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On the stability of-derivations onJ B*-triples

Choonkil Baak and Mohammad Sal Moslehian

Abstract. We introduce the concept ¢fderivations onJ B*-triples and prove the
Hyers—Ulam-Rassias stability 8fderivations onl B*-triples. We deal with the Hyers-
Ulam-Rassias stability that was first introduced by Th.M. Rassias in the paper “On the
stability of the linear mapping in Banach spaces, Proc. Amer. Math. B¢1978),
297-300".
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1 Introduction

The original motivation to introduce the class of nonassociative algebras known
as Jordan algebras came from quantum mechanics (see [28]}{ lbeta com-

plex Hilbert space, regarded as the “state space” of a quantum mechanical system.
Let £(#) be the real vector space of all bounded self-adjoint linear operators
on H, interpreted as the (boundedpservableof the system. In 1932, Jor-

dan observed that(#) is a (nonassociative) algebra via theticommutator
product

This is a typical example of a (special) Jordan algebra. A commutative algebra
B with productx o y (not necessarily given by an anticommutator) is called a
Jordan algebraf x% o (X o y) = X o (X2 0 y) holds for allx, y € B.

A complex Jordan algebr® with a productx o y, and a conjugate-linear
algebra involutiorx — x* is called aJ B*-algebra ifB carries a Banach space
norm || - || satisfying||x[| = [[X*|l, Ix oyl < IIX]| - [yl and | {xx*x}|| = [Ix|]®
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116 CHOONKIL BAAK and MOHAMMAD SAL MOSLEHIAN

forall X,y € B. Here{xyz := (Xoy)oz+ (Yo 2Z) oX — (Xo 2 oydenotes
theJordan triple producbf x, y, z € B (see [21, 22]).

The Jordan triple product of&B*-algebra leads us to a more general algebraic
structure, the so-called B*-triple, which turns out to be appropriate for most
applications to analysis. By a (compleXB*-triple we mean a complex Banach
space] with a continuous triple product

{'7"'}:.7ij.7_>.7

which is linear in the outer variables and conjugate linear in the middle variable,
and has the following properties:

() (commutativity){x, y, z} = {z, ¥, X};
(i) (Jordan identity)
L(a,b){x,y,z} ={L(a,b)x,y,z} — {x, L(b,a)y, z} + {X, V, L(a, b)z}

foralla, b, x,y, z, € 7inwhichL(a, b)x := {a, b, x};

(i) For all a € 7 the operatol(a, a) is hermitian, i.e.|€-@¥| = 1, and
has positive spectrum in the Banach algeB(g);
(iv) [I{x, x, x}| = IIx|*forall x € 7.
. : . XYy*z + zy*X
The class ofl B*-triples contains alC*-algebras vidx, y, z} = Lzy*

Every J B*-algebra is a B*-triple under the triple product
{X,¥,2} ;=(Xoy)oz+ (Y 02)oX—(Xo0Z2) oYy

Conversely, everyl B*-triple 7 with an elemene satisfying{e, e, z} = zfor all
Z € 7, is a unitalJ B*-algebra equipped with the product y := {Xx, e, y} and
the involutionx* := {e, x, €}; cf. [9, 20, 26].

The stability problem of functional equations originated from a question of
S.M. Ulam [27] concerning the stability of group homomorphisms: (IGat, *)
be a group and letG,, ¢, d) be a metric group with the metrat(-, -). Given
€ > 0, does there exist& > 0 such that if a mapping : G; — G, satisfies
the inequalityd(h(x = y), h(x) ¢ h(y)) < é for all x,y € Gy, then there is a
homomorphisnmH : G; — G, with d(h(x), H(X)) < e forall x € G1?

If the answer is affirmative, we would say that the equation of homomorphism
HXx xYy) = H(X) ¢ H(y) is stable. The concept of stability for a functional
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ON THE STABILITY OF 6-DERIVATIONS ON JB*-TRIPLES 117

equation arises when we replace the functional equation by an inequality which
acts as a perturbation of the equation. Thus the stability question of functional
equations is that how do the solutions of the inequality differ from those of the
given functional equation?

