1) If the energyE tends to+∞, then the Gaussian curvatureK E tends
uniformly to0.
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(2) If x0 is a local minimum of the potentialU such thatU (x0) < C =
maxp∈T2 U (p), then there existr0 > 0, A > 0, K∞ > 0 such that

K E(p) ≤
A

minq∈Br0(x0)(E − U (q))
≤ K∞

for everyp ∈ Br0(x0).

(3) Assume that the minimum pointx0 of U is of Morse type. If the curva-
ture K (x0) of g at x0 is nonnegative, then there existsr1 > 0 such that
the Gaussian curvaturesK E(p) are positive for everyp ∈ Br1(x0) and
E > C.

Proof. Let p ∈ T2, and letγ : (−ε, ε) −→ T2 be a geodesic ofg parametrized
by g-arc length such thatγ (0) = p. Let φ : (−ε, ε) × (−δ, δ) −→ Vp be a
Fermi coordinate system defined in an open neighborhoodVp of p, such that
φ(t, 0) = γ (t) for everyt ∈ (−ε, ε). Let us denote by∂

∂t ,
∂
∂s respectively, the

coordinate vector fields ofφ, so ∂
∂t |γ (t) = γ ′(t). Let us recall that the coordinate

vector fields are perpendicular along the geodesicγ and haveg-norm equal to 1
alongγ (for details see for instance [6]). This implies that the Gaussian curvature
K (p) can be calculated by

K (p) = Rp

(
∂

∂t
,

∂

∂s
,

∂

∂t
,

∂

∂s

)
.

Clearly, the coordinate vector fields are perpendicular in any metric conformal to
g. So letḡp = f (p)gp be conformal tog, where f is a positive smooth function,
according to Lemma 1.3 we can calculate the curvature tensor ofḡ evaluated in
the coordinate fields by

e−2σ(p) R̄p

(
∂

∂t
,

∂

∂s
,

∂

∂t
,

∂

∂s

)
= K (p)

+
[

Q

(
∂

∂s
,

∂

∂t

)
(σ ) + gp

(
∂

∂s
,

∂

∂t

)
‖ grad(σ )p ‖2

]
gp

(
∂

∂t
,

∂

∂s

)

−
[

Q

(
∂

∂t
,

∂

∂t

)
(σ ) + gp

(
∂

∂t
,

∂

∂t

)
‖ grad(σ )p ‖2

]
gp

(
∂

∂s
,

∂

∂s

)

+ gp

(
∂

∂s
,

∂

∂t

)
Q

(
∂

∂t
,

∂

∂s

)
(σ ) − gp

(
∂

∂t
,

∂

∂t

)
Q

(
∂

∂s
,

∂

∂s

)
(σ ).
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Sinceg
(

∂
∂t ,

∂
∂s

)
= 0 alongγ (t), andg

(
∂
∂t ,

∂
∂t

)
= g

(
∂
∂s,

∂
∂s

)
= 1 alongγ (t), we

get

e−2σ(p) R̄p

(
∂

∂t
,

∂

∂s
,

∂

∂t
,

∂

∂s

)
= K (p) −

[
Q

(
∂

∂t
,

∂

∂t

)
(σ )+ ‖ grad(σ )p ‖2

]

− Q

(
∂

∂s
,

∂

∂s

)
(σ ).

Equivalently,

R̄p

(
∂

∂t
,

∂

∂s
,

∂

∂t
,

∂

∂s

)
= f (p)K (p)

− f (p)

[
Q

(
∂

∂t
,

∂

∂t

)
(σ )+ ‖ grad(σ )p ‖2

]

− f (p)Q

(
∂

∂s
,

∂

∂s

)
(σ ).

Let us calculateQ
(

∂
∂t ,

∂
∂t

)
(σ ). Since ∂

∂t is the field of vectorsγ ′(t), we have
that∇ ∂

∂t

∂
∂t = 0, and sinceσ = 1

2ln( f ) we get that

∂σ

∂t
=

1

2 f

∂ f

∂t
and

∂2σ

∂t2
=

1

2 f 2

[
∂2 f

∂t2
f −

(
∂ f

∂t

)2
]

.

This yields,

Q

(
∂

∂t
,

∂

∂t

)
(σ ) =

1

2 f 2

[
∂2 f

∂t2
f −

(
∂ f

∂t

)2
]

−
1

4 f 2

(
∂ f

∂t

)2

.

Recall that by the definition of a Fermi coordinate system, the vector field∂
∂s is

tangent to the geodesics in the tubular neighborhoodVp which are perpendicular
to γ . Moreover, we can assume without loss of generality thats is the arc length
parameter of such geodesics, so∇ ∂

∂s

∂
∂s = 0. Hence, it is easy to show that the

formula for Q
(

∂
∂s,

∂
∂s

)
(σ ) is obtained from the formula forQ

(
∂
∂t ,

∂
∂t

)
(σ ) just

by interchanging the parameterst ands, i.e.,

Q

(
∂

∂s
,

∂

∂s

)
(σ ) =

1

2 f 2

[
∂2 f

∂s2
f −

(
∂ f

∂s

)2
]

−
1

4 f 2

(
∂ f

∂s

)2

.
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Thus we get,

R̄p

(
∂

∂t
,

∂

∂s
,

∂

∂t
,

∂

∂s

)
= f (p)K (p) −

1

2 f

[
∂2 f

∂t2
f −

3

2
(
∂ f

∂t
)2

]

−
1

4 f
‖ grad( f ) ‖2 −

1

2 f

[
∂2 f

∂s2
f −

3

2

(
∂ f

∂s

)2
]

.

Since the area in the metric̄g of the parallelogram whose sides are the vectors
∂
∂t p

, ∂
∂s p

, is f (p) at p = γ (0) we have that the Gaussian curvature ofḡ at p is

K̄ (p) =
1

f (p)2
R̄p

(
∂

∂t
,

∂

∂s
,

∂

∂t
,

∂

∂s

)
,

and hence we obtain

K̄ (p) =
1

f (p)
K (p) −

1

2 f 3

[
∂2 f

∂t2
f −

3

2

(
∂ f

∂t

)2
]

−
1

4 f 3
‖ grad( f ) ‖2 −

1

2 f 3

[
∂2 f

∂s2
f −

3

2

(
∂ f

∂s

)2
]

.

To calculate the curvature of the metricsgE
p = (E − U (p))gp we just take

f (p) = E − U (p), so ∂ f
∂t = − ∂U

∂t , ∂ f
∂s = − ∂U

∂s , and hence we get

K̄ (p) =
1

E − U (p)
K (p) −

1

2(E − U (p))3

[

−
∂2U

∂t2
(p)(E − U (p)) −

3

2

(
∂U

∂t
(p)

)2
]

−
1

4(E − U (p))3
‖ gradp(U ) ‖2 1

2(E − U (p))3

[

−
∂2U

∂s2
(p)(E − U (p)) −

3

2

(
∂U

∂s
(p)

)2
]

=
1

E − U (p)
K (p) +

1

2(E − U (p))2

[
∂2U

∂t2
(p) +

∂2U

∂s2
(p)

]

+
3

2(E − U (p))3

[(
∂U

∂t
(p)

)2

+
(

∂U

∂s
(p)

)2
]

−
1

4(E − U (p))3
‖ gradp(U ) ‖2 .
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To show item (1) in Lemma 1.3, notice first that there exists a constantQ > 0
such that‖ grad(U ) ‖∞≤ Q, and such that in any Fermi coordinate system
defined in an open neighborhood ofT2 the first and second partial derivatives of
U with respect to the coordinates are bounded above byQ. This follows from
the fact thatU is C∞ and the compactness ofT2. So we deduce from the above
formula that

|K E(p)| ≤
1

(E − U (p))
K (p) +

Q

(E − U (p))2
+

4Q2

(E − U (p))3
,

which clearly implies item (1).
The proof of item (2) follows from the above formula forK̄ . Indeed, letr0 > 0

be such thatE − U (p) > C
2 for everyp ∈ Br0(x0). From the curvature formula

we get

K E(p) ≤
1

(E − U (p))

(
K (p) +

Q

(E − U (p))
+

4Q2

(E − U (p))2

)
,

which implies that

K E(p) ≤
1

(E − U (p))

(
K (p) +

2Q

C
+

8Q2

C2

)

for every p ∈ Br0(x0).

