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Quadrature formulas for the generalized
Riemann-Stieltjes integral
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Abstract. In this paper we propose a technique of approximation for the generalized
Riemann-Stieltjes integral and we found an analogue for Newton-Cotes formulas in the
casen = 2 andn = 3.
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1 Introduction

The study of nonlinear and integral equations leads to consider the fixed point
problem

u = T u (1)

with T a completely continuous operator acting on a Hilbert spaceH . I. Moret
& P. Omari in [3] were concerned with the numerical solution of (1) by iterative
techniques based on linearization. These procedures consist of approximating
(1) by linear equations of the form

(I − Am)(u − um) = −um + T um (2)

whereum is the current iterative andAm is a suitable linear model ofT at um.
The next iterateum+1 is defined as the unique solution of (2). In the financial
mathematics, for examples, there are studied the equations of the form

X(t, ω) = X0(ω) +

t∫

0

σ(s, X(s, ω))d B(s, ω) +

t∫

0

b(s, X(s, ω))ds (3)
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where
∫ t

0 σ(s, X(s, ω))d B(s, ω) is the stochastic integral which can be defined
in various manner depending on the exponent of the Brownian motion and∫ t

0 b(s, X(s, ω))ds is the classical integral. If the exponent of the Brownian
motion is bigger than12 (situation requested by practical necessities) the stochas-
tic integral can be defined by trajectory, i.e. for allω fixed, we have

I =

t∫

0

σ(s, X(s))d B(s). (4)

In this situation, the Brownian motion is a processβ-Hölder continuous, with
1
2 < β < 1. In order to apply the algorithm described by Moret & Omari, given
the iteration at the step m, we should be able to compute the right hand side
of (3), more precisely to approximate the stochastic integral.

The hypothesis concerning the functionσ are: σ is α− Hölder continuous
with respect to the first argument andσ is Lipschitz with respect to the second
argument, by consequence, the integral(4) is a Riemann-Stieltjes integral(RS)∫ b

a f dg where f is α−Hölder continuous andg is β− Hölder continuous. D.
Nualart & A. Răşcanu proved a global existence and uniqueness of the solutions
for integral equations containing integrals of type (RS) (see for details [4]). In
the following we use the definition of the Riemann-Stieltjes integral given by M.
Zähle [5] and we propose a technique of the approximation. More precisely, we
give the following results:

Theorem A. Let f andg be two Hölder continuous functions on[a, b], namely
| f (x)− f (y)| ≤ M f |x−y|α and|g(x)−g(y)| ≤ Mg|x−y|β for all x, y ∈ [a, b]
whereM f , Mg are positive constants andα + β > 1. Let us consider the nodes
a = x1 < x2 = b and denoteh = b − a. Then

b∫

a

f (x)dg(x) =
1

2
(g(x2) − g(x1)) ( f (x1) + f (x1) + f (x2)) + R2 (5)

where|R2| ≤ cMf Mghα+β with c a positive constant.
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Theorem B. Consider as abovef, g and the nodesa = x1 < x2 < x3 = b
and denoteh = b−a

2 . We have

b∫

a

f (x)dg(x) =
1

6

{
[ f (x1) + 4 f (x2) + f (x3)] [g(x3) − g(x1)]

− [g(x1) + 4g(x2) + g(x3)] [ f (x3) − f (x1)]
}

+
1

2
[g(x3) + g(x1)] [ f (x3) − f (x1)] + R3

(6)

where|R3| ≤ cMf Mghα+β with c a positive constant.

2 Preliminaries

In this section we present the definition of Riemann Stieltjes integral by using
Weyl derivatives and the method of approximation. Letγ ∈ (0, 1) be an arbitrary
number and denote

fa+(x) = ( f (x) − f (a+))1(a,b)(x) , gb−(x) = (b(x) − g(b−))1(a,b)(x)

(−1)γ = ei πγ

(throughout of this paper we denotef (a+) = lim
δ↓0

f (a+δ), g(b−) = lim
δ↓0

g(b−

δ) supposing that the limits exist).

