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1 Introduction

The problem of (unique) integrability of a one dimensional distribution (or vector
field) is an old problem that goes back to the 19th century. For a non-one
dimensional distribution the problem has been solved by Frobenius who gave
a necessary and sufficient condition for the integrability (see [AM] and [L]).
Nevertheless this conditions is not easy to check. When the distribution is related
to a dynamical systemsf : M → M the integrability has been solved under
some dynamic assumptions like hyperbolicity by many authors and proofs along
the 20th century (see for instance [HPS]). More precisely, ifT M = E ⊕
F is an invariant dominated decomposition under the tangent mapD f and F
has a uniform expanding behavior it follows thatF is uniquely integrable (this
is the so called strong stable manifold theorem forf −1.) The problem of the
integrability comes out when we consider the “central”distribution. In other
words no condition for the unique integrability is known whenF a priori has
not a uniform hyperbolic behavior, and moreover, there exist examples where it
fails to be integrable.

In this paper we deal with the case that the distributionF is one-dimensional.
By Peano’s Theorem (see [KF]) it is integrable, but we shall be concerned with
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the unique integrability (and, as it is well known, we can not expect the central
distribution to be smooth, even Lipchitz.)

Before stating our result, let us recall some definitions. Letf : M → M be a
diffeomorphisms. Anf -invariant set3 is said to have adominated splittingif we
can decompose its tangent bundle in two invariant subbundlesT3M = E ⊕ F,

such that:

‖D f n
/E(x)‖‖D f −n

/F( f n(x))‖ ≤ Cλn, for all x ∈ 3, n ≥ 0,

with C > 0 and 0< λ < 1.

We say that the dominated splitting is acodimension one dominated splitting
if the dimension ofF is one and we shall say that it is acontractiveif E is a
contractive subbundle, i.e., there existsC > 0 and 0< λ < 1 such that for any
x and anyn it holds that|D f n

|Ex
| < Cλn.

A periodic point p is a semi-attractoror attractor provided that the set of
pointsy that verifies thatdist( f n(p), f n(y)) → 0 contains an open set inM.

Main Theorem. Let f : M → M be aCr diffeomorphisms,r > 1, exhibiting
a codimension one dominated splittingT M = E ⊕ F over the whole manifold.
ThenF is uniquely integrable provided one of the following conditions holds:

1. �( f ) = M (where�( f ) denote the non-wandering set off ).

2. The dominated splitting is contractive.

3. There are neither semi-attracting or attracting periodic points andf is
Cr with r > 2.

The paper is organized as follows. In section 2 we state a series of results proved
somewhere else. In section 3 we prove a codimension one Denjoy Property
regarding the existence of wandering intervals (a similar result has already been
proved in dimension two and with some adjustments the proof works in the
codimension one case). In the same section, we derive some consequences
regarding the central unstable invariant manifolds. In the last section we conclude
the proof of the main theorem.

2 Preliminaries

Let I1 = (−1, 1) and Iε = (−ε, ε), and denote byEmb1(I1, M) the set ofC1-
embedding ofI1 on M, and denote byEmb1(I n−1

1 , M) the set ofC1-embedding
of I n−1

1 on M, wheren is the dimension ofM.
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Recall by [HPS] that codimension one dominated splitting implies the next
lemma:

Lemma 2.1. There exist two continuous functionsϕcs : 3 → Emb1(I n−1
1 , M)

and ϕcu : 3 → Emb1(I1, M) such that if defineWcs
ε (x) = ϕcs(x)I n−1

ε and
Wcu

ε (x) = ϕcu(x)Iε the following properties holds:

1. TxWcs
ε (x) = E(x) andTxWcu

ε (x) = F(x),

2. for all 0 < ε1 < 1 there existε2 such that and

f (Wcs
ε2

(x)) ⊂ Wcs
ε1

( f (x)).

3. for all 0 < ε1 < 1 there existε2 such that and

f −1(Wcu
ε2

(x)) ⊂ Wcu
ε1

( f −1(x)).

In particular, there existsδ = δ(ε1) such that ify ∈ Wcu
ε1

(x) anddist( f − j (y),

f − j (x)) < δ for 0 ≤ j ≤ n then f − j (y) ∈ Wcu
ε1

( f − j (x)) for 0 ≤ j ≤ n.

Corolary 2.0.1. For any0 < γ < 1, there existsε = ε(γ ) such that forx ∈ 3

holds that
‖D f n

/E(x)‖ ≤ γ n, ∀n ≥ 0,

then follows that

Wcs
ε (x) ⊂ Ws

ε (x) = {y : dist( f n(x), f n(y)) < ε dist( f n(x), f n(y)) → 0}

i.e., the central stable manifold of sizeε is in fact a stable manifold.