D.H. Hyers [10] gave a first affirmative answer to the question of Ulam in
the context of Banach spaces: Lt and E, be Banach spaces. Assume that
f . E; —> E, satisfieg| f(x +y) — f(x) — f(y)| <eforallx,y € E; and
somee > 0. Then there exists a unique additive mapping E; — E; such
that| f (x) — T(X)|| < eforall x € E;..

Now assume thaE; and E, are real normed spaces witg, complete,
f: E1 — E; is a mapping such that for each fixade E;, the mapping
t — f(tx) is continuous o, and let there exist > 0 andp # 1 such that

Ifx+y) = f) = FWI < edIXI®+ 1yIP)

forall x,y € Ej.

It was shown by Th. M. Rassias [23] fore [0, 1) (and indeec < 1) and by
Z. Gajda [7] following the same approach as in [23] for- 1 that there exists
a unique linear map : E; — E; such that

2¢
2P 2]

for all x € E;. It is shown that there is no analogue of Th.M. Rassias result for
p=1(see[7,25])

Theinequality]| f (Xx+y)— f(X)— (VI < e(IXIP+ly]IP) has provided a lot
of influence in the development of what is now knowrHg®rs—Ulam—Rassias
stability of functional equations; cf. [5, 6, 11, 13, 24].

In 1992, Gavruta [8] proved the following.

00 =TI = [IXIIP

Theorem 1.1.Let G be an abelian group anX be a Banach space. Denote by
¢ : G x G — [0, 0co) afunction such that

o]

_ 1
P y) =) 192 2ly) <00
j=0

forall x, y € G. Suppose thaf : G — X is a mapping satisfying
[fXx+y) = 0= fWI <oy

for all x, y € G. Then there exists a unique additive mappihgG — X such
that

1.
[fX) =TI < Ew(x, X)
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forall x € G.
It is easy to see that Theorem 1.1 is still valid if

P,y =Y 2792 7x,27y) < 00
j=1
(see also [11]).

Since then the topic of approximate mappings or the stability of functional
equations was studied by several mathematicians; [2, 3, 15] and references
therein. In particular, Jun and Lee proved the following theorem; cf. [12,
Theorems 1 & 6].

Theorem 1.2.Denote by : X x X — [0, co) a function such that

oo

- 1
Fx.y) = ) 50@x.3ly) < o0
j=0

(resp @(x.y) = Y 3B Ix,371y) < o0)
j=0

forall x, y € X. Supposethat : X — Y isamapping withf (0) = Osatisfying

‘2f(xzy) ~f0 — f(y)

for all x, y € X. Then there exists a unique additive mapping X — Y such
that

<X,y

1. ~
[RECORRNCI s é(w(x, —X) + @(=X, 3x))

(X =X\  _[—X
(VGSP 100 =TI = §0(§, ?) +§0(?»X>,)

forall x € X.

There are several various generalizations of the notion of derivation. It seems
that they are first appeared in the framework of pure algebra (see [1]). Recently
they have been treated in the Banach algebra theory (see [14]). In addition, the
stability of these derivations is extensively studied by the present authors and
others; see [4, 16, 18, 19] and references therein.

In this paper, using some ideas from [21], we introduce the notioé- of
derivations onJ B*-algebras as a generalization of derivationsJdsi*-triples
[9] and prove the Hyers—Ulam—Rassais stability @ferivations onJ B*-triples.

Our result may be considered as a generalization of those of [20].
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2 Stability of 6-derivations

Throughout this section, let be a complex] B*-triple with norm]|| - ||.
Definition 2.1. Letd : 7 — 7 be aC-linear mapping. AC-linear mapping
D : 7 — 7Jis called ag-derivation on7 if

D({xyz) = {D(¥)0(y)0(2)} + {0 (x)D(V)0(2)} + {6(xX)8(y)D(2)}
forall x,y,z e 7.