So lettingA = supq∈T2 K (q) + 2Q
C + 8Q2

C2 , L = 2
C A, we prove item (2).

To prove item (3) notice first of all that the curvature formula and the fact that
x0 is a critical point ofU imply that

K̄ (p) ≥
1

E − U (p)
K (p) +

1

2(E − U (p))2

[
∂2U

∂t2
(p) +

∂2U

∂s2
(p)

]
.

So if x0 is a Morse type minimum ofU , and the curvatureK (x0) is nonnegative,
there existsr1 > 0 such that:

(1) the ballBr1(x0) is contained in a Fermi chart aroundx0,

(2) the second derivatives ofU in Br1(x0) with respect to the Fermi coordinates
are positive,

(3) the curvatureK (p) is positive for everyp ∈ Br1(x0).

The numberr1 suits the requirements of item (3) of Lemma 1.4, thus finishing
the proof of the lemma. �
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2 Uniformly geodesic balls for Maupertuis’ metrics

We continue with the notation of Section 1,(T2, g) is a smooth Riemannian
structure inT2, U : T2 −→ R is a smooth positive function andL(p, v) =
1
2g(v, v) − U (p) is the mechanical Lagrangian defined byg andU . The goal
of the section is to study Lagrangians with the property that there exists a ball
Br (p) of g-radiusr > 0 centered at some pointp ∈ T2 such that the radial
geodesics ofg in Br (p) starting atp are in factgE-minimizing geodesics for
all the Maupertuis’ metricsgE = (E − U )g. This construction will allow us
to control the behaviour of radial geodesics inBr (p) under perturbations ofU
simultaneously in all the Maupertuis’ metrics. We shall use the notationsdg to
designate the distance associated to the metricg, dE for the distance of the metric
gE, ‖ v ‖ for the norm of a vectorv in the metricg, and‖ v ‖E for the norm ofv
in the metricgE. Metric balls with respect tog, with g-radiusr and centered at
p will be denoted byBr (p), and metric balls with respect togE with gE-radius
r and centered atp will be denoted byBE

r (p).

Definition 2.1. Given a family of metricsG in T2, we say that a ballBr (p)

of g-radius r > 0 for someg ∈ G is uniformly geodesic for the familyG if
theg-geodesics inBr (p) containing the pointp are geodesics for every metric
h ∈ G.

Our first result is an elementary remark that plays a key role in the proof of
the main theorem.

Lemma 2.1. Let L(p, v) = 1
2g(v, v) − U (p) be the mechanical Lagrangian

defined by the metricg and a smooth potentialU. Suppose that the pointx0 is
a Morse minimum ofU, and that there existsδ > 0 such that

(1) x0 is the only singularity ofU in the ball Bδ(x0),

(2) the integral curves of the gradient ofU in Bδ(x0) are geodesics of the
metricg.

Then the integral curves of the gradient ofU in Bδ(x0) are geodesics for all the
Maupertuis metricsgE

p = (E − U (p))gp for everyE > C.

Proof. The proof is straightforward from Lemma 1.2: if the gradient off is
parallel to the geodesics ofg in Bδ(x0) throughx0, then the integral curves of
the gradient are geodesics of the metricḡp = f (p)gp. Since the gradients of
the functionsfE(p) = E − U (p) are all the same, we get that theg-geodesics
throughx0 in Bδ(x0) are in factgE-geodesics for everyE > C. �
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Next, we proceed to studygE-minimizing properties of the geodesics through
x0 in the ballBδ(x0). We can suppose thatδ is a normal radius forg, i.e., the ball
Bδ(x0) is a normal ball forg: given x, y in Bδ(x0) the geodesic joiningx and
y is unique, minimizing, and contained inBδ(x0). In particular, the exponential
map expx0

: {‖ v ‖< δ} −→ Bδ(x0) is a diffeomorphism, andδ is less than or
equal to the injectivity radius of(T2, g). We shall denote byl g(c) the length of
a curvec in the metricg, and byl E(c) the length ofc in the metricgE.

Lemma 2.2.Let(T2, g) be a smooth Riemannian structure inT2, U : T2−→R
be aC∞ function, andL(p, v) = 1

2g(v, v)−U (p) be aC∞ Lagrangian defined
in T T2. Suppose that there exist a pointx0 ∈ T2, and a normal radiusr > 0
for the metricg, such that

(1) U (q) < maxp∈T2 U (p) for everyq ∈ Br (x0),

(2) the pointx0 is an isolated critical point ofU in Br (x0), and the level curves
of U in this ball are theg-spheres of radiusρ ≤ r centered atx0.

Let E = C be the critical energy level of the LagrangianL. Then for every
E ≥ C there existsr (E) > 0 such that theg-geodesics inBr (x0) throughx0 are
gE-minimizing in the ballBE

r (E)(x0) = {p ∈ T2, dgE (p, x0) ≤ r (E)}. Moreover,
there existsD > 0 such that:

(
min

p∈Br (x0)

√
E − U (p)

)
D ≤ r (E).

Proof. The proof is a consequence of Lemma 2.1 and comparison Theorems
of basic Riemannian geometry. Since the level curves ofU in Br (x0) are the
g-spheres centered atx0, the gradient ofU in Br (x0) is tangent to theg-geodesic
rays throughx0. So by Lemma 2.1, the ballBr (x0) is uniformly geodesic for all
the Maupertuis’ metricsgE. By Rauch’s comparison Theorem, we have that if
the curvatureK E satisfiesK E ≤ H then the injectivity radiusρ(E) of (T2, gE)

satisfiesρ(E) ≥ π√
H

. Choose an energyE > C. According to Lemma 1.4, item
(2), we get

ρ(E) ≥
π

√
A

min
q∈Br (x0)

√
E − U (q),

for everyE > C. If E = C, although the Maupertius’ principle does not hold
in the energy level, the quadratic formsgE define indeed metrics inBr (x0) by
the choice ofx0 andr . Therefore, by Lemma 1.4 the above bounds forK E|Br (x0)

still hold for the curvatureK C|Br (x0). Let ME = maxp∈Br (x0)

√
E − U (p), and
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mE = minp∈Br (x0)

√
E − U (p). The injectivity radius of the metricsgE re-

stricted toBr (x0) for C ≤ E ≤ E0 have a common lower boundρ0 > 0.
Writing

ρ0 = ρ0

√
E − U (p)

1
√

E − U (p)
≥

ρ0

ME
mE

we have a lower bound for the injectivity radius of all the metricsgE|Br (x0) for
C ≤ E ≤ E0 analogous to the lower bound ofρ(E) for E ≥ E0. Since in
(T2, gE) for E ≥ E0 all geodesics whose length is at mostr (E) = 1

2ρ(E) are
minimizers, this concludes the proof of the Lemma in the caseE ≥ E0 > C. If
C ≤ E ≤ E0, since the curvaturesK E of the ballBr (x0) are uniformly bounded
above, there is a lower bound for the normal radiusνE(p) of p ∈ Br (x0), i.e.,
there existsν > 0 such thatνE(p) ≥ ν for every p ∈ Br (x0). Hence, thegE-
geodesics throughx0 whose length is at mostr (E) = 1

2ν = ν
ρ0

ρ0 are minimizers,
thus proving the Lemma in the caseC ≤ E ≤ E0. �

Lemma 2.3.Let (T2, g) be a smooth Riemannian structure inT2, U, x0, r > 0
andr (E) > 0 be as in Lemma 2.2. Given0 < ε ≤ r (E), the ball BE

ε (x0) is
contained in the ballBE′

ε (x0) for everyC ≤ E′ ≤ E. More precisely,

BE
ε (x0) ⊂ BE′

ε maxp∈Br (x0)

√
E′−U (p)
E−U (p)

for everyC ≤ E′ ≤ E.