Sometimes, one needs the central manifold to be of classC2. This is guar-
anteed, forC2−diffeomorphisms, by the so called 2-domination: the splitting
E ⊕ F is 2-dominated if there exists 0< σ < 1 such that

‖D f n
/E(x)‖‖D f −1

/F( f n(x))‖
2 ≤ Cσ n, n ≥ 0.

Remark 2.0.1. It follows that if f is aC2 diffeomorphisms and3 is a compact
invariant manifold exhibiting a codimension one dominated splitting which is
also2-dominated then the mapϕcu in Lemma 2.1 is indeed a mapϕcu : 3 →
Emb2(I1, M) (see [HPS] for details).

The following result in [PS1] guarantee that a codimension one dominated
splitting is 2-dominated:

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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Lemma 2.2. Let f be aC2 diffeomorphisms and let3 be a compact invariant
manifold exhibiting a codimension one dominated splitting. Then, there exists
at most finitely many periodic attractors (sinks) in3 such that any compact
invariant set30 ⊂ 3 and disjoint from these periodic attractors is2-dominated.

We will need also the following beautiful result form Pliss:

Lemma 2.3. Pliss’s Lemma ([Pl]):Given a diffeomorphismsf and0 < γ1 < γ2

there existN = N(γ1, γ2, f ) and c = c(γ1, γ2, f ) > 0 with the following
property: givenx ∈ M, a subspaceS ⊂ Tx M such that for somen ≥ N we
have (denotingSi = D f i (S))

n∏

i =0

‖D f/Si ‖ ≤ γ n
1

then there exist0 ≤ n1 < n2 < .... < nl ≤ n such that

j∏

i =nr

‖D f/Si ‖ ≤ γ
j −nr

2 ; r = 1, ..., l ; nr ≤ j ≤ n.

Moreover,l ≥ cn.

The next lemma is a classical one about the existence of admissible neighbor-
hood for sets having dominated splitting.

Lemma 2.4. Let 3 be a set with dominated splitting. Then there exists a
neighborhoodV of 3 such that any compact invariant set inV has dominated
splitting. This type of neighborhood is called an admissible neighborhood of3.

3 Denjoy’s Property

A Cr -arc is aCr embedding of the interval(−1, 1). We denote bỳ(I ) the length
of aCr -arc I .

Definition 3.1. Let f : M → M be a Cr diffeomorphisms and let3 be a
compact invariant set having dominated splitting and letV be an admissible
neighborhood (see lemma 2.4). LetU be an open set containing3 suchthat
U ⊂ V. We say that aCr -arc I in M is aδ-E-arcprovided the next two conditions
hold:

1. f n(I ) ⊂ U, n ≥ 0 and `( f n(I )) ≤ δ for all n ≥ 0.

2. f n(I ) is always transverse to theE-direction.

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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In other words, aδ-E-arc is an arc that does not growth in length in the future
and always remains transversal to theE subbundle.

Related to aδ-E-arc I we can obtain the following result. Before to state it,
chooseλ2, λ3; λ < λ

1
2 < λ2 < λ3 < 1.

Lemma 3.1.There existsδ > 0 such that given aδ-E-arc I it follows that there
exists a sequence of integersni → ∞ such that

‖D f j
/E(x)‖ < λ

j
2 for all j ≥ 0, x ∈ f ni (I ). (1)

Proof. First, we takeni such that

`( f ni (I )) > `( f j (I )), ∀ j > ni .

For the arcs above, we use the notation

Ini = f ni (I ).

Observe that this implies that for anyni > 0 there is somexi ∈ Ini such that
‖D f k

/F(xi )
‖ ≤ 1 and since the iterates ofIni remain small (less thanδ), it follows

that there isβ small such that for anyz ∈ f ni (I ) then

||D f j
/F(z)|| < (1 + β)k.

Using the domination property andβ small, the thesis of the lemma holds (see
page 987-988 of [PS1] for details). �

Lemma 3.2. For any pointx ∈ Ini there is an stable manifoldWs
ε (x) of uni-

form size.

The proof follows from corollary 2.0.1. This implies that we can consider
the box

Ws
ε (Ini ) = ∪x∈Ini

Ws
ε (x).

Definition 3.2. We say that aδ-E-arc I is wandering if for anyni , nj satisfying
(1) follows that

Ws
ε (Ini ) ∩ Ws

ε (In j ) = ∅.