In particular,D := %9 gives rise aJ B*-homomorphism or. Hence our
results can be regarded as an extension of those of [20]. Note tiatsf
a derivation on aJ B*-algebra then every derivatidd can be represented as
D; 4+ iD, whereD; andD, arex-preserving derivations.

Theorem 2.2.Let f,h : 7 — 7 be mappings withf (0) = h(0) = 0 for which
there exists a function : 7° — [0, oo) such that

e ¢]

P(X, Y, 2) = 2; 2—1j<p(2jx, 2ly,217) < o0, (2.1)
j=

[fux+y) —ufx)— W < ey, 0), (2.2)

Ih(ux +y) — kh(x) —h I < ¢(x,y,0), (2.3)

I'f({xyz) — {f COh(VN(@)} — (h(x) f(y)h(2)}
—{hCOhY) f @D} = e(X. Y, 2),

forallx,y,ze Jand allu € St := {x € C | |A| = 1}. Then there exist unique
C-linear mapping<D, 6 : 7 — J such that

(2.4)

1.
[ f(x)— DX < Ew(x, X, 0), (2.5)

1
Th(x) =001l < 9% X, 0) (2.6)

for all x € 7. Moreover,D : 7 — 7 is a@-derivation on.

Proof. Letu =1e Standz=0in(2.2) and (2.3). It follows from Theorem
1.1 that there exist unique additive mappiigs) : 7 — 7J satisfying (2.5) and
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(2.6). The additive mapping3, 6 : 7 — 7] are given by

D(x) = lim §1| f(2'%), (2.7)

0(x) = lim Ellh(z' X) (2.8)

forall x € 7.
Letu € St. Sety = 0in (2.2). Then

I (ux) — uf N < @(X, 0,0,
forall x € 7. So that
27 (F(u2%) — pf@x) = 27'p(2%,0,0),
for all x € 7. Since the right hand side tends to zermas oo, we have

| |
D(ux) = fim fCr0 _ i M0 g

—00 2' |—o00 2I

forall u € § and allx € 7. Obviously,D(0x) = 0 = 0D(x).
Next, letA = a1 +iap € C, whereay,ar € R. Lety; = ay — o], yo =

ap — |laz], in which [r ] denotes the greatest integer less than or equal to the

numberr. Then0< y < 1, (1 <i < 2) and by using Remark 2.2.2 of [17]
one can represem as

_ Mit M2
=T
inwhich u; j € S, (1<i,j <2). SinceD is additive we infer that
D(AX) = D(a1X) +iD (a2Xx)

= [a1]D(X) + D(»1X) + i (La2 D(X) + D(y2X))

1
= (LalJ D(x) + > D(n1,1X + Ml,zx))
. 1
+ i (LOtzJ D(x) + > D (21X + Mz,zx))

1 1
= (Laﬂ D(x) + Em,lD(X) + EMl,zD(X))
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) 1 1
+ 1 (LOtzJ D(x) + EMZ,lD(X) + Euz,zD(X))
=a1D(X) +ia2D(X)
= AD(X).

for all x € 7. So that the additive mappindg®: 7 — 7 is C-linear. A similar
argument shows thatis C-linear.
It follows from (2.4) that

2—§||| f (23 {xyz) — {f @xh@y)h22)} — (h@x) f (2'y)h(2'2)}
—{h@xh@y) f (22} < Z—i,rp(Z'x, 2y, 22 < 51|<p<2'x, 2y, 22),

which tends to zero ds— oo for all X, y, z € 7 by (2.1). By (2.7) and (2.8),
D({xyz) = {D(X)0(y)0(2)} + {8(x)D(¥)8(2)} + {#(x)0(y)D(2)}

forall x, y, z € 7. So the additive mappinB: 7 — 7 is a#-derivation onj.]