Proof. The proof is an easy calculation using the definitions of the metricsgE.
Given ag-geodesicγ : (−ε, ε) −→ BE

ε (x0) with γ (0) = x0, parametrized by
gE-arc length, we obtain itsgE′

-length by the following formula:

l E′(γ ) =
∫ ε

0
‖ γ ′(t) ‖E′ dt

=
∫ ε

0

√
E′ − U (γ (t)) ‖ γ ′(t) ‖ dt

=
∫ ε

0

√
E − U (γ (t)) ‖ γ ′(t) ‖

√
E′ − U (γ (t))

√
E − U (γ (t))

dt

=
∫ ε

0
‖ γ ′(t) ‖E

√
E′ − U (γ (t))

E − U (γ (t))
dt

≤ l E(γ ) max
p∈Br (x0)

√
E′ − U (p)

E − U (p)
< l E(γ ) = ε.

Hence, a subsetγ [0, tE′ ] of gE′
-lengthε contains the curveγ [0, ε] of gE-length

ε and parametrized byg-arc length. �
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The next result will be very useful in the proof of the main Theorem. It shows
that there exists a system of “nested” uniformly geodesic neighborhoods where
the radial geodesics are minimizing for all the Maupertuis’ metrics.

Lemma 2.4.Let (T2, g) be a smooth Riemannian structure inT2, U, x0, r > 0
andr (E) > 0 be as in Lemma 2.2. There existsr1 > 0, 0 < α(E) ≤ r (E), such
that:

(1) The balls BE
α(E)(x0) are subsets ofBr (x0), and the radialg-geodesics

throughx0 are gE-minimizers.

(2) For everyE > C and C ≤ E′ ≤ E there exists0 < αE(E′) such that
BE

α(E)(x0) = BE′

αE(E′)(x0) ⊂ BE′

r (E′)(x0),

(3) BE
α(E)(x0) contains a ballBr1(x0) of g-radiusr1 for everyE > C.

Proof. Let us recall the notations

ME = max
p∈Br (x0)

√
E − U (p) =

√
E − U (x0), mE = min

p∈Br (x0)

√
E − U (p).

We begin by observing that there exists a constantP > 0 such thatP > ME
mE

for
everyC ≤ E. This is straightforward from the following two facts:

(1) limE→+∞
ME
mE

= 1,

(2) by the definition ofBr (x0) there existsσ > 0 such thatC − U (p) > σ

for every p ∈ Br (x0), C = maxp∈T2 U (p) which means that

1

mE
<

1
√

σ

for everyE ≤ C.

By Lemma 2.2, there existsD > 0 such thatr (E) ≥ DmE. For our purposes,
we can assume without loss of generality thatr (E) = DmE andP ≥ 1.

Claim. The numberα(E) = D
P mE satisfies the requirements of Lemma 2.4.

Indeed, the choice ofP implies thatα(E) ≤ DmE = r (E), so according to
Lemma 2.2 the radial geodesics throughx0 in BE

α(E)(x0) aregE-minimizing and
this proves partially item (1). To show item (2) notice that the spheres of the
metricsgE in Br (x0) are the level curves of the potentialU , so in fact the ball
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BE
α(E)(x0) corresponds to a certain ballBE′

αE(E′)
(x0) with gE′

-radiusαE(E′) > 0
for everyC ≤ E′ ≤ E. By Lemma 2.3, we have that

αE(E′) ≤ α(E) max
p∈Br (x0)

√
E′ − U (p)

E − U (p)
≤ α(E)

ME′

mE

≤
D

P
ME′ =

D

P
mE′

ME′

mE′
< DmE′ = r (E′),

which shows item (2). To show item (3) observe that by the definition of the
metricgE we have that

mEdg(x, y) ≤ dE(x, y) ≤ MEdg(x, y),

for everyx, y ∈ Br (x0), and hence

α(E) = dE(x0, ∂ BE
α(E)(x0)) ≤ MEdg(x0, ∂ BE

α(E)(x0)).

This implies

dg(x0, ∂ BE
α(E)(x0)) ≥

α(E)

ME
=

D

P

mE

ME
≥

D

P2
,

by the choice ofP. Therefore, the ballBE
α(E)(x0) contains the ballB D

P2
(x0)

of g-radiusr1 = D
P2 , proving item (3). We are left to complete the proof of

item (1), namely, thatBE
α(E)(x0) ⊂ Br (x0). The comparison inequality between

the metricsgE andg yields

dg(x0, ∂ BE
α(E)(x0)) ≤

α(E)

mE
,

so if we show thatα(E)

mE
≤ r we are done. In fact, the numberα(E)

mE
might be larger

thanr . However, since all the statements proved by now hold if we multiplyα(E)

by a constant 0< λ ≤ 1, we can rescaleα(E) in order to getλα(E)

mE
= r . Thus,

consideringλα(E) instead ofα(E) we get a number that fullfils the requirements
of Lemma 2.4. �

3 Perturbations of the potential preserving uniformly geodesic balls

We follow the notations of Section 2. Given a LagrangianL(p, v) = 1
2g(v, v)−

U (p) where(T2, g) has a uniformly geodesic ballBr (x0) for all the Maupertuis’
metrics, we shall show how we can construct perturbationsŨ of U such that
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Br (x0) is still uniformly geodesic for the Maupertuis’ metrics of the Lagrangian
L̃(p, v) = 1

2g(v, v) − Ũ (p). The idea is based in the theory of conformal
perturbations of a metricg which preserve some prescribed subset of geodesics
of g (see for instance [16], [17]).

Proposition 3.1. Let (T2, g) be a smooth Riemannian structure inT2, U :
T2 −→ R be a smooth positive function having a Morse minimumx0, such that
there exists an embedded ballBr (x0) of g-radiusr > 0 centered atx0 where

(1) The level curves ofU in Br (x0) are theg-spheres centered atx0,

(2) U (p) < C for everyp ∈ Br (x0).

Givenε > 0, n > 0, there existε-Cn perturbationsŨ of U such that:

(1) The support ofŨ is Br (x0),

(2) Ũ (p)<U (p) for everyp in the interior ofBr (x0), andminp∈Br (x0) Ũ (p) =
Ũ (x0),

(3) The level curves of̃U are theg-spheres centered atx0, and hence the
ball Br (x0) is uniformly geodesic for all the Maupertuis’ metrics of the
LagrangianL̃(p, v) = 1

2g(v, v) − Ũ (p),

(4) LetgE, g̃E be respectively the Maupertuis’ metrics associated to the energy
E > C of L andL̃. Then the difference between the arc-lengths ofgE and
g̃E can be estimated as follows:

minp∈Br
2
(x0) 1U (p)

2(E − Ũ (x0))
l gE(γ ) ≤ l g̃E(γ ) − lgE(γ )

≤
maxp∈Br (x0) 1U (p)

minp∈Br (x0)(E − U (p))
lgE(γ ),

where1U (p) = U (p) − Ũ (p).

