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Variance and exponential estimates via coupling
Pierre Collet

Abstract. We give a proof of Devroye and exponential inequalities based on a coupling.

We mostly deal with the case of continuous random variables with dynamical systems
in mind (and their rather special mixing properties) although the approach is more
general.
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1 Introduction

The central limit theorem and large deviations are very powerful methods to
analyse the fluctuations of large sums of random variables. However there are
interesting quantities which are not of this form and for which one would like to
have an estimation of the fluctuations. Here are two important examples among
many others. Consider a real valued discrete time stationary stochastic process
(Xn). The power spectrum is defined as the Fourier transform of the correlation
function. An estimator of the integral of the power spectrum is the integral of
the periodogram given by (in the case whEre;) = 0)

uq L ’
Wn(U):/O ﬁ ZeﬁIJSXj ds. Q)
=1

Under some mild hypothesis (see [1]) it is known thié(u) converges almost
surely whenn tends to infinity, and the limiw is the integral of the Fourier
transform of the correlation function. One would like to estimate the size of the
random variable
ln=sup |[Wh(u)—W)|. (2)
uel0,27]
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462 PIERRE COLLET

Note that one cannot apply directly the central limit theorenWg and the

situation becomes even worse igrdue to the presence of the supremum.
Another well known example is the kernel density estimate. Assume the

random variable(; have a (common) density. An often used estimator for

g is constructed using a kernél (a non negative integrable function) and is

given by
1 &K (5= X
g"(s)—_nan;‘”( ” ) (3)

where the sequence,,) of positive numbers converges to zero. Here one would
like to estimate for example the* norm ofg — gn.

In each of the above examples, one can design a particular method to build
an estimation, based for example on correlations (see for example [3], [14],
[24]). However for dynamical systems this is sometimes cumbersome due to
the fact that mixing properties often depend on the regularity properties of the
observables. In these cases it would be interesting to have a general method to
approach such guestions.

We will describe below one possible method and will formulate the results for
a discrete time stochastic proc&¥s,) with value inR¢. It is convenient to state
the following definitions.

Definition 1.1. For a functionK from (Rd)n toR, we define the uniform Lipschitz
constantLip; (K) with respect to the variablg; by

Lip;(K) =sup  sup

UV X, R, eeesXn

[K X0y ey Xjo1s Uy X, ooy Xn) — K(Xay ooy Xjo1, U, Xty -y Xn)|
lu—vll

We say that a functiolk of n variables is componentwise Lipschitz if its
uniform Lipschitz constants with respect to all its variables are finite.
Note that if on(RY)" we use thet* norm defined by

Joa, ol =3 Ixill
j=1

then a function is componentwise Lipschitz(dhd)n ifand only if itis Lipschitz.
There are however situations where one gets more precise results by using the
Lipschitz constants LigK) when they depend on the indgx
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Definition 1.2. The stochastic procegX,) satisfies the Devroye inequality if
there is a constan® > 0 such that for any integer and for any componentwise
Lipschitz functiorK of n variables, we have

Var (X) < C Y Lip;(K)®
j=1

whereX is the random variable
X = K(Xl,...,Xn) ,
andVar (X) denotes the variance dof.

There is a similar definition for the exponential inequality, namely

Definition 1.3. The stochastic procesX,) satisfies the exponential inequality
if there are constant€; > 0andC, > 0 such that for any integar and for any
componentwise Lipschitz functiéh of n variables, we have

E <e.7<E(.’K)) < CyeC2 X1 lip (K)?

We now make some remarks about these definitions.

i) One can of course make similar definitions using Hélder constants instead
of Lipschitz constants.

i) Inthe case where the random variables take values in a finite set, the same
definitions are used replacing the Lipschitz constants by the oscillations.

iif) Both inequalities keep the right dependenceaiwith respect to the case
where the observablé is a sum of functions of one variable, namely

n

K (X1, - - s Xn) :Zu(xj).

j=1

In the independent case for example, the variance of a sum is the sum
of the variances, and for the exponential estimate one gets immediately a
product ofn terms (to which one can apply the Hoeffding inequality, see
below).

iv) Note that the definitions ask for an estimate valid for anynot only
asymptotically. Of course for smailthe bound may be quite pessimistic
due to bad constants.
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v) The exponential bound may be seen as a rough large deviation result.
Note however that it involves observables which are of much more general
nature than the observables used in the usual large deviations results and
also as mentioned above the bound is required to be not only asymptotic.

vi) In many situations, one exploits the bounds using some Chebyshev’s in-
equality. This leads for example to concentration results.

