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The normal subgroup structure of the
extended Hecke groups
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Abstract. We consider the extended HeckegroupsH (λ) generated byT(z) = −1/z,
S(z) = −1/(z + λ) and R(z) = 1/z with λ ≥ 2. In this paper, firstly, we study the
fundamental region of the extended HeckegroupsH (λ). Then, we determine the abstract
group structure of the commutatorsubgroupsH

′
(λ), the evensubgroupHe(λ), and the

powersubgroupsH
m

(λ) of the extended HeckegroupsH (λ). Also, finally, we give
some relations between them.
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1 Introduction

The Hecke groups are the set of linear fractional transformationsH(λ) gener-
ated by

T(z) = −
1

z
and W(z) = z + λ,

which take the upper half of the complex plane into itself. LetS = T.W, i.e.

S(z) = −
1

z + λ
.

Hecke[6], proved that the H(λ) are discrete only whenλ = λq = 2 cosπ
q , q ∈ N,

q ≥ 3, or λ ≥ 2. These groups have come to be known as theHecke groups,
and we will denote them byH(λq), H(λ) for q ≥ 3, λ ≥ 2, respectively.

The Hecke groupsH(λq) and H(λ) and their normal subgroups have been
extensively studied for many aspects in the literature, (see, [2], [3], [4], [9], [19],
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[20] and [21]). The Hecke groupH(λ3) = 0, the modular groupPSL(2,Z),
and its normal subgroups have especially been of great interest in many fields of
Mathematics, for example number theory, automorphic function theory, group
theory and graph theory. In [21], Schmidt and Sheingorn described the con-
nection between the axis of a hyperbolic element of the Hecke triangle group
H(λq), and the simple closed geodesics on the Riemann surfaces obtained as the
quotient of the upper half plane byH(λq) andH ′(λq) whereH ′(λq) is the first
commutator subgroup ofH(λq). Also in [22] and [24], they studied the simple
closed geodesics on the Riemann surfaces obtained as the quotient of the upper
half plane by02, 03 and0′ where02 and03 are the second and third power
subgroups of the modular group0 and0′ is the first commutator subgroup of0

and analyzed geodesic arcs passing through an elliptic fixed point.
In this paper, we are going to be interested in the caseλ ≥ 2. In this case,H (λ)

is the Fuchsian group of the first kind and the elementSis parabolic whenλ = 2,

or H (λ) is the Fuchsian group of the second kind and hyperbolic (boundary) when
λ > 2. It is known that whenλ ≥ 2, H (λ) is a free product of a cyclic group of
order 2 and infinity, (see [19], [26]), so all suchH(λ) have the same algebraic
structure, i.e.

H(λ) = 〈T, S | T2 = S∞ = (T S)∞ = I 〉 ∼= C2 ∗ Z.

Also, the signature ofH(λ) is (0;+; [2, ∞; 1]; {−}) whenλ > 2, i.e. a sphere
with one puncture, one elliptic fixed point of order 2 or(0;+; [2, ∞, ∞]; {−}) ∼=
(0;+; [2, ∞(2)]; {−}) whenλ = 2, i.e., a sphere with two punctures and one
elliptic fixed point of order 2. Therefore all Hecke groupsH(λ), λ ≥ 2, can
be considered as a triangle group. The fundamental region of the Hecke groups
H(λ) have infinite volume, [19] and Hecke surface,H (λ)\U, is a Riemann
surface.

The extended modulargroup H (λ3) has been defined in (see [8], [10], [25])
by adding the reflectionR(z) = 1/z to the generators of the modular group
H (λ3). Then the extended HeckegroupsH (λq) have been defined similar to
the extended modular groupcaseH (λ3) in [13] and [14]. They were studied
commutatorsubgroupsH

′
(λq), H

′′
(λq), evensubgroupsHe(λq) and principal

subgroupsH p(λq) of the extended HeckegroupsH(λq). Also, in [15], [16] and
[18], we were investigated the power and free subgroupsof H (λ3), H (λ5) and
H (λp) and the relations between power subgroups and commutator subgroups.