We define the integral by

b∫

a

f (x)dg(x) = (−1)γ

b∫

a

Dγ
a+ fa+(x)D1−γ

b− gb−(x)dx

+ f (a+)(g(b−) − g(a+))

(7)

where

Dγ
a+ f (x) =

1

0(1 − γ )



 f (x)

(x − a)γ
+ γ

x∫

a

f (x) − f (y)

(x − y)γ+1
dy



 1(a,b)(x)

and

Dγ

b− f (x) =
(−1)γ

0(1 − γ )



 f (x)

(b − x)γ
+ γ

b∫

x

f (x) − f (y)

(y − x)γ+1
dy



 1(a,b)(x)
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are Weyl representations for the fractional derivatives in the sense of Riemann
and Liouville (e.g. [5]). Here0(t) =

∫ ∞
0 xt−1e−xdx is Euler’s function. Remark

that the definition is good, namely it does not depend on the choice of the param-
eterγ ∈ (0, 1). See [5] for a detailed analysis of integrals defined by(7). Let f
andg be such that| f (x)− f (y)| ≤ M f |x−y|α and|g(x)−g(y)| ≤ Mg|x−y|β,

with α, β ∈ (1/2, 1). Consider the nodesa ≤ x1 < x2 < ∙ ∙ ∙ < xn ≤ b. We
approximate the functionsf andg with the Lagrange interpolating polynomi-
als (namely we havef (x) = Ln f (x) + Rf (x) andg(x) = Lng(x) + Rg(x),

respectively). By using additivity properties of the Riemann Stieltjes integral
we get

b∫

a

f (x)dg(x) =

b∫

a

(Ln f (x) + Rf (x))d(Lng(x) + Rg(x))

=

b∫

a

Ln f (x)dLng(x) +

b∫

a

Rf (x)dLng(x)

+

b∫

a

Ln f (x)d Rg(x) +

b∫

a

Rf (x)d Rg(x)

= I1 + I2 + I3 + I4.

We denote bywn(x) = (x − x1) ∙ ∙ ∙ ∙ ∙ (x − xn). Recall that the Lagrange
interpolating polynomial for the functionf is

Ln f (x) =
n∑

i =1

f (xi )
wn(x)

(x − xi )w′
n(xi )

,

and similarly forg. Consequently,

I1 =

b∫

a

Ln f (x)dLng(x) =

b∫

a

Ln f (x)L ′
ng(x)dx

=
n∑

i =1

n∑

k=1

f (xi )g(xk)

w′
n(xi )w′

n(xk)

b∫

a

wn(x)

x − xi
∙
w′

n(x)(x − xk) − wn(x)

(x − xk)2
dx.

Denoting by

I ik
1 =

1

w′
n(xi )w′

n(xk)

b∫

a

wn(x)

x − xi
∙
w′

n(x)(x − xk) − wn(x)

(x − xk)2
dx, (8)
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we can approximate the integral by the sum

I1 =
n∑

i =1

n∑

k=1

I ik
1 f (xi )g(xk) (9)

and the rest of the quadrature formula isRn = I2 + I3 + I4.

3 Quadrature formulas – proofs of theorems

In this section we give an analogue for Newton-Cotes formulas in the casesn = 2
andn = 3.

3.1 Case n=2 (trapezoidal method)

We havex1 = a, x2 = b, w2(x) = (x − a)(x − b) andw′
2(x) = 2x − a − b.

The coefficients of the quadrature formulaI ik
1 , i, k ∈ {1, 2} are:

I 11
1 = −

1

2
, I 12

1 =
1

2
, I 21

1 = −
1

2
, I 22

1 =
1

2
.

Consequently,

I1 = −
1

2
f (x1)g(x1) +

1

2
f (x1)g(x2) −

1

2
f (x2)g(x1) +

1

2
f (x2)g(x2)

=
1

2
(g(x2) − g(x1))( f (x1) + f (x2)).

In order to estimate the restR2 we will evaluateRf and Rg (the rests of the
Lagrange interpolation of the two functions). By taking into account thatg is
Hölder continuous, we have

∣
∣Rg(x)

∣
∣ = |[x1, x2, x]g(x − x1)(x − x2)|

=

∣
∣
∣
∣

(
g(x) − g(x2)

(x − x2)(x − x1)
−

g(x2) − g(x1)

(x2 − x1)(x − x1)

)
(x − x1)(x − x2)

∣
∣
∣
∣

≤
(

Mg|x − x2|β

(x2 − x)(x − x1)
+

Mg|x2 − x1|β

(x2 − x1)(x − x1)

)
(x − x1)(x − x2)

= Mg
(
(x2 − x)β + (x2 − x1)

β
)

≤ 2Mghβ

In the same manner we obtain|Rf (x)| ≤ 2M f hα.
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The integralI2 and I3 can be evaluated in the same way. We will write down
only the estimation forI2. We have

I2 =

b∫

a

Rf (x)dL2g(x) =

b∫

a

Rf (x)L ′
2g(x)dx

where
L2g(x) = g(x1)

x − x2

x1 − x2
+ g(x2)

x − x1

x2 − x1
.

One gets

|I2| ≤
∫ b

a
|Rf (x)L ′

2g(x)|dx ≤
∫ b

a
2M f h

α ∙
1

h
|g(x2) − g(x1)|dx

= 2M f h
α|g(x2) − g(x1)| ≤ 2M f h

α Mg|x2 − x1|
β = 2M f Mghα+β .