Remark. Itis easy to verify that the theorem is true if
Fix.y) =) 2@ %, 27y) < co.

=1

Corollary 2.3. Let f, h: 7 — J be mappings withf (0) = h(0) = 0 for which
there exist constants> 0 and p # 1 such that

IF(ux+y) —nf) = FWI < eIXI®+1lYIP),
Ih(ux +y) — nh(x) —hWl < eIxXI® + 1IyIP),

If({xyz) — {f COh(Yh(@)} — th(x) f(Y)h(2)}

—thCOhY) F @} < eIXIP + NIylIP + 112IP)
forall x,y,z € 7and allu € St. Then there exist uniqué-linear mappings
D, 6 : 7 — 7 such that

[f(x)—DMX| < I1x1IP,

2—2°)
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2¢

Th(x) =001l < 2 29]

111

for all x € 7. Moreover,D : 7 — 7 is a@-derivation on7.

Proof. Definep(x,y, 2) = €(|IX||P + |lylI® + ||z||P), and apply Theorem 2.1
and the remark following the theorem. O

Theorem 2.4.Let f,h: 7 — 7 be mappings withf (0) = h(0) = 0 for which
there exists a function : 73 — [0, oo) satisfying(2.4) such that

o0

- T
XY, 2) = §¢(3JX, 3y, 317) < oo,
i—0

HZf (“X; y) —uf0 — fy)] < x.y. 0, (2.9)
th<‘“2+ y) — uh) — h(y)| < ¢(x.y.0) (2.10)

forall x,y,z e 7and allu € St. Then there exist uniqué-linear mappings
D, 0 : J — 7 such that

1. ~
[ f(x)—DX)| < é((p(X, —X, 0) + (=X, 3x, 0)), (2.11)

1. ~

for all x € 7. Moreover,D : 7 — 7 is a@-derivation on7.
Proof. Letz = 0in (2.9) and (2.10). It follows from Theorem 1.2 that there
exist unique additive mappinds, 6 : 7 — 7 satisfying (2.11) and (2.12). The
additive mapping®, 6 : 7 — J are given by
D(x) = lim — f 3x
00 = lim = f3x),

0(x) = I|Ln<r>10§1|h(3'x)

forall x € 7.
The rest of the proof is similar to the proof of Theorem 2.1. O
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Corollary 2.5. Let f,h: 7 — J be mappings withf (0) = h(0) = 0 for which
there exist constants> 0 and p € [0, 1) such that

Hzf (“X; y) —uf ) — f(y)

th(’“‘; y) — uh(x) — h(y)

< e(IXIIP + 1IylIP),

< e(IXIP+lyl®),

I'f{xyz) — {f COh(Yh(@)} — {h(x) f()h(2)}
—theohy) f @} < eIXIIP + Iyll® + 11zI1®)

forall x,y,z e 7 and allx € S'. Then there exist uniqué-linear mappings
D,0 : 7 — 7 such that

100 — D < o2

< ggpelXIP

3+3°
h(x) — 6
IhG) =601 = 35

for all x € 7. Moreover,D : 7 — 7 is a@-derivation on7.

ellx|I?

Proof. Definep(X,y, 2) = e(|IX||IP+ |IYIIP + ||z||P), and apply Theorem 2[3.

Theorem 2.6.Let f,h: 7 — 7 be mappings withf (0) = h(0) = 0 for which
there exists a functiop : 7° — [0, co) satisfying(2.9), (2.10)and (2.4) such

that o
si (X Y 2
203 ¢(3j,3j,3j) < (2.16)
j=

for all x,y, z € J. Then there exist uniqué-linear mappingsD, 6 : 7 — 7J
such that

~(X X ~ X

() — DXl §¢<§,—§,0)+§0<—§,X,0>, (2.17)
~f X X ~ X

Th(x) — 6l Ssﬂ(g,—g,o) +¢(—§,X, 0) (2.18)

for all x € 7, where
~ (X Yy z
— 2: j £
]j=
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forall x,y,ze J. Moreover,D : 7 — 7] is af-derivation on7j.