The Devroye and exponential inequalities have been proved in a variety of
situations. They are closely related to the phenomenon of concentration of
measures. There are many works for the case of independent variables using a
wealth of different techniques. We refer to [12], [19], [5], [18], [27], [22] for
details and references.

The first result in the non independent case, in relation with concentration is
probably [20] for finite state Markov chains. This was later extended to one
dimensional Gibbs sates [21]. The proof is based on information inequalities.

For ®-mixing processes the results were obtained in [26], and for the Ising
model in dimension larger than one at high temperature in [17]. The proof of
this last result relies on the Dobrushin uniqueness argument. The more general
case of random fields was studied in [8] using coupling. See also [25] for related
results.

The exponential inequality for the mixing absolutely continuous invariant mea-
sures of piecewise expanding maps of the interval was obtained in [9] using
Perron Frobenius operators.

The Devroye inequality for SRB measures of some non uniformly hyperbolic
systems was obtained in [6]. This covers unimodal maps, Hénon maps, and
more generally systems with Young's tower and exponential mixing (spectral
gap). The proof uses Perron Frobenius operators.

The Devroye inequality and higher moment inequalities for the low tempera-
ture Ising model were proved in [8]. In this case, it is known that the exponential
inequality fails for some observables (in particular the magnetisation, see [16]).
The proof is by coupling. Estimates of higher moments were also derived in [8]
(see [13] and [11] for analogous results).

We also mention that the case of dynamical systems requires in general special
proofs since the mixing conditions depend often on some kind of regularity of
the observables.

In the next section we will show how the Devroye and exponential inequal-
ities can be derived from a coupling with some properties of a coupling time.
In the last section we will describe processes for which couplings are known to
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exist which lead to a proof of the inequalities. We will also give an example of
application.

2 A coupling argument

It is convenient to assume that the stochastic pro¢¥sg is defined for all
integer (positive and negative) times. Also for a sequéRrge. . . , Xp) (may be
infinite), we will use the short hand notatiog.

A time of approximate coupling (in the past) between two infinite sequences
x>, andz>_ is defined by

1
—ZIpy| < ——mm—¢ - (4

=] < s @
For two generic sequences this quantity is of course infinite, however this will
not be the case under some adequate coupling.

We can now formulate a sufficient condition for the Devroye inequality to
hold.

Theorem 2.1. Let (Xj) be a mixing stationary stochastic process such that for
some (finite) constamh > 0 we have almost surelyX|j~ < A. Let(Y;) and
(Z;) betwoindependent copies of the prodgsg). Then forany componentwise
Lipschitz functiork of n variables and for any coupling betwegY; ) and(Z;),

we have

T (x*2, z5%) =inf {qzl"v’mf—q,

—00?

n
Var (K) < 42A + 1)2E<E(T|Y0, Zo, Y& = 22 = x;O)Z) " Lip, (K)?.
r=1

This estimate is of course only useful if one can find a coupling such that the
right hand side is finite (note that sinkeis bounded the left hand side is always
finite). We will give an example in the next section.

Proof. For each integem, we denote by#,, the sigma algebra generated by
the random variableX,, Xmy1, ... Since the functiorK depends only on the

variablesx, .. ., X, and is bounded, if the process is mixing we have inltRe
sense
lim E(X | %)) = E(X) .
j—>o00
Indeed, an easy computation leads for any intégjéo the identity
Var (K) =

D ([Ex ] #1) ~ Bk | F1a)]) + E(E(K] A ~E )
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This implies that the sequen¢E (X | #;) — E (X)) is Cauchy inL2 and con-
verges to zero since it converges weakly to zero by the mixing assumption. In
particular, we have

Var (K) = Z E ( —E(X|.Z1)] ) (5)

