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Some generalizations of Knopp’s identity*
Huaning Liu

Abstract. For integersa, b andn > 0, define

Acab =Y (G)er((3))

ntb

and

,([br
n ’ ar r F
B @b =3 (7)) ()
r=1 r -
ntb n
wherez/ denotes the summation overabuch thatr, n) = 1, andr is defined by the

;
equationri = 1 modn. The two sums are analogous to the homogeneous Dedekind
sumS(a, b, n). The functional equations fokr andBr are established. Furthermore,
Knopp’s identity on Dedekind sum is extended.

Keywords: Dedekind sum, Knopp’s identity, homogeneous.
Mathematical subject classification: 11F20.
1 Introduction

For integersa andn > 0, the classical Dedekind sum is defined by

san=2((1) (%)
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where
1
(X)) = X —[X] — > ?f X is not.an integer
0, if xis an integer

The sumS(a, n) plays an important role in the transformation theory of the
Dedekindp function (see [6] and Chapter 3 of [1] for details).
Knopp [4] established the following arithmetical identity

d
Z Z S@c+rn,dn) = o(M)S(a, n),

cd=mr=1

whereo (m) = Z d. Many authors gave elementary proofs for Knopp’s iden-

dim
tity, for example, Goldberg [3], Parson [5] and Zheng [7].
For integersa, b andn > 0, the sum

S(a, b,n) = rné ((%» ((%»

is called a homogeneous Dedekind sum. Zheng [8] obtained the following ex-
tension of Knopp’s identity

Z Z S(ac+rin, bc+ryn, dn) = me(m)S(a, b, n),
cd=m rq,rped,
whered, ={r e Z:0<r <d}.

According to [2], for a functiorF of two complex variables into the complex
field C, if for any ordered paik X, y > in the domain DongF) of F we have

X+r o Ixar
{< . ,ny>:ren*}gDom(F) and rX_;F< . ,ny):F(x,y)

foreveryn=1,2,3, --- , then we callF a uniform function intaC.
A uniform functionF is said to be periodic if

X, y) e Dom(F) —= (x££ 1, y)e Dom(F) & FX=x1y) =F(X,Y).

We use PUF to denote the class of all periodic uniform functions.

Set
-1
Fix,y N X + ar u+br
[G;u’v](a,b,n)_§ F( - ,ny)G( - ,nv).

r=0

Chen and Sun [2] gave the following extension of Knopp’s identity.
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SOME GENERALIZATIONS OF KNOPP'S IDENTITY 181

Proposition 1.1. Leta,be Z, m,n e Z+, F,G € PUF, (x,y) € Dom(F)
and(u, v) € Dom(G). Then we have the identity

Fix,y
Z Z |: G:u,v j|(ac+r1n, bc+ron, dn)

cd=m rq,roed;
_ F;x/d,dy
_md§|md[ G: u/d. d ](a,b,n).

Fora,b € Zandn € 2%, define

n-1

s@bm=5(()mr (|2))

r=0
ntbr

and

cwon-5() 2l

=)
ntbr n

wherel' (x) is the well-known gamma function. Applying Proposition 1.1 they
obtained the following results.

Proposition 1.2. Leta,be Zandm,n € Z*.

(i) For the functionT we have the functional function:
1
Z 5 Z Tr (ac+rin, bc+ron, dn) = md(m) Tr (&, b, n)
cd=m ri,roed,
whered(m) is the divisor function.

(i) For S we have

Z Z S (@c+rqn, bc+ron, dn) — me (M S- (a, b, n)

cd=m rq,rped,

B my\ [ S(a, b, n/(d, n))
= demA(d)a <E> ( Sdn Sab n)) :

where(d, n) is the greatest common divisor dfandn, and A(n) is the
Mangoldt function.
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In this paper, we shall give some further generalizations of Knopp’s identity.

Let
Fix,y N (x+ar u+br
{G;u’v}(a,b,n)=;F( . ,ny>G( . ,nv>,

Wherez/ denotes the summation overabuch thatr, n) = 1,andr is defined

-
by the equatiomi = 1 modn. In Section 2 we will prove the following:

Theorem 1.1. Leta,b € Z, m,n € Z* with (m,n) = 1, F,G € PUF,
(x,y) €e Dom(F) and(u, v) € Dom(G). Then we have the identity

Z Z { Fixy }(a+r1n,b+rzn,dn)=m{ gﬁz }(a,b,n).

9
dim rp,rped;

Theorem 1.2. Leta,b € Z, m,n € zZ* with (m,n) = 1, F,G € PUF,
(X, y) € Dom(F) and(u, v) € Dom(G). Then we have

Z Z { Fix.y }(ac+r1n,b?:+r2n,dn)=m{ gﬁz }(a,b,n),

9
cd=m rqp,rped,

wherect = 1 modn.

Moreover, define

A =3 (2))inr (7))

r=1

and

ol
o -3 () el
r=1 r —
ntb (! n

In Section 3 we shall prove the following:
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SOME GENERALIZATIONS OF KNOPP'S IDENTITY 183

Theorem 1.3. Leta,be Zandm,n € Z* with(m, n) = 1.

(i) Forthe functionBr we have the functional function:

1
Za > Br(a+rin b+ren dn)=mB(a b.n).

dim r1,ro€d,
(i) For Ar we have

Z Z Ar (@+rin, b+ron, dn) — mA- (a, b, n)

dim rq,rped,

= |minn—> "In(dn) | C(a.b.n),
dim

C(@ b,n) = Z ((a_r:» ((%)) '

r=1

where

Theorem 1.4. Leta,be Zandm,n € Z* with(m, n) = 1.