Proof. By Theorem 1.2, it follows from (2.16), (2.9) and (2.10) that there
exist unique additive mappinds, 6 : 7 — 7 satisfying (2.17) and (2.18). The
additive mapping®, 6 : 7 — 7 are given by

D) = lim 31 (g) (2.19)
6(x) = lim 3h (%) (2.20)

forall x € 7.

By a similar method to the proof of Theorem 2.1, one can showEhat :
J — 7 areC-linear mappings.

It follows from (2.4) that

11 () -1 G- ) 1 ()]

X y z Xy z
-ENE) =55 3)
which tends to zero ds— oo forall x, y, z € 7 by (2.16). By (2.19) and (2.20),
D({xyz) = {D()0(¥)8(2)} + {#(x)D(¥)0(2)} + {6(x)0(y)D(2)}

forall x, y, z € 7. So the additive mappinD : 7 — 7 is af-derivation onj.[]

Corollary 2.7. Let f, h: 7 — J be mappings withf (0) = h(0) = 0 for which
there exist constants> 0 and p € (3, co) such that

HZf (“X”) —uf ) — f(y)

> < e(IXIP + lylI®),

+
HZh (’“2 y) _ uh(x) — h(y)H < e(IXIP+ 1Y1P),

If{xyz) — {f COh(VN(@)} — (h(x) f(y)h(2)}
—theohy) f @} < e(IXIIP + Iyll® + 11zII®)

forall x,y,z e 7 and allx € S'. Then there exist uniqué-linear mappings
D,0 : 7 — 7 such that

3P+3

1) — DXl =< ¥ _3

ellx|I®,
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3P+3

IhGo — 6001 < 5

ellxI?

for all x € 7. Moreover,D : J — 7 is a@-derivation on.

Proof. Define ¢(x,y,2) = (X||® + |lYlIP + ||z|P), and apply Theorem
2.5. ]

Definition 2.8. Letd : 7 — 7 be aC-linear mapping. AC-linear mapping
D : 7 — 7Jiscalled a Jordar®-derivation on7 if

D({xxx}) = {D)Ox)0(X)} + {0 (x) D)0 (X)} + {0(x)0 () D(X)}

holds for allx € 7.

Problem 2.1. Is every Jordad-derivation a&-derivation?

References

[1] M. Ashraf, S.M. Wafa and A. AlIShammakin generalizeds, ¢)-derivations in
rings, Internat. J. Math. Game Theo. Alget¥a(2002), 295-300

[2] C.C.Baak, H.Y.Chuand M.S. Moslehia@n the Cauchy—Rassias inequality and
linear n-Inner product preserving mappingslath. Inequ. Appl. (to appear).

[3] C.Baak and M.S. Moslehiat©n the stability ofJ*-homomorphismsNonlinear
Anal.—TMA 63 (2005), 42—48.

[4] C.BaakandM.S. MoslehiaGeneralized®, ¢)-derivations on Banach algebras
preprint.

[5] S. Czerwik.Functional Equations and Inequalities in Several Variablforld
Scientific Publishing Co. Inc., River Edge, NJ, (2002).

[6] S. Czerwik. Stability of Functional Equations of Ulam-Hyers—Rassias Type
Hadronic Press, Palm Harbor, Florida, 2003.

[7] S.Z. Gajda.On stability of additive mappingdnternat. J. Math. Math. Scil4
(1991), 431-434.

[8] P.GavrutaA generalization of the Hyers—Ulam—Rassias stability of approximately

additive mappings]. Math. Anal. Appl184(1994), 431-436.

[9] T. Ho, J. Martinez-Moreno, A.M. Peralta and B. RusBerivations on real and
complexJ B*-triples, J. London Math. So®&5 (2002), 85-102.