The next theorem characterizes the dynamic of aδ-E-arc. More precisely, it
characterizes theω−limit of I (denoted byω(I )). The theorem is a more general
version of proposition 3.1 in [PS1] and theorem 4.1.3 in [PS2], where the results

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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are stated for surfaces diffeomorphisms. The proof has some similarities and
here it is adapted to the case of codimension one dominated splitting.

Theorem 3.1. Let f be aCr diffeomorphisms,r ≥ 1, and let3 be a compact
invariant set exhibiting a codimension one dominated splitting. There exists
δ0 such that ifI is a Cr δ-E-interval with δ ≤ δ0, then one of the following
properties holds:

1. ω(I ) ⊂ C whereC is a periodic simple closed curve normally attracting
and f m

/C : C → C (wherem is the period ofC) has irrational rotation
number.

2. There exists a normally attracting periodic arcJ such thatI ⊂ Ws(J)

and f k restricted toJ (k being the period ofJ) is the identity map onJ.

3. ω(I ) ⊂ Per( f/V ) where Per( f/V ) is the set of the periodic points of
f in V . Moreover, one of the periodic points is either a semi-attracting
periodic point or a attracting one.

4. Neither of the above andI is wandering.

Proof. To conclude the proof it is enough to show that if there existni < nj

verifying (1) such that

Ws
ε (Ini ) ∩ Ws

ε ( f n j −ni (Ini )) 6= ∅. (2)

then either (1), (2) or (3) of theorem 3.1 hold.

Let m = nj − ni . If `( f km(Ini )) → 0 ask → ∞, thenω(Ini ) consist of a
periodic orbit. Indeed, if̀ ( f km(Ini )) → 0, then`( f k(Ini )) → 0 ask → ∞.
Let p be an accumulation point off k(Ini ), that is, f kj (Ini ) → p for some
kj → ∞, and so,f kj +m(Ini ) → f m(p). But by the property we are assuming,
i.e., Ws

ε (Ini ) ∩ Ws
ε ( f n j −ni (Ini )) 6= ∅, we have f kj +m(Ini ) → p, implying that

p is a periodic point. Thus, for anyx ∈ Ini we have thatω(x) consists only of
periodic orbits, and soω(x) is single periodic orbitp. Since`( f k(Ini )) → 0 we
conclude thatω(Ini ) is the orbit of the periodic pointp. By the way we choose
Ini , we have f ni (I ) ⊂ Ini and soω(I ) consists of a periodic orbit, as the thesis
of the theorem requires.

On the other hand, if̀( f km(Ini )) does not goes to zero, we take a sequence
kj such thatf kj m(Ini ) → L for some arcL (which is at leastC1, and haveF

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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as its tangent direction). Nowf (kj +1)m(Ini ) → L ′ and f m(L) = L ′. Moreover,
L ∪ L ′ is an interval (withF as its tangent direction). Let

J = ∪n≥0 f nm(L).

We claim that there are only two possibilities: eitherJ is an arc or a simple
closed curve. To prove this, notice thatf nm(L) is aδ-E-interval for anyn ≥ 0.

In particular, for anyx ∈ J there existsε(x) such thatWcs
ε(x)(x) is stable manifold

for x, and so
W(J) =

⋃

x∈J

Wcs
ε(x)(x)

is a neighborhood ofJ. �( f ) = M We only have to show that, givenx ∈ J,

there exists a neighborhoodU (x) such thatU (x) ∩ J is an arc. This implies
that J is a simple closed curve or an interval. Thus, takex ∈ J, in particular
x ∈ f n1m(L). TakeU an open interval,x ∈ U ⊂ f n1m(L) and letU (x) be a
neighborhood ofx such thatU (x) ⊂ W(J) and suchU (x) ∩ L1 ⊂ U whereL1

is any interval containingf n1m(L), transverse to theE-direction and|L1| ≤ 2δ0

(this is always possible ifδ0 is small). Now lety ∈ J ∩ U (x). We have to prove
that y ∈ U. There isn2 such thaty ∈ f n2m(L). Since

f n1m(L) = lim
j

f k j m+n1m(Ini )

f n2m(L) = lim
j

f k j m+n2m(Ini )

and both have nonempty intersection withU (x), we conclude that for somej
follows that f kj m+n1m(Ini ) and f kj m+n2m(Ini ) are linked by a local stable mani-
fold. Hence f n1m(L) ∪ f n2m(L) is an arcL1 transverse to theE-direction with
`(L1) ≤ 2δ0. Thereforey ∈ U (x) ∩ L1 ⊂ U as we wish, completing the proof
that J is an arc or a simple closed curve.