Now we can define the extended HeckegroupH(λ) by adding the reflection
R(z) = 1/z to the generators ofH(λ) similar to the extended Heckegroups
H (λq). ThenH(λ) has apresentation

H(λ) = 〈T, S, R | T2 = S∞ = R2 = I , RT = T R, RS= S−1R〉

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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or
H(λ) = 〈T, S, R | T2 = R2 = (T R)2 = (RS)2 = I 〉. (1.1)

Let
G1 = 〈T, R | T2 = R2 = (T R)2 = I 〉 ∼= D2,

and let
G2 = 〈S, R | S∞ = R2 = (RS)2 = I 〉 ∼= D∞.

Then H(λ) is G1 ∗ G2 with the identificationR = R. In G1, the subgroup
generated byR isZ2,this is also true inG2. Therefore the identification induces
an isomorphismand H(λ) is a generalized free product with the subgroupZ2

amalgamated,i.e.,
H(λ) ∼= D2 ∗Z2 D∞.

It is clear that Hecke groupH(λ) is a subgroup of index 2in H(λ). Also if we
put R = R1, T = R2R1 = R1R2, andS = R3R1, then the extended Hecke
groupsH (λ) has thepresentation

H(λ) = 〈R1, R2, R3 | R2
1 = R2

2 = R2
3 = (R1R2)

2 = I 〉, (1.2)

where

R1(z) =
1

z
, R2(z) = −z , R3(z) =

−z

λz + 1
.

The signature of the extended Heckegroup H (λ) is (0;+; [−]; {2, ∞, ∞})
or (0;+; [−]; {2, ∞; 1}) and the quotientspaceH (λ)\U is a sphere with one
branch point and two cusps whenλ = 2 or a sphere with one branch point, one
cusp and one hole, respectively. Since the extended HeckegroupsH (λ) contain a
reflection, they are NEC groups. Thus quotientspaceH (λ)\U is a Klein surface.
Also H (λ)\U is the canonical double coverof H (λ)\U. In our recent paper [17],
we showed that there is a relation between the extended HeckegroupsH (λq)

and the automorphism groups of compact bordered Klein surfaces of algebraic
genusp ≥ 2.

In this work, we will consider extended HeckegroupsH (λ) and their some
subgroups. Firstly, we will study the fundamental region of the extended Hecke
groupH (λ). Then, we will discuss the commutatorsubgroupsH

′
(λ) and even

subgroupsHe(λ) of H (λ) and their fundamental regions. Finally, we will deter-
mine the abstract group structure of the powersubgroupsH

m
(λ) of H (λ) and the

relations between the commutator subgroups and the power subgroupsof H(λ).

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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2 Fundamental Regionof H(λq)

E. Hecke showed that, whenλ ≥ 2 and real, or whenλ = λq = 2 cosπ
q , q ∈ N,

q ≥ 3, the set

Fλ =
{

z ∈ U : |Re z| <
λ

2
|z| > 1

}

is a fundamental region for the groupH(λ), and alsoFλ fails to be a fundamental
region for all otherλ > 0 [6]. Whenλ > 2, Fλ has free sides and thus infinite
area and whenλ = 2, the area is finite, the two real intervals shrink to single
points and the removed disc shrinks to a point.

We therefore take a fundamental region forH(λ) as

Fλ =
{

z ∈ U : |Re z| <
λ

2
|z| > 1

}

that is, bounded by the unit circle and two vertical lines through±λ/2. It is
well-known that fundamental region of a group is not unique. We have already
seen thatFλ = F1 ∪ F2 in Figure 1 is a fundamental region forH(λ). Actually
a shaded region together with an unshaded one form a fundamental region for
H(λ). Therefore sometimes, for convenience, we shall take it as

F ′
λ =

{
z ∈ U : −

λ

2
< Re z< 0,

∣
∣
∣
∣z +

1

λ

∣
∣
∣
∣ >

1

λ

}
.

which is F1 ∪ T(F2).