Proof. By hypothesis, the radialg-geodesics inBr (x0) throughx0 are geodesics
for all the Maupertuis’ metrics ofL, according to Lemma 2.1: the ballBr (x0)

is uniformly geodesic for these metrics. The spheresSE
δ (x0) of gE-radiusδ > 0

contained inBr (x0) are the level curves of the potentialU for every E ≥ C.
This special feature of the metricg allows us to apply some ideas of [17] to
obtain perturbations̃U of the potential that preserve the geodesics of the new
Maupertuis’ metrics of̃L. Indeed, if we perturb the potential in a way that the
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perturbationŨ preserves the system of level curves ofU in Br (x0) we get that the
gradient ofŨ is parallel to the gradient ofU . Since the gradient ofU is parallel to
the radial geodesics ofg in Br (x0) we apply Lemma 2.1 to conclude that the radial
g-geodesics inBr (x0) are also geodesics for every metricg̃E

p = (E − Ũ (p))gp

whereE ≥ C̃, C̃ being the critical value of̃L. Moreover, if we decrease the
value ofU pointwise with the perturbatioñU , then the critical values ofL and
L̃ coincide.

To construct such a perturbation, we proceed as in [17]. Take polar coordinates
(ρ, θ) in Br (x0) with ρ = 0 corresponding to the pointx0, andρ ∈ [0, r ].
Consider aC∞ bump function f : R −→ R+ that is even,f (t) = f (0) for
every|t | ≥ r

2 and attains its maximum value att = 0, f (t) is strictly increasing
in the interval[−r, − r

2], and f (t) = 0 for |t | > r . Now, defineŨ (p) =
U (p)− f (ρ(p)), that gives a function of the same differentiability class off . If
f is a perturbation of the zero function in theCk topology, thenŨ is a perturbation
of U in the same topology. Item (1) in the proposition obviously holds. Since
f is positive and attains its maximum value att = 0 item (2) is trivially true.
Since the curvesρ = r0 represent the spheres ofg aroundx0 which are level
curves ofU , then it is clear that the level curves ofŨ are also these spheres
and hence, the gradient ofŨ in Br (x0) is parallel to theg-geodesics throughx0.
The same is true for the gradient of the functionsE − Ũ (p) and therefore the
radial g-geodesics inBr (x0) are g̃E-geodesics for everyE ≥ C. This proves
item (3). The proof of item (4) is a calculation. Letγ : [a, b] −→ Br (x0) be a
differentiable curve. Then,

l g̃E(γ ) − l gE(γ ) =
∫ b

a
[
√

E − Ũ (γ (t)) −
√

E − U (γ (t))] ‖ γ ′(t) ‖ dt

=
∫ b

a

U (p) − Ũ (p)
√

E − Ũ (γ (t)) +
√

E − U (γ (t))
‖ γ ′(t) ‖ dt

=
∫ b

a

1U (p)
√

E − U (γ (t)) ‖ γ ′(t) ‖

E − U (p) +
√

(E − Ũ (γ (t)))(E − U (γ (t)))
dt

=
∫ b

a

1U (p) ‖ γ ′(t) ‖gE

E − U (p) +
√

(E − Ũ (γ (t)))(E − U (γ (t)))
dt.

SinceŨ (p) < U (p) for everyp ∈ Br (x0) we haveE − Ũ (p) > E − U (p) and
hence

E − U (p) <

√
(E − Ũ (p))(E − U (p)) < E − Ũ (p).
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Consider a subinterval[a′, b′] ⊂ [a, b]. Replacing in the above inequalities
we get

mint∈[a′,b′] 1U (γ (t))

2 maxt∈[a′,b′](E − Ũ (γ (t)))
l gE(γ ) ≤ l g̃E(γ ) − l gE(γ )

≤
maxt∈[a′,b′] 1U (γ (t))

minp∈Br (x0)(E − U (p))
lgE(γ ).

In particular, taking ag-geodesicγ [−r, r ] parametrized byg-arc length with
γ (0) = x0 we obtain the inequalities in item (4), just replacing[a′, b′] = [− r

2,
r
2],

[a, b] = [−r, r ]. �

4 Elimination of invariant graphs in large subsets of energy levels

We shall proof Theorem 1 in two steps. The first step, which is the goal of this
section, consists in showing that givenE > C, whereC is the critical value of
the Lagrangian, there exist aC0 perturbation of the potential creating a bump for
the Lagrangian action which is avoided by minimizers of the actionin all energy
levelsC ≤ E′ ≤ E. The second step, that is the subject of the next section,
uses this fact to show the density of Lagrangians with no invariant graphs in any
regular level of energy. So we start with a characterization of a family ofC0

perturbations of the metricg which create bumps.

Proposition 4.1.Let(T2, g) be a smooth Riemannian structure inT2, letρ > 0
be a normal radius of(T2, g), and letGg > 1be an upper bound for the Gaussian
curvature ofg. Let p ∈ T2 andL > 0. Then there exist0 < δ(ρ, Gg) < ρ such
that if for some0 < δ ≤ δ(ρ, Gg), andgδ is a metric inT2 satisfying:

(1) The metricgδ coincides withgoutside the ballBδ(p)and‖ g−gδ ‖∞≤ Lδ,

(2) The radialg-geodesics throughp in Bρ(p) are alsogδ-geodesics,

(3) Thegδ-length of each radial geodesicγ in the ball Bδ(p) of g-radius δ

around p exceeds theg-length ofγ according to the following formula:

lgδ
(γ [0, δ]) − l g(γ [0, δ]) ≥ 8Ggδ

2,

whereγ is parametrized byg-arc length, then no radial geodesic through
p is gδ-minimizing.
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The proof of Proposition 4.1 will be given in the Appendix, we prefer to show
how Proposition 4.1 applies to eliminate invariant graphs in large subsets of
energy levels.

Recalling the notation of the previous sections, letU : T2 −→ R be a smooth
potential with an isolated minimumx0 in Br (x0) with U (x0) < maxp∈T2 U (p) =
C, then the equationgE

x = (E −U (x))g defines a Riemannian metric in the ball
Br (x0) for every E ≥ C. Assume that the level curves of the restriction to
Br (x0) of U are theg-spheres centered atx0. So theg-geodesic rays inBr (x0)

throughx0 are the integral curves of∇U in Br (x0), and this ball is uniformly
geodesic for the family of metricsgE, E ≥ C. Let r (E) > 0, α(E) > 0 be the
constants defined in Lemmas 2.2 and 2.4: radialg-geodesics inBE

r (E)(x0) aregE-

minimizing, and the ballBE
α(E)(x0) of gE-radiusα(E) is contained inBE′

r (E′)(x0)

for everyC ≤ E′ ≤ E. Let us denote byρE a normal radius for the Maupertuis’
metric gE in Br (x0), E ≥ C, GE will denote the supremum of the Gaussian
curvature ofgE in Br (x0), and observe that we can suppose thatρE = α(E).
Moreover, according to Lemma 1.4, there exists an upper boundG > 0 for the
Gaussian curvatures of thegE ’s in Br (x0): G ≥ GE for everyE ≥ C. Let us
denote byδ(ρE) = δ(ρE, G) the constant given in Proposition 4.1 corresponding
to the metricgE. We can apply Proposition 4.1 to each metricgE in the ball
Br (x0) takingGgE = G for everyE ≥ C. This provides us a sufficient criterion
to decide whether a metrich in Br (x0) with the same radialgE-geodesics has
the property that radial geodesics inBE

ρE
(x0) are noth-minimizing.

Lemma 4.1.Let (T2, g), U : T2 : −→ R, x0 ∈ T2, r > 0 be as above. Assume
that the Gaussian curvature of(T2, g) is nonnegative inBr (x0). Givenε > 0,
E > C, there exist0 < r E,ε < r , and aε-C0 perturbationŪ of the potentialU
such that:

(1) The support of̄U is contained in the ballBr E,ε
(x0) = {q ∈ T2, dg(q, x0) ≤

r E,ε},

(2) The ballBr (x0) is uniformly geodesic for the metricsḡE
p = (E−Ū (p))gp,

(3) No radial g-geodesic inBr (x0) is gE′
-minimizer for everyC ≤ E′ ≤ E.