In caseJ is an arc, sincef m(J) ⊂ J, it follows that for anyx ∈ I , ω(x) is a
ω-limit point of a point inJ, hence either (2) or (3) holds, completing the proof
in this case. On the other hand, ifJ is a simple closed curve, which is of class
C1 because is normally hyperbolic (attractive), then we have two possibilities.
If f m

/J : J → J has rational rotation number, then we can see thatω(Ini ) consist
of a union of periodic points, and the same happens toI . If f m

/J : J → J has
an irrational rotation number, then it is semiconjugated to an irrational rotation.
Since we are assuming that there is not wandering interval, it follows that it is
conjugated. DenotingC = J, we have thatω(I ) is as in the first property of the
thesis of the theorem. �

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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Corollary 3.1. Let f be aCr diffeomorphisms,r ≥ 1, and let us assume that
�( f ) = M and there is a codimension one dominated splitting in the whole
manifold. Then, there is notδ-E-interval providedδ small.

Proof. From the fact that�( f ) = M follows that there is not wanderingδ-
E-intervals. From theorem 3.1 it follows that theω−limit of a δ-E-interval it
is either a periodic simple closed curve normally attracting, a semi-attracting
periodic point or there exists a normally attracting periodic arc. In any case, it
is contradicted that�( f ) = M . �

Theorem 3.2. Let f be aCr diffeomorphisms,r ≥ 2, and let3 be a compact
invariant set exhibiting a codimension one dominated splitting. There existsδ0

such that ifI is a Cr δ-E-interval with δ ≤ δ0, then either (1), (2) or (3) of
theorem 3.1 hold.

Proof. To prove the previous theorem, first we need a proposition that allows to
compare the two dimensional volume ofWs

ε (J) with the one dimensional length
of a δ-E-interval J that verifies that

‖D f j
/E(x)‖ < λ

j
2 for all j ≥ 0, x ∈ J. (3)

Proposition 3.1. Let f be aC1+β diffeomorphisms,β > 0, and let3 be a
compact invariant set exhibiting a codimension one dominated splitting. There
existsδ0 andK > 0 such that ifJ is aCr δ-E-interval withδ ≤ δ0 such that its
ω−limit is not a periodic sink and verifies (3) then

Kvol(Ws
ε (J)) ≥ `(J).

The proof of the proposition is postponed and we now finish the proof of
theorem 3.2. In what follows we take the maximal sequences of positive integers
{ni } such that for eachni is verified (1). Without loss of generality, we can assume
that for eachni the arcIni is the maximalδ-E-interval that containsf ni (I ). Let
us assume thatWs

ε (Inr ) ∩ Ws
ε (In j ) = ∅ for everyr, j , otherwise, arguing as in

theorem 3.1 the proof is concluded.
Let λ2 be such thatλ < λ2 < λ1 < 1. ConsiderN = N(λ2, λ1) from Pliss

lemma 2.3. It follows (assuming for simplicity thatni +1 − ni ≥ N = 1) that the
following holds:

‖D f ni +1− j
|Ex

‖ > λ
j
2 for any x ∈ f j (Ini ) and 06 j < ni +1 − ni . (4)

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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This implies that the derivative along theF direction behaves as an expanding
direction for iterates betweenni andni +1. In fact, (4) implies that given 06
j < ni +1 − ni then

‖D f −(ni +1− j )
|Fx

‖ <

(
λ

λ2

) j

for anyx ∈ Ini +1. In particular

`(I−(ni +1− j )) <

(
λ

λ2

) j

`(Ini +1). (5)

Using proposition 3.1, we have that

∞∑

i >0

`(Ini ) < ∞

and this together with (5) imply

∞∑

n>0

`(In) < ∞.

Arguing as Schwartz’s proof of the Denjoy Theorem for someni large we may
find an arcJni containing properly eachIni such thatJni is aδ−interval, which
is a contradiction with the maximality ofIni for everyni . �

Now we proceed to give the proof of proposition 3.1

Proof of Proposition 3.1. Let us consider the boxWs
ε (J). To prove the propo-

sition , it is enough to show that there is a constantC such that given two center
unstable arcsJ1, J2 in Ws

ε (J) transversal to theE-direction and whose end-
points are in∂cu(Ws

ε (J)) (where∂cu(Ws
ε (J)) = Ws

ε (x1) ∪ Ws
ε (x2) and{x1, x2}

are the boundary points ofJ) the following holds:

1

C
≤

`(J1)

`(J2)
≤ C.

To prove that, let us consider the holonomy5 induces by the stable foliation
restricted to the boxWs

ε (J); i.e.: let5 : J1 → J2 defined as5(x) = Ws
ε (x)∩ J2.

