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Random walks systems on complete graphs
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Abstract. We study two versions of random walks systems on complete graphs. In
the first one, the random walks have geometrically distributed lifetimes so we define
and identify a non-trivial critical parameter related to the proportion of visited vertices
before the process dies out. In the second version, the lifetimes depend on the past of
the process in a non-Markovian setup. For that version, we present results obtained
from computational analysis, simulations and a mean field approximation. These three
approaches match.
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1 Introduction

We study two versions of a model of discrete-time random walk systems on finite
graphs. This model, known as frog model, has been considered on infinite graphs,
in particular hypercubic lattices and homogeneous trees, for which results as
shape theorem and phase transition have been proved. See forinstance[2],[3], [4]
and the references therein.

Our interest in this paper is to study the behavior of this model on complete
graphs. The basic form of the model is described as follows. Attime zerothereis
one active particle in a fixed vertex of the graph. That particle performs a random
walk up to the time it dies. In all other vertices there are inactive particles. At
each step of the process, active particles disappear with probghilityp) or
survive with probabilityp, independently of each other. When an active particle
survives, it jumps to a neighboring vertex randomly chosen. If an active particle
hits a sleeping one, the latter is activated and starts to perform a random walk
independently of everything else.
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In the case of finite graphs, the main object under study isalierageof the
graph, thatis, the proportion of visited vertices at the end of the process, after all
active particles have died. Animportant reference for random walks on graphsis
the book of Aldous and Fill [1]. In section 2, we consider the model as described
above and identify, for the class afcomplete graphs, the critical value pf
below which the sequence of coverdgg(p)} converges in distribution to 0 as
n — oo. The section 3 is devoted to a version in which the lifetime of an active
particle depends on the past of the process. It survives up to the time it hits a
vertex which has been visited before by an active particle. We present results
obtained from computational analysis, stochastic simulations and a mean field
approximation. These approaches agree remarkably.

2 Geometric lifetime

In this section, we deal with the basic version of the frog model on complete
graphs, whose formal definition follows. For> 3, let K,, be then-complete
graph (the graph with vertex s&t = {1,2,...,n} and each pair of vertices
linked by an edge). Consider one particle at each verteKpfall but one
being inactive. LeI{(SX)teN ;x €V} and{(rg) ; X € V} be independent sets

of independent identically distributed random objects defined as follows. For
eachx € V, (§),. is adiscrete time simple random walk &g starting fromx

(it describes the trajectory of the particle placed initiallyx athen it is activated),
andry, which stands for the lifetime of that particle, is a random variable whose
law is given byP (t¥ =k) = (1— p)p*', k=1,2,..., wherep € [0, 1] is a
fixed parameter. In conclusion, the particle at vertgixi the event it is activated,
moves as{S{‘) (o PUt disappears; units of time after being activated.

Definition 2.1.

(i) For a realization of the frog model ifK,, with parameterp, let C,(p)
be the set of vertices ¢, visited by active particles aniC,(p)| be the
number of elements @, (p). We define theoverageof K,, by

an(p) = [Cr(P)I/N.
(i) We define theritical parameteof the model by
Pc =sup{p:an(p) = 0 as n — oo},

where= denotes convergence in distribution.
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Next we prove thap, = 1/2, therefore the frog model has phase transition.
To show this assertion, we prove that for< 1/2 and every > 0,

lim P(an(p) = &) =0

and that forp > 1/2, there are constanis= ¢(p) > 0 ands = §(p) > 0 such
that, for alln,
P(an(p) > ¢) = 6.

1
Theorem 2.1. p; = >

Proof. Firstletp < 1/2 and consider the Galton-Watson branching process
that starts with a single individual and in which the family size has geometric
distribution with parametegil — p). This branching process dies out with proba-
bility 1. Furthermore, if we call; the size of theé'" generation of this branching
process, we have that, for every- 0,

P(Ch(p)| = en) <P (Z Zi > en) =%

t=1

Now let p > 1/2. In this case, we chooge= ¢(p) > 0 such thatl — ¢)
p > 1/2. We let the process develop up to the time when thereraxertices
visited by active particles, pointing that this event has probability bounded away
from zero. Observe that up to this time the frog model dominates the follow-
ing supercritical branching process. Each individual generates two descendants
with probability (1 — ¢)p and no descendant with probability-1 (1 — &) p.
Observe that at each step before reachimygisited vertices, each active particle
in the frog model hits an inactive particle (activating it) with probability larger
than(1 — ¢) p. In order to avoid correlation considerations, one could consider
that each active particle of the set of active particle at any time, move in its turn,
being the probability of hitting the inactive set of vertices updated, according to
what happened to the last jump. All the computed probabilities would be larger
that (1 — ¢)p. So, with bounded away from zero probability, the number of
visited vertices in frog model is at leagt, for all n. O

Note that, from the first part of the proaf;(1/2) = 0 asn — oo.