Proof. The idea is to use Propositions 3.1 and 4.1 to construct a perturbation
of the potential enjoying the properties of assertions (1) and (2) in the statement
which at the same time satisfies item (3). So letE > C and considerδ < δ(ρE),
whereδ(ρE) is the constant defined in Proposition 4.1. We restrict our study to
the ball Br (x0) where the metricsgE are all well defined and have curvatures
uniformly bounded from above. Without loss of generality, we can replaceGE
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by the supremumG of the Gaussian curvatures of the metricsgE restricted to
Br (x0). Let γ : [−ρE, ρE] −→ BE

ρE
(x0) be a geodesic parametrized bygE-arc

length such thatγ (0) = x0. Let us recall that by Proposition 3.1, the change in
the arc length of the Maupertuis’ metrics induced by a perturbationŨ of U with
support in the ballBE

δ (x0) can be estimated as follows:

minp∈BE
δ
2
(x0)

1U (p)

2(E − Ũ (x0))
l gE

(
γ [0,

δ

2
]
)

≤ l g̃E(γ [0, δ]) − l gE(γ [0, δ])

≤
maxp∈BE

δ (x0)
1U (p)

minp∈BE
δ (x0)

(E − U (p))
l gE(γ [0, δ]),

where1U (p) = U (p) − Ũ (p). SincelgE(γ [0, δ
2]) = 1

2l gE(γ [0, δ]) we can
rewrite the left inequality in the following way:

minp∈BE
δ
2
(x0)

1U (p)

4(E − Ũ (x0))
l gE(γ [0, δ]) ≤ l g̃E(γ [0, δ]) − l gE(γ [0, δ]).

According to Proposition 4.1, if we had that

minp∈BE
δ
2
(x0)

1U (p)

4(E − Ũ (x0))
l gE(γ [0, δ]) ≥ 8GEδ2

then the radial geodesics throughx0 in BE
ρ(E)(x0) would be notgE-minimizing,

and hence, these geodesics would not begE-minimizing in Br (x0). The last
inequality can be reduced to

minp∈BE
δ
2
(x0)

1U (p)

4(E − Ũ (x0))
δ ≥ 8GEδ2,

or equivalently,
minp∈B δ

2
(x0) 1U (p)

E − Ũ (x0)
≥ 32GEδ.

Now, recall that by Lemma 1.4 (1), (2) there exists a constantA > 0 such that

GE ≤
A

minp∈Br (x0)(E − U (p))

for everyC ≤ E. Therefore, if we had that

minp∈BE
δ
2
(x0)

1U (p)

E − Ũ (x0)
≥ 32

A

minp∈Br (x0)(E − U (p))
δ
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then we would have that the radial geodesics inBr (x0) are notgE-minimizing.
Or equivalently,

min
p∈BE

δ
2
(x0)

1U (p) ≥ 32A
E − Ũ (x0)

minp∈Br (x0)(E − U (p))
δ,

for someδ < δ(ρE). Notice that there exists a constantB > 0 such that

E − Ũ (x0)

minp∈Br (x0)(E − U (p))
≤ B,

since minp∈Br (x0)(E − U (p)) > a > 0 and limE→+∞
E−Ũ (x0)

minp∈Br (x0)(E−U (p))
= 1.

Hence, we can replace the above inequalities by

min
p∈BE

δ
2
(x0)

1U (p) ≥ 32B Aδ

without loss of generality.

Claim 1. Given ε > 0 there existsδε,E ∈ (0, δ(ρE))] such that for every
δ ≤ δε,E there existσ = σ(δ) > 0, and a smooth potentialUε,δ,E : T2 −→ R
such that

(1) The support ofUε,δ,E is Bσ (x0) = {p ∈ T2, dg(p, x0) ≤ σ }, and the level
curves ofUε,δ,E are theg-spheres centered atx0,

(2) ‖ Uε,δ,E − U ‖∞= 32B Aδ ≤ ε,

(3) There exists 0< λ = λ(σ) < σ such that:

min
p∈Bλ(x0)

1U (p) = 32B Aδ,

where1U (p) = U (p) − Uε,δ,E(p).

Indeed, using the ideas in the proof of Proposition 3.1, let us first construct a
positive bump functionf : (−1, 1) −→ R satisfying

(1) min|t |≤ 1
2

f (t) ≥ 32B Aδ,

(2) ‖ f ‖∞≤ ε.
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Let us start with a smooth even functionf (t) supported in[−1, 1] such that
f (t) is increasing in[−1, 0] and takes its maximum value in the interval|t | ≤ δ

2,
where f (t) = 32B Aδ for every |t | ≤ δ

2. In this way we have that‖ f ‖∞=
32B Aδ, and then we calculateδ such that this norm is at mostε: for this purpose
we must have that 32B Aδ ≤ ε which means thatδ ≤ δε,E = ε

32B A. Now,
recall that the numberδ represents a length in the metricgE, and we want a ball
Br E(δ)(x0) in the metricg with g-radiusr E(δ) which represents the ballBE

δε,E
(x0).

As we mentioned in the previous sections, the balls inBr (x0) of the Maupertuis’
metrics coincide, their boundaries are the level curves of the potentialU . So in
fact, there existsr E(δ) > 0 such thatBE

δ (x0) = Br E(δ)(x0) for everyδ ≤ δE,ε .
So letr E,ε = r E(δE,ε), and givenδ < δE,ε let fε,δ,E : R −→ R be the function
defined by fε,δ,E(t) = f ( t

r E(δ)
) for δ ≤ δε,E, whose support is the interval

[−r E(δ), r E(δ)] and has the same image as the functionf . Clearly,r E(δ) < r E,ε

for everyδ < δE,ε ; ‖ fε,δ,E ‖∞≤ ε, and fε,δ,E(t) = 32B Aδ for every|t | ≤ r E(δ)

2 .
Finally, take polar coordinates(ρ, θ) in Br (x0), whereρ is theg-radius of points
in Br (x0), and define

Uε,δ,E(p) = U (p) − fε,δ,E(ρ(p)),

for everyp ∈ Br (x0). The potentialUε,σ,E satisfies the requirements of Claim 1.
Following the notation in Claim 1, letr E(δ) be theg-radius of the ball around

x0 which coincides with the ballBE
δ (x0), i.e., BE

δ (x0) = Br E(δ)(x0). Let us call
by r E,E′(δ) the gE′

-radius of the ballBE
δ (x0) for C ≤ E′ ≤ E, i.e., BE

δ (x0) =
BE′

r E,E′ (δ)
(x0). Notice thatr E,E(δ) = δ, and by Lemma 2.3 we have thatr E,E′(δ) <

δ for everyE′ < E.

Claim 2. Let Uε,δ,E be the potential defined in Claim 1 forδ ≤ δε,E. Then we
have that

min
p∈BE′

r E,E′ (
δ
2 )

(x0)

1U (p) ≥ 32B AlE′(γ [0, δ]),

where1U (p) = U (p) − Uε,δ,E(p), andγ is a radial geodesic parametrized by
gE-arc length.

The proof of Claim 2 is a straightforward calculation.
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Observe that

l E(γ [0, δ]) = δ

= l E′(γ [0, δ])
l E(γ [0, δ])

l E′(γ [0, δ])

= l E′(γ [0, δ])
δ

r E,E′(δ)
≥ l E′(γ [0, δ]).

Combining this estimate with Claim 2 we get that for eachC ≤ E′ ≤ E,
every gE′

-geodesicγ [0, r E,E′( δ
2)] parametrized bygE′

-arc length in the ball
BE′

r E,E′ (
δ
2 )

(x0) with γ (0) = x0, satisfies the inequality in Proposition 4.1:

(∗) l ḡE′ (γ ) − l gE′ (γ ) ≥ 8GglgE′ (γ )2.