Related to it, we state the next lemma.

Lemma 3.3.Let f be aC1+β diffeomorphisms,β > 0, and let3 be a compact
invariant set exhibiting a codimension one dominated splitting. There exists

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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δ0 > 0 andC > 0 such that ifJ is a Cr δ-E-interval withδ ≤ δ0 that verifies
(3), it follows that the stable holonomy restricted toWs

ε (J) is C1 and

1

C
≤ ‖5′‖ ≤ C. �

Proof of Lemma 3.3. To avoid notation, let us denoteB = Ws
ε (J). Let us

take J1, J2 be the center unstable arcs that boundB. In other wordsJ1 ∪ J2 =
∪x∈J∂Ws

ε (x) where∂Ws
ε (x) are the boundaries ofWs

ε (x). For any positive
integerk, let us take the set

Bk = f k(Ws
ε (J))

and let us consider aC1 (not necessarily invariant) foliation that contains the
center stable leaves of the extremal points ofJk

1 = f k(J1) and Jk
2 = f k(J2).

Let us call this foliationF̂cs
k .

Lemma 3.4.There exists a positive constantC1 such that fork sufficiently large
it follows that there exists aC1 foliation F̂cs

k containing the center stable leaves
of the extremal points ofJk = f k(J) such that

1

C1
≤ ‖5̂′

k‖ ≤ C1

where5̂k is the holonomy induced bŷFcs
k from Jk

1 to Jk
2 .

Before we prove the previous lemma, let us continue with the proof lemma
3.3. LetFcs

k be the foliation inB which is the pull-back foliationF̂cs in Bk and
let us define

5k = f −k ◦ 5̂k ◦ f k
/J1

.

in other words5k is the projection alongFcs
k betweenJ1 and J2. We want

to prove that5k converge to5 in the C1−topology. It is immediate that the
convergence holds in theC0−topology, so to conclude, we have to show that
there existsC1 such that

1

C1
≤ ‖5′

k‖ ≤ C1

where5k is the projection alongFcs
k betweenJ1 and J2. Notice that J1 =

f k(Jk
1 ) andJ2 = f k(Jk

2 ) are also two arcs inB(y) transversal to theE-direction
with endpoints in∂cu(B(y)). For a pointx ∈ f j (Jk

i ), i = 1, 2 set F̃(x) =
Tx f j (Jk

i ), 0 ≤ j ≤ k.

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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By the equality
5k ◦ f −k

/J1
= f −k ◦ 5̂k

we conclude, forz ∈ J1, that

‖5′
k( f −k(z))‖.‖D f −k

/F̃(z)
‖ = ‖D f −k

/F̃(5(z))
‖.‖5̂′(z)‖

Hence

‖5′
k( f −k(z))‖ =

‖D f −k
/F̃(5(z))

‖

‖D f −k
/F̃(z)

‖
.‖5̂′(z)‖

Thus, to finish the proof of the lemma it suffices to findM such that

1

M
≤

‖D f −k
/F̃(5(z))

‖

‖D f −k
/F̃(z)

‖
≤ M

which is the same, settingx = f −k(z), as

1

M
≤

‖D f k
/F̃(x)

‖

‖D f k
/F̃(5k(x))

‖
≤ M.

Observe that for any pair of pointz1, z2 belonging to the same central leaf of
Fcs

k , form (3), it follows that

dist( f j (z1), f j (z2)) 6 λ
j
2 dist(z1, z2)

for j ≤ k and so, given some constantα, there is a constantA such that

6k
i =0`( f j (Fcs

k (x)))α < A.

With the same arguments as in [Sh] pages 45-46, it is possible to prove that there
existτ > 0 andα > 0 such that

∣
∣
∣‖D f/F̃( f j (w1))

‖ − ‖D f/F̃( f j (w2))
‖
∣
∣
∣ ≤ η j D + dist( f j (w1), f j (w2))

α

for some constant 0< η < 1 andD wheneverF̃ lies in the central unstable
cone anddist( f j (w1), f j (w2)) ≤ τ, 0 ≤ j ≤ k. (This is, roughly speaking, a
consequence of the fact that the distributionF isα-holder and any other direction
converges exponentially fast toF.)

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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Therefore, if the diameter ofB(δs,δu)(p) is less thanτ, it follows that

‖D f n
/F̃(x)

‖

‖D f n
/F̃(5k(x))

‖
≤ exp



 D

1 − η
+

j =k∑

j =0

dist( f j (x), f j (5k(x)))α



 .