3 Non-geometric lifetime

In the model considered so far, the lack of memory of the geometric distribution
plays an important role in the Markovian behavior of the process. In this section,
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we study a model in which the lifetime of an active particle depends on the past
of the process. As far as we know, there are no references about this kind of
model.

We work with the following version of frog model oK. Initially, there is
one particle at each vertex &f,; only one is active, the others are inactive. In
the event it is activated, the particle at a vertefollows an independent simple
random walk orK,, and activates the inactive particles that encounters along its
way. However, each active particle dies at the first time it jumps on a vertex
which has been visited before.

3.1 Computational analysis

We defineA;, D, andl; as the number of active particles at tim¢he number of
vertices whose original particles have already died up to tiened the number
of particles still inactive at time, respectively. Note thgt(A;, Dy, lt)}i>0 iS a
Markov chain (in fact{( A, lt)}t>0iS) suchthath; = 2,D; = 0,andl; =n—-2
with probability 1. MoreoverA; + D; + |y = nforallt > 0.

We underline two important features of this Markov chain: first, it has absorb-
ing states, so that it stops at the tiffie= min{t > 0: A; = 0}. Second, each
state(a, d, i) is achieved at most once. F@, d,i) suchthata+d +i = n,
we define

P@,d,i) = P(Ai=a,Di=d, |y =i forsomet > 0)
= ZP(At=a,Dt=ds|t=i)~
t>0

We have thaP(2,0,n—-2)=1,P(,1,n—-2) = 0andP(0,d,0) = 0. We
denote bw; = A; + Dy = n — |; the number of visited vertices at timeso
that thecoverageof the process ia, = V1 /n.

Next we show some relations which are helpful in the computational analysis
we do of the probability of the total coverage evant & 1). First observe that
the probability of reaching a numbarof active particles without occurring any
death of particles is

la/2] . . a—j
) 1 . ) L.
P, 0,i) = Z(l +J) (m) f@a—j, )P@—j,0,i+j) (3.1

o
wherea 41 = n and

j—1 .
fs)) =) (-1 (:)q -
r=0
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can be though as the number of ways of displaatglls into j urns leaving
no empty urns. The last display is an immediate consequence of the inclusion-
exclusion formula. To understand (3.1), observe that one only could reach the
state(a, 0, i) from a statga’, d’, i’) witha’ =a— j,d =0andi’ =i + j. For
thatto happera— j active particles must wake ypparticles among+ j inactive
ones. Beside$ cannot be larger thaa/2. In conclusion, (3.1) is obtained by
conditioning on the previous situation of the system.

Our next result shows a general relation B, d, i).

Theorem 3.1.For (a,d, i) suchtham+d+i =nanda > 0

d [a/2] . . . d+a—d'—j
. d—d+a—] i+ 1
P(a’d")zzz( d—d )( i )(nTl

d'=0 j=1

d+a—j—1%%fa@a—j, phP@+d—d —j,d,i+j.

Proof. Again we condition on the previous state. From st@ed’,i’) one
can visit state(a, d, i) if and only if d < d andi < i’. As a consequence
i”’=i+ janda =a+ (d—-d) — j. Observe thatl — d’ particles will die
among thea + (d — d") — j active ones. Moreovex — | active particles must
wake upj inactive particles among thiet j ones. Of cours¢ must be smaller
thana/2. O

The last relation deals with the absorbing state since it is the target of the
computational analysis developed next. We claim thdti#i = n

d
P©O.d.i) = Y (d—1n-12P(@.d-ai)
a=2
as from statga’, d’, i’) one can reackO, d, i) if and only ifd = & + d’ and
i =i’ which means that all active particles die suddenly.
Finally, note that the probability of total coveragekof is given by

n—-1

pn = 1-> P(0.d.n—d).
d=2

Using the formulas given above, we compute the valugs, &br various values

of n < 200 (see Table 1). The quite intensive computational task points to the
fact thatp, is decreasing im andpoqq is of order 1014, so we conjecture that

ond 0 asn— oo.
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n Pn

10 | 238561x 101
25 | 243941x 1072
50 | 536173x 10°*
75 | 117556x 10°°
100 | 257646x 107
200 | 595080x 10 14

Table 1: Values opy,.

3.2 Simulations

We perform simulations of the model far= 500, 1000, 2000 and 5000, keep-
ing track of the evolution of the values @ /n andV;/n. We perceive that, for
eachn, the global behavior of the process does not have significant differences
among these simulations. Typical illustrations of this behavior are shown in Fig-
ure 1. Simulations indicate, therefore, the following behavior: up to the time in
which A;/n achieves a value close to3®, V; grows fast and; is less thar;,

but very close to it. That characteristic comes from the fact that, up to that time,
there is enough room for the active particles to jump on the set of the unvisited
vertices. From that instant oN; begins to grow more slowly, achieving a final
value very close to .83n. Hence, it seems clear that the sequence of coverage
{an} converges in distribution as— oo.