Since we choseδ < α(E), andr E,E′(α(E)) = αE(E′) ≤ α(E′) according to
Lemma 2.4, we get that

r E,E′

(
δ

2

)
< r E,E′(δ) < r E,E′(α(E)) ≤ α(E′),

which means that the ballBE′

r E,E′ (
δ
2 )

(x0) is contained in thegE′
-normal ball

BE′

α(E′)(x0). The final step of the proof of Claim 2 is to apply Proposition 4.1

to the metricgE′
in the ballBE′

α(E′)(x0), where we takeα(E′) = ρ(E′) as normal

radius ofgE′
in Br (x0). By the inequality (*) it would be enough to show that

r E,E′(δ) ≤ δ(α(E′)).

Claim 3. We can chooseδ ≤ δ(α(E′)) such thatr E,E′(δ) ≤ δ(α(E′)) for every
C ≤ E′ ≤ E.

In fact, there exists a minimumδ0 of the valuesδ(α(E′), GE) = δ(α(E′))

in C ≤ E′ ≤ E defined in Proposition 4.1, simply because the set of met-
rics {gE′

|Br (x0), C ≤ E′ ≤ E} is co-compact with bounded curvaturesK E′
≤

GE′ ≤ G. Hence, we can take 0< δ ≤ δ0, and this implies by Lemma 2.3

r E,E′(δ) ≤ δ ≤ δ0 ≤ δ(α(E′))

for everyC ≤ E′ ≤ E, thus proving the Claim and Lemma 4.1. �
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5 The proof of the main Theorem

Let us start the proof of the main Theorem by the following remark.

Lemma 5.1. Let g be a smooth Riemannian metric inT2. Let U : T2 −→ R
be a smooth function whoseC2 norm is Ā > 0. Givenε > 0, D ≥ 2Ā, and
a point p ∈ T2, there existτ = τ(ε, U, D) > 0, 0 < δ = δ(ε, U, D) < τ ,
W = W(Ā) > 0 and a functionŪ : T2 −→ R such that:

(1) The functionŪ is ε-C0 close toU,

(2) The functionŪ has a Morse minimum atp,

(3) The functionsU andŪ coincide in the complement of the ball ofg-radius
τ centered atp,

(4) TheC2 norm ofŪ in the ball ofg-radius δ around p is bounded above
by W, and the eigenvalues of the Hessian ofŪ in this ball are bounded
below byD,

(5) The level curves of̄U in Bδ(p) are theg-spheres centered atp and hence
integral curves of∇Ū in Bδ(p) are theg-geodesics throughp.

Proof. The proof is quite elementary, we shall just sketch the reasoning for the
sake of completeness. Letp ∈ T2, and let f : Br (p) −→ R be the square of
the distance fromp, f (x) = dg(x, p)2. This function is smooth and strictly
convex and the pointp is a Morse minimum. The level curves off are the
spheres aroundp and the integral curves of the gradient off are the geodesics
of g in Br (p). Moreover, by compactness, there existsT > 0 such that the
C2 norm of f is bounded above byT regardless of the pointp. Consider
the family of functions fa : Br −→ R given by fa(x) = a + B f (x), where
a ≤ U (p), andB > 0 is a constant such that the eigenvalues of the Hessian of
fa in Br (p) are bounded below by 2A = D. Hence, the functionfa is more
convex than the functionU , and it is clear that there existsW = W(A) > 0
such that theC2 norm of fa is bounded above byW. Let us consider the sets
Qa = {x ∈ Br (p), fa(x) ≤ U (p)}. By the implicit function theorem, there
existμ = μ(A) > 0, ν = ν(A) such that for everyμ < a < U (p) the graphs
of fa andU meet tranversally at a compact setCa diffeomorphic to a circle,
having diameterd(a) ≤ ν which is the boundary of a subset6a of the graph of
fa containing(p, fa(p)). Moreover, the numbersd(a) tend to zero asa tends
to U (p). Let 6a be the graph offa(V(a)), whereV(a) is an open subset of
Br (p) containing a ball of maximal radius of the formBr (a)(p). Clearly,V(a)
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is diffeomorphic to an open ball, and let us define the functionUa : T2 −→ R
by Ua(z) = U (z) if z /∈ V(a), Ua(z) = fa(z) if z ∈ V(a). The functionUa is
continuous, andUa is within C0 distance|a − U (p)| from U . Ua has a Morse
minimum at p, and we can smooth the functionUa by changing it a little in a
tubular neighborhood of the boundary ofV(a) of radiusr (a)

5 for instance, which
does not meet the ballBr (a)

2
(p). Let Ūa be such a function. It is clear thatp is

still a local minimum ofŪa, and with this construction we get Lemma 5.1 taking

ε = |a − U (p)|, δ =
r (a)

2
and τ = d(a) +

r (a)

5
. �

Proof of Theorem 1. First of all, let B(p) ∈ T2 be an open ball where the
curvature of(T2, g) is nonnegative. Let us choose a sequence of disjoint balls
Bδn(pn) contained inB(p). Givenε > 0, Ā > 0, pn, let W = W(Ā), τn, δn be
the constants defined in Lemma 5.1. According to Lemmas 5.1 and 2.1, there
exists a family of potentialsUn : T2 −→ R such that:

(1) Un(x) − U (x) = 0 for everyx in the complement ofBτn(pn), for every
n > C,

(2) ‖ Un − U ‖∞< ε for everyn > C,

(3) the pointpn is a Morse minimum ofUn, which is unique inBτn(pn),

(4) TheC2 norm ofUn in Bδn(pn) is at mostW,

(5) the critical value ofLn(p, v) = 1
2g(v, v) − Un(p) is C, the critical value

of L, for everyn > C,

(6) the level sets ofUn in Bτn(pn) are theg-spheres centered atpn, and there-
fore the ballsBτn(pn) are uniformly geodesic for all the Maupertuis’ met-
rics gE

n = (E − Un)g for E ≥ C.

We can assume, by shrinkingB(p) if necessary, that maxq∈T2 U (q)−maxx∈B(p)

Un(x) = m > 0 for everyn > C.
Applying Claim 1 in Lemma 4.1, we have that there existA, B > 0, N =

N(A, B) > 0, such that for everyn > C, there exist 0< σ(δn) ≤ δn, and a new
LagrangianL̄n(p, v) = 1

2g(v, v) − Ūn(p) such that

(1) The support ofŪn is Bσ(δn)(pn) = {p ∈ T2, dg(p, pn) ≤ σ(δn)}, and the
level curves ofŪn are theg-spheres centered atpn,

(2) ‖ Ūn − Un ‖∞= 32B Aδn,
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(3) ‖ Ūn − Un ‖C2≤ N(A, B), for everyn,

(4) There exists 0< λn < σ(δn) such that:

1Ūn(p) = Ūn(p) − Un(p) = 32B Aδn,

for every p ∈ Bλn(pn).

(5) The radialḡE
n -geodesics throughpn in Bδn(pn) are no longer̄gE

n -mini-
mizers for everyC ≤ E ≤ n, whereḡE

n = (E − Ūn)g.

The next assertion is the proof of the first part of Theorem 1.

Claim. There are no continuous invariant graphs of the Euler-Lagrange flow
of the Lagrangian̄Ln in any level of energyC ≤ E ≤ n.