Sincex and5k(x) belongs toFcs
k (x), we conclude that

k∑

j =0

dist( f j (x), f j (5k(x)))α ≤
n∑

j =0

`( f j (Fcs
k (x)))α ≤ A.

Thus
‖D f k

/F̃(x)
‖

‖D f k
/F̃(5k(x))

‖
≤ exp

(
D

1 − η
+ A

)
.

Finally, takingM = exp( D
1−η

+ A), we have thatC1 = C.M finishing the proof
of lemma. �

Proof of Lemma 3.4. To prove it, we have to show that the quotient

`(Jk
2 )

`(Jk
1 )

(6)

is close to one. In this direction, first we establish the next assertion.

Asserts 3.0.1.Let x ∈ 3 such that does not belong to the basin of attraction of
a periodic sink. Then, for anyγ > 0 there existsn0 such that ifn > n0 then

|D f n
/F(x)| > (1 − γ )n.

In fact, if this is not the case, givenγ > 0 it follows from lemma 2.3 that there
are two increasing sequences{mk} and{lk} such that

|D f n
/F( f mk (x))| < (1 − γ )n, ∀ 0 < n < lk. (7)

Without loss of generality, we can assume thatf mk → z for somez ∈ 3 and it
is concluded that

|D f n
/F(z)| < (1 − γ )n, ∀ 0 < n. (8)

From the domination follows that

||Dz f n|| < (1 − γ )n, ∀ 0 < n (9)
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and therefore there isε = ε(γ ) such that

Bε(z) ⊂ Ws
ε (z).

Since f mk(x) ∈ Bε(z) for mk large, it follows thatBε(z) is contained in the basin
of attraction of a periodic sink and thereforeω(x) is a periodic sink, which is a
contradiction and so the claim follows.

Coming back to the proof that (6) is close to one, observe that from the fact
that f ∈ C1+β , it follows that the center stable foliation is Holder (see [HPS])
and therefore it follows that there existsα > 0 such that

`(Jk
1 ) − dk`(Jk

1 )α < `(Jk
2 ) < `(Jk

1 ) + dk`(Jk
1 )α

where
dk = max

x∈Jk
1

dist(x, Wcs
ε (x) ∩ Jk

2 ).

Since
dk < λk

2

it follows that

1 − λk
2`(Jk

1 )α−1 <
`(Jk

2 )

`(Jk
1 )

< 1 + λk
2`(Jk

1 )α−1.

On the other hand, from claim 3.0.1 it follows that

`(Jk
1 ) > (1 − γ )k`(J1)

and so
λk

2`(Jk
1 )α−1 < [λ2(1 − γ )α−1]

k
`(J1)

α−1

which is small provided thatk is large andγ is close enough to 0 to guarantee
thatλ2(1 − γ )α−1 is smaller than one. Therefore the lemma holds. �

3.1 Denjoy’s property and Lyapunov stability

As we have mentioned, the problem of unique integrability under the hypothesis
of codimension one dominated splitting, is related to the problem of charac-
terization of the limit set of a dynamics. We want to mention here, that this
characterization is useful to understand the Lyapunov stable systems (system
for which the states will remain bounded for all time, see [Ly]). We say that x
is Lyapunov stable(in the future) if givenε > 0 there existsδ > 0 such that
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f n(Bδ(x)) ⊂ Bε( f n(x)) for any positive integern. Under the assumption of
codimension one dominated splitting it is possible to characterize the Lyapunov
stable points:

Theorem 3.3.Let f : M → M be aC1-diffeomorphisms of a finite dimensional
compact Riemannian manifoldM and let3 be a set having codimension one
dominated splitting. Then there exists a neighborhoodV of 3 such that if
f n(x) ∈ V for any positive integern and x is Lyapunov stable, one of the
following statements holds:

1. ω(x) is a periodic orbit,

2. ω(x) is a periodic curve normally attractive supporting and irrational
rotation.

3. Neither of the above andx is a wandering point.

Furthermore, if f is C2, the third option can not happen.

Proof. The proof is almost straightforward from theorem 3.1. Notice that
if x is Lyapunov stable, then there is aδ-E-arc insideBδ(x). The conclusion
now follows. �

4 Proof of main Theorem

We say thatF is locally uniquely integrable atx provided there exist a unique
(open) arcJ(x) containingx such thatTy J(x) = F(y) for any y ∈ J(x) and
if for any (open) integral curveC containsx we have thatC ∩ J(x) is open
in J(x).

To prove the main theorem, it is enough to prove thatF is locally uniquely
integrable at anyx in M. In each of the next subsections, the main theorem is
proved under each assumed hypothesis.