3.3 Mean field approximation

In this section we study the model described on section 3 through a mean field
approximation approach. The goal is to obtain rigorous results, consistent with
the simulation performed with the original model, by an analytic and combina-
torial relatively small effort. Such approach must be taken carefully as it does
not consider fundamental correlations presented in the original model. Anyway
it agrees nicely with what is presented in the two precedent subsections.

The Markov chain{(A;, Dy, lt)}i>0 defined at the beginning of subsection
3.1, such thatd, is the number of active particles at timgD; is the number
of vertices whose original particles have already died up to timend | is
the number of particles still inactive at tinbeis still under consideration. In
this section, we also consider the systgm, d;, i1) };>o which is the mean field
approximation for{(A;/n, D¢/n, I;/N)}i>0. By v; we denote the sura + d.
Remember thgt(A;, Dy, 11)}i>0 IS @ Markov chain (in fact (A, 1¢)}i>0 iS) such
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n=500 n=1000
1 1
0.8 o 0.8 s
0.6 0.6
0.4 0.4
0.2 0.2
At/n A/n
t t
12345678 910111213141516 12345678 9101112131415161718
n= 2000 n= 5000
1 1
0.8 n 0.8 s
0.6 0.6
0.4 0.4
0.2 0.2
At/n At/n
t t
12345678 91011121314151617 12345678 9101112131415161 718192021

Figure 1: Evolution ofA;/n andV;/n in simulations fom = 500, 1000, 2000
and 5000. Levels of 0.36 and 0.83 are indicated.

thatA; = 2,D; = 0, I; = n—2 with probability 1. MoreoverA;+ D+ 1t =n
forallt > 0.
The evolution of the procedsa;, d, it)};~o is the following:

Oy1 = i+ (& + ) - &

as in the original model, particles which are active at tirdee if they jump into

sites which have been visited up to titneBesides, a proportiofl — (a; + d;))

of the amount of the set of active particles stay active, jumping on sites which
have not been visited by active particles so far. Each one of the inactive particles

has probability
1 \&den
1— —— ~ —
(i) - e
of not being hit by an active particle. This justifies the following dynamic
ityr = Ip — it - (1 —exp(—a))
which implies that

a1 = & — (& +d)-a + it - (L —expl—a)).
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The evolution of this system of equations could be studied under any initial
input but our interest is study its behavior fay = 2/n anddy = 0 as this is
analogous to what happens in the first step of the original process.

n=500 n=1000

1 1
0.8 0.8

Vi Vt
0.6 0.6
0.4 0.4
0.2 0.2

at at

t t
1234567 8 9101112131415161718 12345678 9101112131415161718
n=2000 n=5000

1 1
0.8 0.8

Vi Vt
0.6 0.6
0.4 0.4
0.2 0.2

at a

t -t
1234567 8 9101112131415161718 12345678 9101112131415161718

Figure 2: Evolution ofa; andv; in the mean field approximation for = 500,
1000, 2000 and 5000. Levels of 0.36 and 0.83 are indicated.

Theorem 3.2.
() Forall t,a > 0 and lim;_ . a = 0;
(i) IM = M(n) such that

Pp<y<--r<au-1=<av >au41 > au42 > - ;

(i) In (0.0005:1)/In2 < M < In(0.001n)/In 1.994+ 30 for n > 100Q
(iv) lim_(a + d) € (0,82 0, 83); besidesay € (0, 35; 0, 36).

Proof. We present a sketch of the proof as most of it demands ordinary com-
putations. By induction one shows tlat> 0,d; > 0 and that O< v; < 1 forall
possible values df. As a consequence of these facts, one proves the existence
for each value oh (the number of vertices of the graph), of lim,, v; and
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lim{_  d;. Observing that;,; = d; + (a + di)a and using the later facts one
proves that linp, o, & = 0 and from this follows that lim, o, v; = lim_ « ;.
Another consequence is that the sequdiackefollows the pattern

P <@ <-<au-1=am > au+1 > au42 > -

Besides,y = limi_, o vy > 1/2, and from this follows that,, > 0.15. By
its turn, this fact together witl 1 < 2a; can be used to prove that there
existst; such that M01 < &, < 0.002. By using two subsequent terms of the
Taylor's expansion foe*, together with the fact thad; < 0.002 implies that
d; < 0.003 (and that happens a = 2/n), one gets that .0005h < 24
and 19941 < 0.00In. From this(iii ) follows. Finally one proves thaty <

(0, 35; 0, 36) and that lim_, . (& + d;) € (0,82 0, 83). O

Figure 2 shows the evolution af andv, quantities that came from the mean
field approximation, fon = 500, 1000, 2000 and 5000. The remarkable resem-
blance between Figures 1 and 2 comes from the fact that the the correlations,
even though presents, are not able to mess up with the global behavior of the
process. Both also agree with Table 1 as they show that the set of active particles
are not able of covering the whole graph as its size increase.
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