We are now going to estimate separately each term of this series. Although
K depends only on the variable$, it is convenient to assume that it depends
on all the variablex®, observing that the Lipschitz constants corresponding
to variables with indices outside the $éf. .., n} vanish. We will denote this
extended function again b¢ (in other wordK (x*%) = K (Xy, ..., Xn)). Using
stationarity, it is therefore enough to estimate the quantity (with the notation as
beforeM = M(X1Y))

e ([E(m| 7o) - E(m| 7)T7) . (6)

in terms of the Lipschitz constants of the functidh(x*%) = K (. ~9x*%)
where.¥ is the shift (the indexg will become relevant only later on). If we
denote by(Yn) and(Z,) two independent copies ¢X,), we get

E([E(M| 7o) — E(M| 7))

([E(m | x5°) — E(7] X2T)

([E(m[¥5° = x§°) - E(M] Z5° = X))

([E(M Y6 = X&) —E(E(M| 20, Z5° = X) | 25 = X))
E(E([E(|Y6° = X&) —E(M| 20. 23 = XP)]° | 22 = X¥°) )
= E(E([E(M[Y5) —E(M| Z8))° [¥° = 2 = X)) -

Since by hypothesi§Y|j~ < A, [ Z|i~ < A, andY; = Z; foranyj > 1,
we get

E
E
E

(7)

| A

0
IM (YX2) =M (Z2E2) | < 2A > Lip; (M)
=T (vr2.zr2)+1
-T(vie.zty)

Lip: (M
+ Z +r<J>O( ioo
j=—00 (J +T(Y—oo’z )_1)
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Assume now we have a couplir)gfo,zo,xio betweenP(Y_’jo|Yo, Y = Xf")
andP(Z-%,|Zo, Z§° = X{°), then we can write whe¥® = Z3° = X°

£ ¥6°) — E(] 28) = [ (M(Y2%) = M(Z%0)) divy 2o (Y . 272
and using the above estimation we get

(M| ¥67) - (| )

> o0 —  Lipj(M)
Z 2ot (T=P) (ZA 2 L'pj(MH.Z Gre-17] ©

p= j=—p+1

> Lip; (M)
<A+D) Z Yo, Z0,X5° )(14_;)—1)2

p=0j=—0c0
ReplacingM by K o .9 and using equations (7) and (5) we get

Var (X)
2

2 v Lip;..q(K)
SRA+DPY B[ D mozexe (T2 P) (G+p—12
q p=0j=—o0

Using Schwarz inequality we get

> 1
Var(X) < @A+D2Y E|| ) Z mo.zoxe (T2 P)
g (|:p 0j=-00 v (J+p-17
°° Lip,+q<K>2D
Z Z MYy, Zg, XS0 D)—2
L = d (G+p-1
< 2(2A+1)2 ZE( (T|Yo. Zo, Y{° = Z§° = X¥°) O

> Lipj,q(K)?
Z Z MY, Zo, X$° p)(J_i_JJ;)—ql)z)

p=0j=—00

IA

n
42A + 1)2E(E(T|Yo, Zo, Y& = 7230 = ng)z) > Lip (K)2.

Note that under similar assumptions on the above coupling, one can derive
®, Z#, ¢¥) weak dependence properties in the sense of [13], see also [11].

Bull Braz Math Soc, Vol. 37, N. 4, 2006



468 PIERRE COLLET

The exponential inequality can be established under a stronger assumption on
the coupling (see also [25] for analogous results).

Theorem 2.2. Let (Xj) be a stationary mixing stochastic process such that for
some (finite) constam > 0 we have almost surelyX|j~ < A. Let (Y,-) and
(Z;) betwoindependent copies of the prodeég). Then for any componentwise
Lipschitz functiork of n variables and for any coupling betwegYj ) and(Z;),

we have

2
E (X5 < eZ(ZA“)Z(” [E(r2[¥o. 0. ¥o=2=x) HLoc> SreaLipr (k)7

Proof. The proof is rather similar to the proof of the previous Theorem. For any
finite integerN we have sincek does not depend oX°