Similarly |I3| ≤ 2M f Mghα+β .

The main point of this subsection is to estimateI4. By using the definition of
the Riemann Stieltjes integral one has:

b∫

a

Rf d Rg = (−1)γ

b∫

a

Dγ
a+ Rfa+(x)D1−γ

b− Rgb−(x)dx

where

Dγ
a+ Rfa+(x) =

1

0(1 − γ )



 Rfa+(x)

(x − a)γ
+ γ

x∫

a

Rfa+(x) − Rfa+(y)

(x − y)γ+1
dy





:=
1

0(1 − γ )
F

and

D1−γ

b− Rgb−(x) =
(−1)1−γ

0(γ )



 Rgb−(x)

(b − x)1−γ
+ (1 − γ )

b∫

x

Rgb− − Rgb−(y)

(y − x)2−γ
dy





:=
(−1)γ

0(γ )
G.

With these notations|I4| ≤
1

0(1 − γ )0(γ )

b∫

a

|F | ∙ |G|dx .
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SinceRfa+ := (Rf (x) − Rf (a+))1(a,b)(x) = Rf (x)1(a,b)(x) andRf (a) = 0
we deduce

|Rfa+(x)|

(x − a)γ
=

|Rf (x)|

(x − a)γ
=

|Rf (x) − Rf (a)|

(x − a)γ
.

In our purpose we establish the following inequality

|Rf (x) − Rf (y)| = | f (x) − f (y) +
f (x2) − f (x1)

x2 − x1
∙ (x − y)|

≤ | f (x) − f (y)| +

∣
∣
∣
∣

f (x2) − f (x1)

x2 − x1

∣
∣
∣
∣ |x − y|

≤ M f |x − y|α + M f h
α−1|x − y| .

By straightforward computations we have|Rg(x) − Rg(y)| ≤ Mg|x − y|β +
Mghβ−1|x − y| and consequently

|Rfa+(x)|

(x − a)γ
≤

(
M f |x − a|α + M f h

α−1|x − a|
) 1

(x − a)γ

= M f |x − a|α−γ + M f h
α−1|x − a|1−γ .

Due to the arbitrariness ofγ we setγ < α. It follows

|Rfa+(x)|

|x − a|γ
≤ 2M f h

α−γ .

So, we can write

|F | ≤
|Rfa+(x)|

(x − a)γ
+ γ

x∫

a

|Rfa+(x) − Rfa+(y)|

(x − y)γ+1
dy .

The next step is to evaluate the expression
|Rfa+(x) − Rfa+(y)|

(x − y)γ+1
. We may write

|Rfa+(x) − Rfa+(y)|

(x − y)γ+1
=

|Rf (x) − Rf (y)|

(x − y)γ+1

≤
(
M f |x − y|α + M f h

α−1|x − y|
)
∙

1

(x − y)γ+1

= M f
1

|x − y|1+γ−α
+ M f h

α−1 1

|x − y|γ

Thus|F | ≤
|Rfa+(x)|

|x − a|γ
+ γ

∫ x

a

(
M f

1

|x − y|1+γ−α
+ M f h

α−1 1

|x − y|γ

)
dy.
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Let us remark that the condition imposedγ < α assures the convergence of
the (improper) integrals which appear in the above formula. At this point we can
conclude

|F | ≤ 2M f h
α−γ + γ

(
M f

(x − a)α−γ

α − γ
+ M f h

α−1 (x − a)1−γ

1 − γ

)

≤ M f

(
2 + γ

(
1

α − γ
+

1

1 − γ

))
hα−γ .

In the following we will do an analogue calculus forG. Choosingγ > 1 − β

(recall thatγ is arbitrary) we obtain

|G| ≤ 2Mghβ+γ−1 + (1 − γ )Mg

( b∫

x

1

(y − x)2−β−γ
dy

+ hβ−1

b∫

x

1

(y − x)1−γ
dy

)

≤ Mg

(
2 + (1 − γ )

(
1

β + γ − 1
+

1

γ

))
hβ+γ−1

(the conditionγ > 1 − β assures the convergence of the integrals).