[10] D.H. Hyers.On the stability of the linear functional equatioRro. Nat'l. Acad.
Sci. U.S.A.27(1941), 222-224.

[11] D.H.Hyers, G.Isacand Th.M. Rassi&sability of Functional Equationsin Several
Variables Birkhduser, Basel, 1998.

Bull Braz Math Soc, Vol. 38, N. 1, 2007



126 CHOONKIL BAAK and MOHAMMAD SAL MOSLEHIAN

[12] K.JunandY. LeeA generalization ofthe Hyers—Ulam—Rassias stability of Jensen’s
equation J. Math. Anal. Appl238(1999), 305-315.

[13] S. JungHyers—Ulam—Rassias Stability of Functional Equations in Mathematical
Analysis Hadronic Press, Palm Harbor, Florida, 2001.

[14] M. Mirzavaziri and M.S. MoslehianAutomatic continuity ot -derivations on
C*-algebras Proc. Amer. Math. Soc. (to appear).

[15] M.S. MoslehianApproximately vanishing of topological cohomology grqups
Math. Anal. Appl. (to appear).

[16] M.S. MoslehianApproximatgo -1)-contractibility, Nonlinear Funct. Anal. Appl.

(to appear).

[17] G.J. MurphyC*-algebras and Operator Thegrjcad. Press, 1990.

[18] C. ParklLie x-homomorphisms between IG&-algebras and Lie-derivations on
Lie C*-algebras J. Math. Anal. Appl293(2004), 419-434.

[19] C. Park.Homomorphisms betwee®*-algebras, linearx-derivations on aC*-
algebra and the Cauchy—Rassias stabjlitipnlinear Funct. Anal. ApplL0(2005),
751-776.

[20] C. Park.Approximate homomorphisms drB*-triples, J. Math. Anal. Appl.306
(2005), 375-381.

[21] C. Park.Linearx-derivations onJ B*-algebras Acta Math. Sci. Ser. B Engl. Ed.
25(2005), 449-454.

[22] C. ParkHomomorphisms between Poissb@*-algebras Bull. Braz. Math. Soc.

36 (2005), 79-97.

[23] Th.M. RassiasOn the stability of the linear mapping in Banach spacesoc.
Amer. Math. Soc72(1978), 297-300.

[24] Th.M. RassiasOn the stability of functional equations and a problem of Ulam
Acta Appl. Math.62 (2000), 23-130.

[25] Th.M. Rassias and P. Sem@n the behavior of mappings which do not satisfy
Hyers—Ulam stabilityProc. Amer. Math. Sod14(1992), 989—993.

[26] B. RussoStructure of] B*-triples, In Jordan AlgebrasProc. Oberwolfach Conf.
1992 (W. Kaup, K. McCrimmon and H. Petersson, eds.), Walter de Gruyter, Berlin,
1994, pp. 209-280.

[27] S.M. Ulam.Problems in Modern Mathematicé/iley, New York, 1960.

[28] H. Upmeier.Jordan Algebras in Analysis, Operator Theory, and Quantum Me-

chanics Regional Conference Series in Mathematics No. 67, Amer. Math. Soc.,
Providence, 1987.

Bull Braz Math Soc, Vol. 38, N. 1, 2007



ON THE STABILITY OF 6-DERIVATIONS ON JB*-TRIPLES

Choonkil Baak

Department of Mathematics
Chungnam National University
Daejeon 305-764

SOUTH KOREA

E-mail: cgpark@cnu.ac.kr

Mohammad Sal Moslehian

Department of Mathematics

Ferdowsi University of Mashhad

P.O. Box 1159

Mashhad 91775

IRAN

and

Centre of Excellency in Analysis on Algebraic Structures (CEAAS),
Ferdowsi University

IRAN

and

Banach Mathematical Research Group (BMRG)

E-mails: moslehian@ferdowsi.um.ac.ir / moslehian@math.um.ac.ir

Bull Braz Math Soc, Vol. 38, N. 1, 2007

127