N-1
E(eK*E(K)) — E l_[eE(fKL?q)*E(fK\ycHl) gE(K|ZN)—E(X)
q=1
N-1
— E | eE&I#0-E®) 1—[ E (equ%)—E(KlﬂqH) yq)
q=1
Using Hoeffding’s inequality (see [12]) we get
N-1
E (eK—E(K)) < E | eE&XIZn-E®X) l—[ @OSOE(K|Fq)?/8 | (9)
g=0

As before, by stationarity it is enough to estimate Q&g M|.%y). This is given
by equation (8), and we get using Schwarz inequality

Os6x, E(M]F0)

oo —p \/(p+1)uvo,zo,xi°(T2p)
< @A+D)Y ) (i+p-1

p=0 j=—00
Lip; (M), /126,25 (T = P)
(J+p-Dv/p+1
12
< 202A+ 1)(1+ E(T2|Yo, Zo, Y{° = Zf"))
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i — 12
p=0 j——o0 (J+p—D(p+D

) . 1/2
x (Z Xp: Lip; (M)? vy, zo. x5 (T = p)

1/2
O Lip;(M)2
< 42A+ l)(l—i- HE(TZ}YO, Zo, Y1° = Z?)HL*) Z (EJ_ )2

j=—c0

since forj < —pwe have(j + p — 1)?(p+ 1?2 > (1 — j)2. It now follows
from (9) that for any integeN we have

E (€X-E%)

N st (e (e z—z)] L) 5 et

< l_[e (e 2 E(eE(jqu@N)—E(K)),
q=0

2
_ gomr(serhozaw—a)) B g gini e

SinceK is bounded, we have
|E (EXIFW-ER)) _ | < eannLooE((gqu) _ E(K))Z)

and as explained before, it follows from the mixing property that the right hand
side tends to zero wheN tends to infinity. O

Estimations for higher moments in the case where the exponential inequality
fails can be obtained by similar coupling techniques using the Marcinkiewicz-
Zygmund inequality (see [8]) or the Dedecker Doukhan inequality [10], [13],
[11]. See also [23] for related results.

3 Examples and applications
Couplings satisfying the condition

IE(T?|Yo. Zo. Yi° = Z°)|| o < 00 (10)

[
have been obtained for piecewise expanding maps of the interval (tak&rigs
We recall that these are majissuch that there exists an increasing sequence
ag =0 < a;... < & = 1 such that on each subintervyal, aj1[ (0 < j <K),
the map is continuous and monotone and the graph extend€tongap in a
neighborhood ofa,, a;11[. Moreover we assume that there is a conssantl
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such that in all interval$a;, a; 1] the modulus of the slope (of some iterate) is
larger than one. If the transformation has a dense orbit, it is known that there is
a unique absolutely continuous invariant probability measure. We refer to [15]
or [4] for more details and properties of these dynamical systems. Using the
density of these invariant measures one can define a Markov chain describing
the backward orbits of the dynamical system (see [2]). Although these chains
have rather singular transition probabilities (each transition probability is atomic
with a finite number of atoms less than or equakte 1), it was proved in [2]

that there are two constars> 1 andp < 1 such that for anx andy in [0, 1],
except may be for a finite number of points, there is a couplipg such that

Mx,y(supp_q|qu —Y_ql > C_l) <Cp",
q>n
where (X_p) and (Y_,) are the processes of preimagesxoéndy, namely
f (X_p) = X_nh41. It then follows easily that condition (10) is satisfied.

Several applications have already been developed for these inequalities, we
mention in particular the estimation of the fluctuations of the empirical covari-
ance, of the empirical integrated periodogram, of the empirical measure, and of
the kernel density estimate. One can also use these estimates to prove almost
sure central limit theorems (with estimates on the velocity of convergence), and
concentration. We refer to [12] and [7] for details and references. We will derive
below an estimate for the fluctuation of the kernel density estimator, and show a
relation with concentration.