(i) For the functionBr we have the functional function:

1
Z 5 Z Br (ac+rin, bc+ryn, dn) = mBr (a, b, n),
cd=m ri,roed,

wherect = 1 modn.

(i) For Ar we have

Z Z Ar (ac+rin, bc+ryn,dn) — mA- (a, b, n)

cd=m rq,rped,

= |minn-— Z In(dn) | C(a, b, n).

dim

2 Proofs of Theorem 1.1 and Theorem 1.2

First we need the following lemma.
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Lemma?2.1. Letac Z,ne Z*, F € PUF and(x, y) € Dom(F). Then

S (x+a )—(an)F(—X (an))
r=0 B ’ (a’n)’ ’ y '

Proof. Thisis Lemma 2.1 of [2].

Now we prove Theorem 1.1. By Lemma 2.1 we have

Fix,y
>y {G;u,v }(a+r1n,b+r2n,dn)

dim rq,rped,

X+ (@+rinr u+ (b+ronr
_Z Z Z <7,dny>G<T,dnv>

dim rq,rped, r=1

—ZZZ <X+ar Edny>ZG(u+br %,dnv)

dimr=1ried, roed,

_ZZ (x+ar >G<uj;bf,nv>.

dimr=1

(2.1)

Since(m, n) = 1, we get(d, n) = 1. Letr = r;d +ron, thent = r‘lazd +
Fon°n, where

dd=1modn, nn=1modd, rif;=1modn, ry»=1modd.
Therefore

ZZ <x+ar )G(u:bf’m)

dmr=1

dimri=1rp=1

2.2)

®

—ZZ Z (x+ar1d ny)

u+brd
f,nv
dimri=1rp=1

—Zcﬁ(d)z (X+ar1d ny) (lH:rld,nv).
d\m ri=1

®
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Whenr; runs over a reduced residue system modylo,d also runs over a
reduced residue system modumoSo we have

PIXAC) Z (X *and ny) G (—“ +:Tld, nv)

dim ri=1

B x+ar1 u- bry 23
Zd»(d)z ( y)G( _ ,nv> (2.3)
dim ri=1

_ FiX,y

_m{ G;u,v}(a’b’n)'

Theorem 1.1 immediately follows from (2.1), (2.2) and (2.3). Similarly we can
get Theorem 1.2.

3 Proofs of Theorem 1.3 and Theorem 1.4

According to [2], defineD (x, y) = ((x)) andI"* : (R* U{O}) xRt — R
as follows:
. ) Ty /2y, if x>0,
F(X’y)_{,/zn, if x = 0.

We know thatD(x, y) andr,. (X, y¥) = InT"* ({x}, y) belong to PUF. Let

(I')/T(x) +1Iny) Jy, if x> 0;

vy = { (—y +Iny)/y, if x=0.

The functiony (x, y) = U (X, y) also lies in PUF.

Now we establish the following:

Lemma 3.1. Leta,b e Zandm,n e Z*. Then we have

D;0,m _
: r..0.m } (a,b,n) = Ar(a, b, n) +In(mn)C(a, b, n)
and Br(a. b, 1)
D;0,m __Br(a,b,n
{w;o’m}(a,b,n)_ mn
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Proof. From the definition of", we have

[ R fenm =2 () (Fm)

E D (51)+ (1]

ntb

2 ((5)

n|b

By Lemma 2.1 we get

() - S Ew0 - Sund () -o
Therefore i
(Do) @bm - é((%))mr({g})
ntb

+ In(mn) é ((%)) ((%))

= Ar(a,b,n) +In(mnCq(a, b, n).

{5821}<abn> S () (% m)
~(17)) +m<mm)
Tb1<< >>mn(r<{bnr}>

(6 e

r=1
n|b

M
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([ br
B i n /((ﬂ)) r ({F}) . Br(a, b, n)
- mn = /) br]y ~ mn
ntb n
This proves Lemma 3.1.
Now we prove Theorem 1.3 and Theorem 1.4. By Theorem 1.1,
D;0,1 } D;0,1
Z Z e (a+r1n,b+r2n,dn):m{ e }(a,b,n),
dim rq,roed, { vf’ 0’ 1 vf’ 0’ 1
then from Lemma 3.1 we have
1
Za Z Br(@+rin, b+ryn,dn)=mBr(a, b,n).
dim r1,ro€d,
Similarly from Theorem 1.2 and Lemma 3.1 we can get
1
Z 5 Z Br (ac+rin, bc+ryn, dn) = mBr (a, b, n),
cd=m ri,rp€dy
wherecC = 1 modn. This proves (i) of Theorem 1.3 and Theorem 1.4.
By Theorem 1.1 we also have
D;0,1 } D;0,1
Yo ira (a+r1n,b+r2n,dn)=m{ A }(a,b,n),
dim ry,roed, { F*’ 0’ . F*’ o’ 1
then from Lemma 3.1 we get

Z Z Ar (@+rin, b+ron, dn)

dim rq,rped,

+ Z Z In(dn)C (@ +ryn, b+ ron, dn)

dim rq,rped,

=mAr (a,b,n)+minnC(a, b, n).

From the proof of Theorem 1.1 we easily have

Z Z In(dn)C (@ +rin, b+ren, dn) =ZIn(dn)C(a, b, n).

dim rp,rped, dim
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Therefore

> Y Ar@+rinb+ren dn) —mA-(a b, n)

dim rq,rped,

= |minn—> "In(@dn) | C(a.b.n).
dim

Similarly from Theorem 1.2 and Lemma 3.1 we get

> ) Ar(ac+rin bt+ron, dn) — mA- (a, b, n)

cd=m rq,rped,

= |minn—> "In(dn) | C(a. b, n).
dim

This completes the proofs of (ii) of Theorem 1.3 and Theorem 1.4.
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