At this moment we fixγ ∈ (1 − β, α) and consequently

|I4| ≤
1

0(1 − γ )0(γ )
M f MgK hα+β,

whereK is a constant depending onα andβ.
Since

0(γ )0(1 − γ ) =
∫ ∞

0

(
x

γ−1
2 e− x

2

)2
dx ∙

∫ ∞

0

(
x

γ
2 e− x

2

)2
dx

≥
(∫ ∞

0
x− 1

2 e−xdx

)2

= 0

(
1

2

)2

we have

1

0(γ )0(1 − γ )
≤

1

0(1
2)

2
and |I4| ≤

K M f Mg

0(1
2)

2
∙ hα+β .
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At the end we can conclude the estimation of the rest

|R| ≤ |I2| + |I3| + |I4| ≤ M f Mg

(

4 +
K

0(1
2)

2

)

∙ hα+β . (10)

In order to obtain a better approximation, the quadrature formula must be iterate.
With this end in view we will consider a division of the interval[a, b] of the form
a = τ1 < τ2 < ∙ ∙ ∙ < τm = b. The fact thatg is (Hölder) continuous function,
allows as to write

b∫

a

f (x)dg(x) =
m−1∑

j =1

τ j +1∫

τ j

f (x)dg(x).

Considerm = 2N + 1, i.e. the interval[a, b] was divided into 2N subintervals.
Suppose thatτi +1−τi = 1

2N and denote byR2,i the rest of the quadrature formula
for the interval[τi , τi +1]. The total rest is

|R2| ≤
2N∑

i =1

|R2,i | ≤
2N∑

i =1

M f Mg

(

4 +
K

0(1
2)

2

)

hα+β

i

= M f Mg

(

4 +
K

0(1
2)

2

)

2(1−α−β)∙N

= M f Mg

(

4 +
K

0(1
2)

2

)
1

2(α+β−1)N

= M f Mg

(

4 +
K

0(1
2)

2

)

hα+β−1.

The conditionα + β > 1 yields to lim
N→∞

R2 = 0.

3.2 Case n=3 (Simpson formula)

The coefficients of the quadrature formula are:

I 11
1 = −

1

2
, I 12

1 =
2

3
, I 13

1 = −
1

6
,

I 23
1 = −

2

3
, I 22

1 = 0 , I 23
1 =

2

3
,

I 31
1 =

1

6
, I 32

1 = −
2

3
, I 33

1 =
1

2
.
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In this case, the quadrature formula is:

I1 =
1

6

{
[ f (x1) + 4 f (x2) + f (x3)] [g(x3) − g(x1)]

− [g(x1) + 4g(x2) + g(x3)] [ f (x3) − f (x1)]
}

+
1

2
[g(x3) + g(x1)] [ f (x3) − f (x1)] .

(11)

We will work as in previous case. After a straightforward computation we
obtain

|Rf (x)| ≤ 6M f h
α , |Rg(x)| ≤ 6Mghβ ,

|L3 f ′(x)| ≤ 2M f h
α−1 , |L3g′(x)| ≤ 2Mβ−1

g .

Hence

|I2| ≤

b∫

a

|Rf | ∙ |L ′
3g(x)|dx ≤ 24M f Mghα+β and |I3| ≤ 24M f Mghα+β.

To finalize we have to evaluateI4. The following estimations hold:

|Rf (x) − Rf (y)| ≤ M f |x − y|α + 2M f h
α−1|x − y|,

|Rf (x) − Rf (y)|

|x − y|γ+1
≤ M f (|x − y|α−γ−1 + 2hα−1|x − y|−γ )

|Dγ
a+ Rf a+(x)| ≤

1

0(1 − γ )
∙
{

M f (|x − a|α + 2hα−1|x − a|)

|x − a|γ

+ γ

x∫

a

M f |x − y|α−γ−1 + 2hα−1|x − y|−γ dy

}

≤
M f

0(1 − γ )
(2α−γ + 22−γ +

γ

α − γ
+

2γ

1 − γ
)hα−γ .

The integrals are convergent if we takeγ < α. Similarly,

|D1−γ

b− Rgb−(x)| ≤
Mg

0(γ )

{
(2β−1+γ + 21+γ )hβ−1+γ

+ (1 − γ )

b∫

x

(
1

(y − x)2−β−γ
+

2hβ−1

(y − x)1−γ

)
dy

}
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Figure 1: Logarithmic representation of the errors versush for different values
of α andβ; the trapezoidal method on the left side and Simpson method on the
right side.
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≤
Mg

0(γ )

{
2β−1+γ + 21+γ +

1 − γ

β + γ − 1
∙ 2β+γ−1

+ 2γ+1 ∙
1 − γ

γ

}
hβ+γ−1

with 1 − β < γ .
Thus we have obtained an estimation forI4

|I4| ≤
2M f Mgc(α, β, γ )

0(γ )0(1 − γ )
hα+β.

In the end, we may conclude that

|R3| = |I2 + I3 + I4| ≤ |I2| + |I3| + |I4| ≤ cMf Mghα+β. (12)

As in the casen = 2, for the iterate formula we have lim
n→∞

R3 = 0.

In order to illustrate the behavior of the quadratures formulas we considered
f (x) = xα, g(x) = xβ and we present some numerical results. (see Figure 1).
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