4.1 Assumption: �( f ) = M

We shall prove that,F is uniquely integrable at any pointx ∈ M provided that
�( f ) = M. The proof is based upon next lemma.

Lemma 4.1. Let f : M → M be aCr diffeomorphisms,r ≥ 1 such thatM
has a codimension one dominated splittingT M = E ⊕ F. Let us assume that
there existsε1 > 0 and that givenx ∈ M there existsε2 = ε2(x) such that

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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f −n(Wcu
ε2

(x)) ⊂ Wcu
ε1

( f −n(x)), and `( f −n(Wcu
ε2

(x))) → 0. ThenF is locally
uniquely integrable atx.

Proof. It follows immediately from the fact that in this case the center unstable
manifold is dynamically defined. �

To conclude the proof of the maim theorem in the present case we use
lemma 4.1. Arguing by contradiction, assume that there existsε1 such that for
anyε2 we have that there existsn > 0 such thatf −n(Wcu

ε2
(x)) is not contained

in Wcu
ε1

( f −n(x)). Recall that there exists ofδ (δ < ε1) such that ify ∈ Wcu
ε1

(x)

and dist( f − j (x), f − j (y)) ≤ δ for 0 ≤ j ≤ n, then f − j (y) ∈ Wcu
ε ( f − j (x))

for 0 ≤ j ≤ n.
Therefore, there exists a sequenceεn → 0 andmn → ∞ such that, for

0 ≤ j ≤ mn,

`( f − j (Wcu
εn

(x))) ≤ δ and `( f −mn(Wcu
εn

(x))) = δ.

Letting In = f −mn(Wcu
εn

(x)), we can assume (taking a subsequence if necessary)
that In → I and f −mn(xn) → z, z ∈ Ī (the closure ofI ). Now, we have that
`( f n(I )) ≤ δ for all positiven, and sinceI ⊂ Wcu

ε (z), we conclude thatI is a
δ-E-interval. This is a contradiction regarding corollary 3.1.

4.2 Assumption: The dominated splitting is contractive

We shall say thatI is an F-arc if for any x ∈ I then Tx I = F . A simple
Es-F-loop is a loop that is the union of aEs arc and aF-arc.

Lemma 4.2.There isβ > 0 such that there is no simpleEs-F loop insideBβ(x)

for anyx ∈ M.

Proof. It is an immediate consequence of the transversality betweenEs

andF . �

Lemma 4.3. There existsε0 such that for anyε ≤ ε0 there existsM = M(ε)

such that ifI is an F-arc with`(I ) ≤ ε then`( f −n(I )) ≤ M for anyn ≥ 0.

Proof. Letε0 ≤ β/2 and letε ≤ ε0 and assume that the lemma is false. Then, for
everyn there exists anF-arc In with `(In) ≤ ε such that for some integermn ≥ 0
we havè ( f −mn(In)) ≥ n. It follows that we can find two points sayxni andxnj in
f −mn(In) and different from the endpoints off −mn(In) whose distance between
them is less thanβ/2. It follows thatWs

β(xni ) ∩ f −mn(In) 6= {xni } and hence
we may form a simpleEs-F loop, sayγ, with andEs arc insideWs

β(xni ) and an
F-arc inside f −mn(In). It follows that f mn(γ ) is a simpleEs-F loop contained
in Bβ( f mn(xni )), a contradiction. �
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Now assume thatF is not locally uniquely integrable at some pointx. Consider
J1 and J2 two different F-arcs whose intersection is not open inJ1. We may
assume thatx is at the boundary (inJ1) of this intersection,̀ (J1), `(J2) ≤ ε0.

Let y ∈ J1\J2 and such thatWs
β(y) ∩ J2 = {z}. Let r = dist(y, z).

Asserts 4.2.1. For any K there existn0 = n0(K ) such that for anyx ∈ M
follows that

Radius( f −n(Ws
ε (x))) > K , ∀ n > n0,

where
Radius(B(x)) = min

z∈∂ B
{distB(x)(x, z)}

and distB(x)(., .) is the distance induces by the Riemannian metric restricted
to B(x).

With this claim in mind, we defineWs
K (z) as the connected component of

Ws(x) that containsx and has radius equal toK .
Notice that for anyK > 0, there existsn0 such that for anyn ≥ n0 and any

w, v ∈ f −n(J1) we have thatWs
K (w) ∩ Ws

K (v) = ∅. Otherwise, we can find
an simpleEs-F loop such that underf n is a simpleEs-F loop insideBβ(x).

Consider the cylinderWs
K ( f −n(J1)) = ∪w∈ f −n(J1)W

s
K (w).