Indeed, it is enough to show that the geodesic flow of each Maupertuis’ metric
ḡE

n for C ≤ E ≤ n has no invariant graphs. This is straighforward from the
construction ofŪn: if the geodesic flow of̄gE

n = (E − Ūn)g had a continuous
invariant graph for someC < E ≤ n, then there would exist a continuous
flow in T2 by globally ḡE

n -minimizing geodesics. In fact, the projection of the
geodesic flow restricted to the invariant graph intoT2 would give acontinuous
non-singular vector field whose orbits areḡn-geodesics. Such vector fields in
calculus of variations are called Mayer fields, and a complete proof of the fact
that the orbits of such vector fields are minimizers is made in [18]. The fact
that smooth Mayer vector fields in surfaces have minimizing orbits is a well
known fact in the theory of calculus of variations (see for instance [14], [13]).
In particular, this flow would cover the ballBτn(pn) and hence there would
exist ḡE

n -minimizing geodesics throughpn which is impossible by the choice
of the metricsḡE

n . In the critical levelE = C the Euler-Lagrange flow has
no singularities inB(p) and hence a continuous invariant graph would project
into a continuous vector field without singularities inB(p). The same previous
argument would give that the orbits of such a vector field would be minimizers
in the set of rectifiable curves contained inB(p), contradicting Proposition 4.1
and Lemma 4.1. The above contradictions prove the Claim.

The proof of the second part of Theorem 1 is slightly more delicate. Let us
suppose for simplicity that the pointspn lie on a singleg-geodesicγ0 : [0, ε] −→
T2 with γ0(0) = x = limn→+∞ pn. Let pn = γ0(zn). Since the ballsBδn(pn)

are disjoint we have that
∑

n δn ≤ ε is a convergent series.
Now, let hn(p) = U (p) − Ūn(p), and letŪ (p) =

∑
n>C(U (p) − hn(p)).

Consider the Lagrangian

L̄(p, v) =
1

2
g(v, v) − Ū (p).
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The potentialŪ coincides withŪn in the ball Bτn(pn), and coincides withU
outside the union of the ballsBτn(pn). Moreover, from the construction of the
potentialsŪn we have that‖ U − Ū ‖∞< ε, and from the Claim there are no
invariant graphs in supercritical energy levels.

We have to show that̄U is aC1 function. By item (3) before Claim 1 we know
that theC2 norm of the restriction of̄U to each ballBδn is bounded above by a
constantN for everyn. Since outside the union of the ballsBδn(pn) theC2 norm
of U is already bounded by some constantN0, we have that fort < s in [0, δ],

‖ gradγ (t) Ū − gradγ (s) Ū ‖≤ Ndg(γ0(t), pnt )

+
ns−1∑

i =nt+1

Nδi + Ndg(γ0(zns − δns), γ0(s)) + N0T(t, s)

wherent is defined byγ0(t) ∈ Bδnt
(pnt ), and T(t, s) is the g-length of the

complement of
∪ns

n=nt
Bδn(pn)

with respect to the geodesicγ0[t, s]. From this formula it is easy to get that

‖ gradγ (t) Ū − gradγ (s) Ū ‖≤ (N + N0)dg(γ0(t), γ0(s)).

Since the potentials̄Un were constructed with radial symmetries inBδn with
respect to the pointspn, we obtain a constantN1 > 0 such that

‖ gradq Ū − gradz Ū ‖≤ N1dg(q, z)

for everyq, z in the union of the ballsBδn(pn). Therefore, we deduce that the
family of gradients of the functions

Vm =
m∑

n>C

(U (p) − hn(p)),

wherem > C + 1, is an equicontinuous, uniformly bounded family of functions
in T2. By Arzela-Ascoli theorem, there is a convergent subsequence of theVm’s
which isC1. But since the series of functionsVm is uniformly convergent tōU
in theC0 topology, any convergent subsequence tends toŪ thus proving thatŪ
is C1. Notice that the above argument grants that the gradient ofŪ is a Lipschitz
function. This finishes the proof of Theorem 1.
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6 Appendix: The proof of Proposition 4.1

Let (T2, g) be aC∞ Riemannian structure in the two dimensional torusT2, let
ρ > 0 be the injectivity radius of(T2, g), and letp ∈ T2. Consider a normal ball
Br (p) centered atp with radiusr ≤ ρ, i.e., a metric ball where each two points
x, y in Br (p) determine a unique minimizing geodesic[x, y] ⊂ Br (p) of (T2, g)

joining x and y. The existence of normal balls is an elementary consequence
of the properties of the exponential map of the metricg. Let us consider a
geodesicγ : [0, 2r ] −→ Br (p) parametrized by arc length, withγ (r ) = p, and
a geodesicα : (−ε, ε) −→ Br (p) parametrized by arc length such thatα(0) = p,
g(γ ′(r ), α′(0)) = 0. Denote byl g(c) the length in the metricg of a curvec. We
start with the following estimate of lengths of geodesics.

Lemma 6.1. Let Gg be an upper bound for the Gaussian curvature of(T2, g).
Givenr > 0, there existr > δ > 0, a constantD = D(r ) > 0 such that
for every|s| ≤ δ the g-length of the broken geodesic0s in Br (p) given by the
union of the geodesics[γ (0), α(s)] and[α(s), γ (2r )] satisfies the following two
properties:

(1) 0 < l g(0s) − l g(γ [0, 2r ]) = l g(0s) − 2r ≤ 4Ggs2,

(2) The length of the intersection of0s with the ballBs(p) can be estimated
by

lg(0s ∩ Bs(p)) ≤ Ds2.

The inequality on the left in item (1) is obvious since the geodesicγ is min-
imizing in Br (p). The right inequality in item (1) is essentially a consequence
of the second variation formula. Lemma 6.1 (1) can be regarded as an estimate
of the increase of length of variations ofγ [0, 2r ] by a certain type of broken
geodesics. Although its proof is based in the well known first and second vari-
ation formulas for the length of geodesics, we include a complete proof for the
sake of completeness.

We shall subdivide the proof of Lemma 6.1 in two parts. To show item (1) let
us introduce some notations. Letf : (−ε, ε)×[0, r ] −→ Br (p) be the variation
of γ by geodesics given by

(1) f ((−ε, ε) × {0}) = γ (0),

(2) f ({s}×[0, r ]) is the geodesic joiningγ (0) andα(s) for everys ∈ (−ε, ε).

Notice that the family of first derivatives of the variationf , ∂ f
∂s (s0, t) = Js0(t)

defines a family of Jacobi vector fields along the geodesicsfs0(t) = f (s0, t),
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t ∈ [0, r ]. We claim that the collection of first derivatives
{

∂

∂t
Js(t), |s| < ε, t ∈ [0, r ]

}
,

is uniformly bounded. Namely, there exists a constantL > 0 such that if
η : [0, r ] −→ T2 andη⊥ : (−ε, ε) −→ T2 are geodesics of(T2, g) parametrized
by arc length withη⊥(0) = η(r ) andg(η′(0), η′

⊥(0)) = 0; then the norms of the
first derivatives of the Jacobi fields tangent to the variationfη of η, constructed
as above, by geodesics joiningη(0) andη⊥(s), are bounded above byL. Let us
remind briefly the proof of this assertion. The family{Js, s ∈ (−ε, ε)} of such
Jacobi fields is determined by the boundary conditionsJs(0) = 0, Js(r ) = η′

⊥(s),
so ‖ Js(r ) ‖= 1 for every|s| < ε. Sinceη′

⊥(0) = J0(r ) is perpendicular to
η′(r ), we have by compactness ofT2 that there exists a small constantσ > 0
such thatg( f ′

s(t), Js(t)) ≤ σ for everys ∈ (−ε, ε), t ∈ [0, r ], and every pair of
geodesicsη, η⊥ as above. Since Jacobi fields in normal neighborhoods of(T2, g)

depend continuously on their boundary conditions, there existsb > 0 such that
‖ Js(t) ‖≤ b for every(s, t) ∈ (−ε, ε) × [0, r ] andη, η⊥ as above. Now, it is
easy to get a uniform bound inT2 for the norms of the second derivatives ofJs(t)
by means of the Jacobi equation, and hence we can derive a uniform estimate for
the first derivatives as we wished. This elementary observation yields the first
step towards the proof of Lemma 6.1, which can be viewed as a local version of
the Theorem of Pithagoras.