Now, we can find fundamental region of extended HeckegroupsH(λ) using
the above results.

Theorem 2.1.Theset

Fλ =
{

z ∈ U : |z| > 1, −
λ

2
< Re z< 0

}

is a fundamental region of extended Hecke groupsH(λ).

Proof. We know that the set

Fλ =
{

z ∈ U : |Re z| <
λ

2
, |z| > 1

}

is a fundamental region of the Hecke groupsH(λ) and Hecke groupsH(λ) is a
subgroup of index 2 in the extended HeckegroupsH(λ). If we use the Riemann-
Hurwitz formula

[
H(λ) : H(λ)

]
=

μ(H(λ))

μ(H(λ))

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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0−λ/2 −1

F

1 /2λ

F
1 2Fλ

i

Figure 1

whereμ(H(λ)) denotes the hyperbolic area of a fundamental region forH(λ).

Then we find the fundamental region of extended HeckegroupsH(λ) as half of
a fundamental region of Hecke groupsH(λ) in Figure 2, since every points in
F2 equivalent to points inF1 underT R = R2, is the reflection on the linex = 0,

i.e. R2(F2) = F1.

Notice that the extended HeckegroupH(λ) is a discrete group generated by
the reflections in the edgesof Fλ.

3 Commutator Subgroupsof H(λ)

The commutator subgroupof H (λ) is denotedby H
′
(λ) and defined by

〈
[ A, B] | A, B ∈ H(λ)

〉

where[ A, B]=AB A−1B−1. The commutatorsubgroupH
′
(λ) is a normal sub-

group of H(λ), and therefore we can form the quotientgroup H(λ)/H
′
(λ).

The quotientgroupH (λ)/H
′
(λ) is the group obtained by adding the relation of

abelianizing to the presentationof H(λ) (see [5]).
Now we study the commutator subgroups of the extended HeckegroupsH (λ).

Theorem 3.1.The commutator subgroup H
′
(λ) is a normal subgroup of index

8 of H (λ). Also

H
′
(λ) = 〈S2〉 ∗ 〈T S2T〉 ∗ 〈T ST S−1〉.

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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0−λ/2 −1

Fλ

1 /2λ

i

Figure 2

Proof. The quotientgroup H (λ)/H
′
(λ) is the group obtained by adding the

relationsT S = ST, RT = T R and RS= SRto the relationsof H (λ). Then
H(λ)/H

′
(λ) has apresentation

H(λ)

H
′
(λ)

=
〈
T, S, R | T2 = R2 = I , RT = T R, T S= ST,

RS= SR, RS= S−1R
〉
.

We obtainS2 = I asRS= S−1R andRS= SR. Then we find(T S)2 = I as
T2 = S2 = I . Therefore

H(λ)

H
′
(λ)

= 〈T, S, R | T2 = S2 = R2 = (RT)2 = (RS)2 = (T S)2 = I 〉

andso

H(λ)/H
′
(λ) ∼= C2 × C2 × C2.∣

∣
∣H(λ) : H

′
(λ)

∣
∣
∣ = 8

Now we choose a Schreier transversalfor H
′
(λ) as

I , T, R, S, T R, SR, T S, T SR.

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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Hence, all possible products are

I .T.(T)−1 = I , T R.T.(R)−1 = T RT R,
T.T.(I )−1 = I , SR.T.(T SR)−1 = SRT RS−1T,

R.T.(T R)−1 = RT RT, T S.T.(S)−1 = T ST S−1,

S.T.(T S)−1 = ST S−1T, T SR.T.(SR)−1 = T SRT RS−1,

I .S.(S)−1 = I , T R.S.(T SR)−1 = T RSRS−1T,

T.S.(T S)−1 = I , SR.S.(R)−1 = SRSR,
R.S.(SR)−1 = RSRS−1, T S.S.(T)−1 = T S2T,

S.S.(I )−1 = S2, T SR.S.(T R)−1 = T SRSRT,
I .R.(R)−1 = I , T R.R.(T)−1 = I ,
T.R.(T R)−1 = I , SR.R.(S)−1 = I ,
R.R.(I )−1 = I , T S.R.(T SR)−1 = I ,
S.R.(SR)−1 = I , T SR.R.(T S)−1 = I .