Observe that for anyL there existsK = K (L) such that ifI is an arc join-
ing f −n(J1) with thes-boundary of the cylinder then its length must be greater
thanL .

Let M = M(ε0) and chooseL >> M and setK = K (L). Now, choose
n large enough so that ifv ∈ Ws

K (w) thendist( f n(v), f n(w)) < r/2. Since
`( f −n(J2)) ≤ M it follows that f −n(J2) does not intersects thes boundary of
Ws

K ( f −n(J1)). It follows that

f −n(J1) ⊂ Ws
K ( f −n(J1))

and sof −n(z) ∈ Ws
K ( f −n(y)). This implies thatdist(y, z) < r/2, a contradic-

tion.

4.3 Assumption: f is C2 and there is not attracting or semi-attracting
periodic points

In this section we shall prove thatF is uniquely integrable providedf is C2 and
there are no semi-attracting periodic points. First we shall prove a general result
regarding the dynamics of the central unstable manifolds.

Lemma 4.4. Let f : M → M be aCr diffeomorphismsr ≥ 1 and let3 be a
compact invariant set having a codimension one dominated splitting. Let either
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I be a periodic arc such thatf k restricted toI (k being the period ofI ) is the
identity or I be a simple closed periodic curve such thatf k restricted toI (k
being the period ofI ) is conjugated to an irrational rotation. Then,F is uniquely
integrable at any pointx of I .

Proof. It is immediate from the fact thatI is an attracting normally hyper-
bolic arc. �

Using that the center unstable manifold of a codimension one dominated split-
ting are one dimensional and that they are locally invariant, it is easily concluded
the next remark:

Remark 4.3.1.Let us assume that there is a codimension one dominated splitting
over M for a Cr −diffeomorphisms (r > 1). There existsε1 such that for any
periodic pointp of f follows that given a connected component ofWcu

ε1
(p) \ {p}

either it is contained in the unstable manifold ofp or the dynamics is the identity
in this component or contains a semi-attracting periodic point.

Lemma 4.5. Let f : M → M be aC2 diffeomorphisms and let us assume that
M exhibits a codimension one dominated splitting. Let us also assume that there
are not attracting or semi-attracting periodic points. Then, there existsε1 > 0
such that for anyx ∈ 3 it follows that either

1. there existsγ = γ (ε1, x) such thatf −n(Wcu
γ (x)) ⊂ Wcu

ε1
( f −n(x)),

2. x belongs to a normally attracting periodic simple closed curve with dy-
namics conjugated to an irrational rotation,

3. x belongs to a normally attracting periodic simple arc with dynamics (up
to the period) equal to the identity onJ.

Proof. Recall from corollary 2.1 the existence ofδ (δ < ε) such that if
y ∈ Wcu

ε (x) anddist( f − j (x), f − j (y)) ≤ δ for 0 ≤ j ≤ n, then f − j (y) ∈
Wcu

ε ( f − j (x)) for 0 ≤ j ≤ n.

Assume that the first item conclusion of the theorem is false. Then there exist
a sequenceγn → 0, mn → ∞ such that, for 0≤ j ≤ mn,

`( f − j (Wcu
γn

(x))) ≤ ε1

for someε1 (smaller than the one obtained in the previous remark and smaller
thanδ given by theorem 3.1) and

`( f −mn(Wcu
γn

(x))) = ε1.
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Letting In = f −mn(Wcu
γn

(xn)) we can assume (taking a subsequence if necessary)
that In → I and f −mn(x) → z, z ∈ 3, z ∈ Ī (the closure ofI ).

Now, we have that̀ ( f n(I )) ≤ ε1 for all positiven, and sinceI ⊂ Wcu
ε (z),

we conclude thatI is a C2 δ-E-interval. Now we apply Theorem 3.1. Since
they are neither attracting or semi-attracting periodic points, then either (1) or
(2) of the referred theorem happens for this arcI , we conclude thatx belong to
a periodic invariant closed curve and so the second or third item of the present
lemma holds. �

Remark 4.3.2. Let f : M → M be aCr (r ≥ 1) diffeomorphism and let us
assume that it has a codimension one dominated splitting overM . Let I be a
normally attracting periodic simple arc. If they are neither semi-attracting or
attracting periodic points thenf restricted toI is the identity map, wherek is
the period ofI .

End of the proof of the main theorem. To finish the proof we have to prove
thatF is uniquely integrable, providedM has codimension one dominated split-
ting, f is C2 and there are neither attracting nor semi-attracting periodic points.
This is an immediate consequence of lemma 4.5, lemma 4.4 and lemma 4.1.
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