Lemma 6.2. Let (T2, g) be aC∞ Riemannian structure inT2. Let Gg be an
upper bound for the Gaussian curvature. There exists a normal radiusr > 0,
ε0 > 0 such that givenp ∈ T2, a normal ballBr (p), geodesicsγ : [0, r ] −→
Br (p), α : (−ε, ε) −→ Br (p) such thatγ (r ) = α(0), g(γ ′(r ), α′(0)) = 0, and
a variation f of γ as above, we have that

|l g( fs) − l g(γ )| ≤ (2Gg)s
2,

for every|s| ≤ ε0.

Proof. The proof of this lemma is straightforward from basic calculus of varia-
tions of Riemannian geometry. Indeed, by the second variation formula we have
that there existsε1 > 0 such that

l g( fs) = l g(γ [0, r ]) +
1

2
s2I (J0, J0) + O(s3),

for every|s| ≤ ε1. Here,

I (J0, J0) =
∫ r

0
(‖ J ′

0(t)‖
2 −g(K (γ ′(t), J0(t))γ

′(t), J0(t)))dt ≤ r (L2 +b2Gg)
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is the index formula evaluated in the Jacobi fieldJ0, K is the curvature tensor
of the metricg, andL , b > 0 are the constants defined in the proof of Lemma
6.1 (namely, upper bounds for‖ J ′

0(t) ‖ and‖ J0(t) ‖ for everyt ∈ [0, r ]). By
the definition of the variationfs we have thatJs(0) = 0 for everys ∈ (−ε, ε).
By the local expansion of Jacobi fields (see for instance [4]) there existsM > 0
such that

‖ J0(t) ‖2≤‖ J ′
0(0) ‖2 t2 + MGg ‖ J ′

0(0) ‖2 t4 ≤ L2t2(1 + MGgt2).

So by the continuity of‖ Js(t) ‖ we can assume without loss of generality that
b ≤ 2 (by shrinking the interval[0, r ] if necessary).

By standard comparison theorems in Riemannian geometry (see for instance
[5]) we have that

‖ J ′
0(t) ‖≤

√
Gg ‖ J0(t) ‖≤ b

√
Gg ≤ 2

√
Gg,

for every t ∈ [0, r ]. From this inequality and the index formula we get the
lemma. �

Clearly, item (1) in Lemma 6.1 follows from Lemma 6.2. Item (2) will follow
from the next result of the section, which concerns the length of intersections of
the geodesicsfs with the ballsBs(p), for s very small. The result is obvious for
the Euclidean metric and follows from elementary trigonometry. In the general
case the proof leads to some technical estimates involving lengths of geodesics.

Lemma 6.3.Then there exists a constantD = D(r ) such thatlg( fs ∩ Bs(p)) ≤
Ds2 for every0 < s ≤ ε0.

Proof. Since the proof is elementary we just make a sketch of proof for the sake
of completeness. Let us consider the metricg in TpT2, and let us consider the
pullbackg∗ of the metricg in TpT2 by the exponential map expp : TpT2 −→ T2.
Both metrics are equivalent inTpT2 in balls of radius at most one. Notice that
the g∗ balls of small radius are round balls by the elementary properties of the
exponential map.

Let us consider ag∗-ball Ea(p) of radiusa > 0, whose interior isEo
a(p). Let

r > a andq ∈ TpT2 with ‖ q ‖≥ r , let q′ ∈ Ea(p) be any of the points of
intersection ofEa(p) with the straight line through(0, 0) which is perpendicular
to the straight line determined byq and(0, 0). Letq1 be the point of intersection
betweenEa(p) and the straight line determined byq andq′. SinceEa(p) is
a circle, an easy calculation shows that theg∗-length of the intersection of the
segment[q1, q′] (whose endpoints areq1, q′) with Eo

a(p) satisfies

‖ q1 − q′ ‖≤ 2
a2

r
.
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Now, the equivalence between the metricsg andg∗, and the application of the
above estimate to the geodesics of the variationfs imply Lemma 6.3. �

Proof of Proposition 4.1. So let(T2, g) be a smooth Riemannian structure in
T2, let ρ > 0 be a normal radius of(T2, g), and letGg > 0 be an upper bound
for the Gaussian curvature ofg. Let p ∈ T2 and letL > 0. We want to show
that there exist 0< δ(ρ, Gg) < ρ such that if for some 0< δ ≤ δ(ρ, Gg), there
exists a metricgδ in T2 with support inBδ(p) satisfying:

(1) ‖ g − gδ ‖∞≤ Lδ,

(2) The radialg-geodesics throughp in Bρ(p) are alsogδ-geodesics,

(3) Thegδ-length of each radial geodesicγ in the ball Bδ(p) of g-radiusδ

aroundp exceeds theg-length ofγ according to the following formula:

l ḡ(γ [0, δ]) − l g(γ [0, δ]) ≥ 8Ggδ
2,

whereγ is parametrized byg-arc length, then no radial geodesic throughp is
gδ-minimizing.

Following the notation in the section, letρ > 0 be a normal radius of(T2, g),
let 0 < r < ρ, let γ : [0, 2r ] −→ Br (p) be ag-geodesic withγ (r ) = p, and let
0s : [0, 2r ] −→ Br (p) be the variation byg-geodesics ofγ defined in Lemma
6.1 (recall that00 = γ ).

Let us consider a metricgδ satisfying the assumptions of Proposition 4.1. We
proceed to compare thegδ-lengths of0s[0, 2r ] andγ [0, 2r ]. First of all, by the
assumption of Proposition 4.1, thegδ-length ofγ can be estimated by

2Lδ2 > l ḡ(γ [0, 2r ]) − lg(γ [0, 2r ]) > 8Ggδ
2.

Next, let us estimate thel gδ
-length of the geodesics0s:

l gδ
(0s) = l gδ

(0s ∩ Bδ(p)) + l gδ
(0s ∩ Bδ(p)c),

whereBδ(p)c is the complement ofBδ(p). The above expression can be written
as

l gδ
(0s) = l g(0s) + l gδ

(0s ∩ Bδ(p)) − l g(0s ∩ Bδ(p)),

and by the assumptions (item (1)), we observe that the difference

dδ = |l gδ
(0s ∩ Bδ(p)) − l g(0s ∩ Bδ(p))|
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is bounded above by
dδ ≤ 2Lδl g(0s ∩ Bδ(p))).

Hence, by Lemma 6.1, (2), we get that

|l gδ
(0s) − l g(0s)| = dδ ≤ 2LδDs2 ≤ 2L Dδ3

for every|s| < δ. Finally, we can writelgδ
(γ ) − l gδ

(0δ) in the following way:

l gδ
(γ [0, 2r ]) − l gδ

(0δ) = l gδ
(γ ) − l g(γ ) + l g(γ ) − lg(0δ) + l g(0δ) − lgδ

(0δ).

Therefore, by Lemma 6.1, (1), and the estimate ofdδ, we get

l gδ
(γ [0, 2r ]) − l gδ

(0δ) ≥ 8Ggδ
2 − 4Ggδ

2 − 2L Dδ3

≥ 4Ggδ
2 − 2L Dδ3 ≥ Ggδ

2,

for everyδ < δ(ρ, Gg) ≤ ρ suitably small. This inequality shows that the curve
γ [0, 2r ] is no longergδ-minimizing: thegδ-length of the curve0δ joining the
pointsγ (0) andγ (2r ) is smaller than thegδ-length ofγ [0, 2r ], as we wished to
show.
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