Assume we have a real valued discrete time stationary stochastic p(&gess
which satisfies the Devroye inequality. Assume also that the random variables
have a (common) density, and consider a kernel density estimgie(see 3)
with a kernelyr which is a Lipschitz function with compact support. In order to
estimate the variance 4fy — g/, 1, we consider the function

1 o — X|
K(xl,...,xn):/ EZx//(SaX’>—g(s) ds.
nJ=1 n

Itis easy to see th& is Lipschitz and moreover

. 1
Lip;(K) < — M),
Noy,
where

1
M) = supe= [yt =0 = w = y)Jdt < 0.

xy IX—=Yl
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Applying Devroye’s inequality (1.2) we get

1
No?

Var (llg — gnllLt) < C—M@)”.

One would like now to use the Chebyshev inequality in order to estimate the
fluctuation of||g—gn || 1. Forthis purpose, one needs to estinl?e(tm —Onll Ll).
There are several ways to obtain such an estimate, here we will use again the
Devroye inequality. We refer to [9] and [7] for estimates using correlations. We
will from now on assume that the random variabl&s) are bounded, namely
there are constants > 0 andb such that almost surel,, € [b,a + b]. We
also assume that the kernglhas support in the intervil-c, c] for somec > 0.
Using Schwarz inequality, we get

b+a+cap
Ellg-alu)’< [ E(@® - 9©)7)ds.
—can
As mentioned before, if information on correlations are available, they can be
used at this point, and they eventually give better estimates than what is obtained
below(see [14], [24] and references therein for results in these directions). Here
we will derive a rough estimate applying again the Devroye inequality (1.2) to
on(s) — g(s) for each fixeds. Defining the functiorK (for fixed s) by

1

A S —Xj .
na”;w( . ) 9(s)

KX, ..., %n) =

El

we getforanys € R _
Lip (¥

no?

Lip; (K) <
Therefore applying the Devroye inequality we get
1
Var (g(s) — gn(s)) < C—Lip;(¥).
Nt

Combining the above estimates, we get

O(l) b+a+can 2
Elg-ait) = 2r + | [Ele® - 6®)] ds.

n —Can
For the last term, we have

E(9(s) — gn(9)) = / ¥ (v)(9(s + anv) — g(s))dv.
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If gis known to be Lipschitz for example, we get

|E(g(s) - gn(s)){ < ODap,

and finally using the optimal choice for the bousgl = ©(1)n—%/% we obtain
the following result.

Theorem 3.1.Assume the stationary mixing proc€3§,) satisfies the Devroye
inequality, and the random variabl, is almost surely bounded with a Lipschitz
densityg. Letg, be the kernel density estimat®), with ¢+ non negative, of
integral one, Lipschitz with compact support. Then

O(1)
E(lg — anllts) = 775 -

As we already mentioned, the Devroye and exponential estimates have many
interesting consequences. Another one is the so called concentration of measure.
Although this is a well known result, for the convenience of the reader we now
give a simple example. Fdt a subset oR" ande a positive number, we denote
by E. thee neighborhood of (in thel! norm) defined by

Ee={(Xl,-..,Xn)eRn|E|(y1,...,yn)eE

n
such than™ ) " |x; — yj| < e}.
=1

Theorem 3.2.Let (Xn) be a real valued mixing process satisfying the Devroye
inequality (1.2). Let E be a measurable subsetRf and let7¢ be the subset
of the probability space defined by

Te ={(Xs,.... Xn) € E} .

Assumetha® (7g) > 0, thenforany > 0, the complemenfECE of Tg, satisfies

. 1\ cC
PTE) = (H P(TE>> ne?

whereC is the constant in the Devroye inequality.2).

Roughly speaking this means that in large dimension, if we have a set of
positive measure, a small neighborhood is almost of full measure.
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Proof. Consider the function

K(X1, ...\ Xn) = m;)eE ‘1Z\xJ — ;]

This function is componentwise Lipschitz, and the Lipschitz constants are all
bounded by 1n. Applying the Devroye inequality, we conclude that

Var (X) < % .

In order to apply the Chebyshev inequality, we need to estirgat€). We
observe thaK (x]) = 0 if (x]) € E, therefore

@]

E(K)?P(Te) = E(X, (K — E(X)°) = Var(X) = =%

Combining the two estimates, we get

: 1 \¢
E(X?) < (l—i—P(TE)) 0

We now observe thaf ¢ = {K > ¢} and the result follows using Chebyshev’s
inequality. d
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