Since(ST S−1T)−1 = T ST S−1, (T RT R)−1 = RT RT = I , (RSRS−1) =
(S2)−1, SRSR= I , (SRT RS−1T)−1 = T SRT RS−1 = T ST S−1, T RSRS−1T
= (T S2T)−1, T SRSRT= I , the generatorsof H

′
(λ) areS2, T S2T, T ST S−1.

ThusH
′
(λ) has apresentation

H
′
(λ) = 〈S2〉 ∗ 〈T S2T〉 ∗ 〈T ST S−1〉. �

It is clearthatH
′
(λ) is a normal subgroup of index 4 in the Hecke groupH(λ).

SinceFλ is the fundamental region forH(λ), we find the fundamental regionof
H

′
(λ)asFλ∪W(Fλ)∪W2(Fλ)∪W3Fλ whereW : z → z+λ (defined above).(see

Figure 3). The action ofW constitutes a conformal isometryof H
′
(λ)\U. Also

T R : z → −z is an anti-conformal isometryof H
′
(λ)\U.

i i+λ i+2λ i+3λ

7λ/2−λ/2

Figure 3

Using the theorem 3.1, we obtain the following result.

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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Corollary 3.2. H
′
(λ) is a free group of rank 3.

Let us now investigate the group theoretical structureof H
′′
(λ). We have seen

abovethat H
′
(λ) is a free normal subgroup of finite index, 8, and of rank 3, of

H(λ). Therefore the second commutatorsubgroupH
′′
(λ), as the commutator

subgroup of a freegroup,H
′
(λ), is of infinite indexin H

′
(λ) and hencein H(λ).

Hence

Corollary 3.3. H
′′
(λ) is a free normal subgroup of infinite indexin H(λ). �

We also have

Theorem3.4.
H

′
(λ)

H
′′
(λ)

is a free abelian group with free generators

S2H
′′
(λ), T S2T H

′′
(λ), T ST S−1H

′′
(λ)

and

r

(
H

′
(λ)

H
′′
(λ)

)

= r (H
′
(λ)) = 3. �

4 The Even Subgroupof H(λ)

We now investigate the structure of another important normal subgroupof H(λ)

namely the even subgroup. In fact it contains infinitely many other normal
subgroups. We know that all elements of the extended HeckegroupsH(λ) form
two classes (see [12]):

(i)

(
a bλ
cλ d

)
, ad − bcλ2 = ∓1,

(ii)

(
aλ b
c dλ

)
, adλ2 − bc = ∓1

wherea, b, c, d are all polynomials ofλ2. But the converse is not true. That is,
all elements of type(i ) or (i i ) need not belongto H(λ). Those of type(i ) are
called even while those of type(i i ) are called odd. Note that if we consider the
muptiplication of these elements, the situation is similar to the multiplication of
negative and positive numbers. Here we have

odd∙ odd= even∙ even= even,

even∙ odd= odd∙ even= odd.

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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and the sets of all even elements forms a subgroupof H(λ) of index 2 called the
even subgroup, denotedby He(λ). Therefore

He(λ) =
{

A =
(

a bλ
cλ d

)
: A ∈ H(λ)

}
.

The set of oddelements

Ho(λ) =
{

B =
(

aλ b
c dλ

)
: B ∈ H(λ)

}
,

forms the other cosetof He(λ) in H(λ).

Theorem 4.1. The even subgroup He(λ) is a normal subgroup of index twoof
H(λ). Also

H(λ) = He(λ) ∪ T.He(λ),

He(λ) ∼= 〈T S, ST, RT | (T R)2 = (ST RT)2 = I 〉.
(4.1)

Proof. Having index two, He(λ) is normal subgroupof H(λ). Let us now
chooseI , T as a Schreier transversal for the even subgroup. According to the
Reidemeister-Schreier method, we should form all possible products :

I .T.(T)−1 = I , I .S.(T)−1 = ST, I .R.(T)−1 = RT,

T.T.(I )−1 = I , T.S.(I )−1 = T S, T.R.(I )−1 = T R.

SinceT R = RT, the generators areT S, ST andRT. We have

He(λ) ∼= 〈T S, ST, RT | (T R)2 = (ST RT)2 = I 〉.

Finally asT /∈ He(λ), (2.1) follows. �

He(λ) is very important amongst the normal subgroupsof H(λ). It contains
infinitely many normal subgroupsof H(λ).The fundamental regionof He(λ) is
the following (Figure 4).

The following result connects the even subgroup and the commutator subgroup
of H(λ):

Theorem 4.2. The commutator subgroup H
′
(λ) is a normal subgroup of the

even subgroup He(λ) with index 4.

Proof. We have just seenthat H
′
(λ) is a normal subgroupof H(λ) with index

8. The evensubgroupHe(λ), having index 2, is also normalin H(λ). Then the
required index is 4.

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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λλ/2 λ−1

i+λ

0 1

i

Figure 4

Let now two elementsA, B of H(λ) be given. Then whateverA andB are,
their commutator is always even. Hence for every pair of elements we have

[ A, B] ∈ He(λ).

Thatis
H

′
(λ) G He(λ). �

Then we have

Corollary 4.3. A subgroupof H
′
(λ) consists of only even elements.

5 Power subgroupsof H(λ)

Let m be a positive integer. Let usdefineH
m
(λ) to be the subgroup generated

by themth powers of all elementsof H(λ). ThesubgroupH
m
(λ) is called the

mth power subgroupof H(λ). As fully invariant subgroups, they are normalin
H(λq).

From the definition one can easily deducethat

H
m
(λ) > H

mk
(λ)

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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and that
(H

m
(λ))k > H

mk
(λ).

Also, it is easy to deducethat

H
m
(λ).H

k
(λ) = H

(m,k)
(λ),

where(m, k) denotes the greatest common divisor ofm andk.

The power subgroups of the Hecke groupsH(λq), q ≥ 3 integer, are studied
in [2], [7] and [11]. Also the power subgroups of the extended modular group
are investigated in [15].

We now discuss the group theoretical structure of these subgroups. Let us
consider the presentation of the extended HeckegroupH(λ) given in(1.1):

H(λ) = 〈T, S, R | T2 = R2 = (T R)2 = (SR)2 = I 〉.

We find a presentation for thequotient H(λ)/H
m
(λ) by adding the relation

Xm = I to the presentationof H(λ). The orderof H(λ)/ H
m
(λ) gives us the

index. We have

H(λ)

H
m
(λ)

∼= 〈T, S, R | T2 = R2 = (T R)2 = (SR)2 = I ,

Tm = Sm = Rm = (T S)m = (T R)m = (SR)m = ∙ ∙ ∙ = I 〉.

(5.1)

Thus we use Reidemeister-Schreier process to find the presentation of the
powersubgroupsH

m
(λ). First we have

Theorem 5.1. The normal subgroup H
2
(λ) is the free product of three infinite

cyclic groups.Also

H(λ)

H
2
(λ)

= C2 × C2 × C2,

H
2
(λ) = 〈S2〉 ∗ 〈T S2T〉 ∗ 〈T ST S−1〉,

H(λ) = H
2
(λ) ∪ T H

2
(λ) ∪ RH

2
(λ) ∪ SH

2
(λ) ∪ T R

H
2
(λ) ∪ RSH

2
(λ) ∪ T SH

2
(λ) ∪ T SRH

2
(λ).

The elementsof H
2
(λ) can be characterized by the requirement that the sums

of the exponents ofR andSare both even.

Bull Braz Math Soc, Vol. 38, N. 1, 2007
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Proof. By (5.1), weobtain

H(λ)

H
2
(λ)

∼=
〈
T, S, R | T2 = S2 = R2 = (T R)2 = (SR)2 = (T S)2 = I

〉
.

and therefore weget

H(λ)

H
2
(λ)

∼= C2 × C2 × C2

∣
∣
∣H(λ) : H

2
(λ)

∣
∣
∣ = 8.

Now we chooseI , T, R, S, T R, SR, T S, T SRfor our transversal. Hence, all
possible products are

I .T.(T)−1 = I , T R.T.(R)−1 = T RT R,
T.T.(I )−1 = I , SR.T.(T SR)−1 = SRT RS−1T,

R.T.(T R)−1 = RT RT, T S.T.(S)−1 = T ST S−1,

S.T.(T S)−1 = ST S−1T, T SR.T.(SR)−1 = T SRT RS−1,

I .S.(S)−1 = I , T R.S.(T SR)−1 = T RSRS−1T,

T.S.(T S)−1 = I , SR.S.(R)−1 = SRSR,
R.S.(SR)−1 = RSRS−1, T S.S.(T)−1 = T S2T,

S.S.(I )−1 = S2, T SR.S.(T R)−1 = T SRSRT,
I .R.(R)−1 = I , T R.R.(T)−1 = I ,
T.R.(T R)−1 = I , SR.R.(S)−1 = I ,
R.R.(I )−1 = I , T S.R.(T SR)−1 = I ,
S.R.(SR)−1 = I , T SR.R.(T S)−1 = I .

Since(ST S−1T)−1 = T ST S−1, (T RT R)−1 = RT RT = I , (RSRS−1) =
(S2)−1, SRSR= I , (SRT RS−1T)−1 = T SRT RS−1 = T ST S−1, T RSRS−1T
= (T S2T)−1, T SRSRT= I , the generatorsof H

2
(λ) areS2, T S2T , T ST S−1.

ThusH
2
(λ) has apresentation

H
2
(λ) = 〈S2〉 ∗ 〈T S2T〉 ∗ 〈T ST S−1〉.

and weget

H(λ) = H
2
(λ) ∪ T H

2
(λ) ∪ RH

2
(λ) ∪ SH

2
(λ) ∪ T RH

2
(λ)

∪ RSH
2
(λ) ∪ T SH

2
(λ) ∪ T SRH

2
(λ).

�
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Theorem 5.2.Letm be an odd integer.ThenH
m
(λ) = H(λ).

Proof. By (5.1), we findS = T = R = I from the relations

R2 = Rm = I , (SR)2 = (SR)m = I , T2 = Tm = I .

Thus we have ∣
∣
∣H(λ) : H

m
(λ)

∣
∣
∣ = 1,

thatis,
H

m
(λ) = H(λ). �

Finally, if m > 2 is even, then in the quotientgroup H(λ)/H
m
(λ) we have

the relationsT2 = Sm = R2 = (T S)m = (T R)2 = (SR)2. Therefore the above
techniques do not say muchaboutH

m
(λ) in this apart from the fact that they

are all normal subgroups with torsion elements. TodiscussH
m
(λ) we use the

commutatorsubgroupH
′
(λ).

Theorem 5.3.The commutator subgroup H
′
(λ) of H(λ) satisfies

H
′
(λ) = H

2
(λ). �

By means of this result, we are going to be able to investigate thesubgroups

H
m
(λ). As H

2
(λ) ⊃ H

m
(λ), and clearthat

H
′
(λ) ⊃ H

m
(λ).

As H
′
(λ) is a free group, we can concludethat H

m
(λ) is also a free group.

Therefore we have the following theorem:

Theorem 5.4. Let m > 2 be an even integer. The groups H
m
(λ) are free

groups. �

Notice that since bothH (λ) (a free product)and H(λ) act on the upper half
plane, one may construct a treeT such that bothH (λ) andH (λ) act on the tree.
As a consequence, the above mentioned facts can be proved by investigating the
actionof H (λ) onT or the fundamental region ofH (λ). Construction of such
trees and fundamental regions can be found in [10] and [23].
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