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Hyperbolicity, heterodimensional cycles
and Lyapunov exponents for partially
hyperbolic dynamics

Shuhei Hayashi

Abstract. We prove a dichotomy ofC2 partially hyperbolic sets with one-dimensional
center direction admitting no zero Lyapunov exponents, either hyperbolicity over the
supports of ergodic measures or approximation by a heterodimensional cycle. This
provides a partial result to theC1 Palis Conjecture that claims a dichotomy, hyperbol-
icity or homoclinic bifurcations in a dense subset of the space ofC1 diffeomorphisms.
Moreover, a theorem of Mañé applied in the proof is modified to have an additional
property concerning the Hausdorff distance between a periodic orbit and the support of
a hyperbolic ergodic measure.
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1 Introduction

Let M be a smooth compact manifold without boundary, and let Diffr (M) (r ≥ 1)
be the space ofCr diffeomorphisms with theCr topology. In order to understand
the dynamics beyond uniform hyperbolicity, Palis has conjectured that every
diffeomorphism f ∈ Diff r (M) in the complement of the closure of Axiom A
diffeomorphisms (hyperbolicity of the nonwandering set�( f ) that is the closure
of all periodic points) can be approximated by someg ∈ Diff r (M) exhibiting
a homoclinic tangency or a heterodimensional cycle [P]. For theC1 case (that
is considered to be the only realistic one in the present situation), Pujals and
Sambarino solved it when dimM = 2 [PS]. For higher dimensions, partial
results have been obtained by Pujals ([Pu1], [Pu2]) and Wen ([W]). On the other
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hand, the study of partially hyperbolic dynamics is crucial for the understanding
of nonhyperbolic dynamics, and has been one of the main subject of dynamical
systems (see [BDV]). So, it is reasonable to ask theC1 Palis Conjecture for
partially hyperbolic diffeomorphisms. In this paper, we shall give a partial result
to this problem.

A dominated splittingon a compact invariant set3 of f ∈ Diff 1(M) is a
continuous,D f -invariant splitting

T M|3 = E ⊕ F

such that there existm ∈ Z+ and 0< λ < 1 satisfying

‖(D f m)|E(x)‖ ∙ ‖(D f −m)|F( f m(x))‖ < λ

for all x ∈ 3. In particular, if dimE(x) is constant for allx ∈ 3, we call it a
homogeneousdominated splitting.

We say thatT M|3 = F1 ⊕ F2 ⊕ F3 is adouble dominated splittingif both
F1 ⊕ (F2 ⊕ F3) and(F1 ⊕ F2)⊕ F3 are dominated splittings. In particular, we
say that a subbundleF1 (resp.F3) is contracting(resp.expanding) if there exist
m ∈ Z+ and 0< λ < 1 satisfying

‖(D f m)|F1(x)‖ < λ

(resp.‖(D f −m)|F3(x)‖ < λ )

for all x ∈ 3.
We say that3 is a partially hyperbolic set with one-dimensional centerof

f ∈ Diff 1(M) if there exists a continuousD f -invariant splitting

T M|3 = Es ⊕ Ec ⊕ Eu

with dim Ec(x) = 1 (x ∈ 3), satisfying the following properties:

a) the splitting is double dominated;

b) both subbundlesEs andEu are not zero;

c) Es is contracting andEu is expanding.

Denote byWss
loc(x) (resp.Wuu

loc(x)) the local strong stable (resp. unstable) mani-
fold of x tangent toEs(x) (resp.Eu(x)) at x. Note that ifEc is zero then3 is a
hyperbolic set. When3 = M is a partially hyperbolic set with one-dimensional
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center, f is called apartially hyperbolic diffeomorphism with one-dimensional
center.

We define, for every hyperbolic periodic pointp, its index Ind(p) by the di-
mension of the stable subspaceEs(p). A heterodimensional cycleis a geomet-
ric configuration between two hyperbolic periodic points with different indices
such that their stable and unstable manifolds have mutual nonempty intersection;
i.e., if p, q ∈ Per( f ) with Ind (p) 6= Ind (q) satisfyWs(p) ∩ Wu(q) 6= ∅ and
Wu(p) ∩ Ws(q) 6= ∅ then we say thatf exhibits a heterodimensional cycle.
Note that one of the intersections is not transversal. In particular, we say thatf
exhibits a heterodimensional cycle inU if there are pointsx ∈ Ws(p) ∩ Wu(q)
andy ∈ Wu(p) ∩ Ws(q) such that the closure of the full orbit ofx and that of
y are both contained inU . Since any partially hyperbolic diffeomorphism with
one-dimiensional center does not exhibit a homoclinic tangency, the dichotomy
in a dense subset of Diff1(M), either Axiom A diffeomorphisms or ones with a
heterodimensional cycle, is the conjecture in our case.

Let M(M) denote the set of probabilities on the Borelσ -algebraB of M
endowed with its usual topology; i.e., the unique metrizable topology such that
μk → μ if and only if

∫
ϕdμk →

∫
ϕdμ for every continuous functionϕ :

M → R. Denote byM f (M) the set of f -invariant elements ofM(M) and by
Me( f ) the set of ergodic elements ofM f (M). If f ∈ Diff 1(M), denote by3( f )
the set of regular points; i.e., the set of pointsx ∈ M satisfying the following
properties: there exists a splittingTx M =

⊕s
i =1 Ei (x) (theLyapunov splitting

at x) and numbersλ1(x) > ∙ ∙ ∙ > λs(x) (theLyapunov exponentsat x) such that
limn→±∞

1
n log‖(Dx f n)v‖ = λi (x) for every 1≤ i ≤ s and 0 6= v ∈ Ei (x).

By Oseledets’ theorem,3( f ) has total measure; that is,μ(3( f )) = 1 for every
μ ∈ M f (M). (See [BP], [M1] or [Po].) Define

E−(x) =
⊕

λi (x)<0

Ei (x), E+(x) =
⊕

λi (x)>0

Ei (x),

and
E0(x) =

⊕

λi (x)=0

Ei (x)

at everyx ∈ 3( f ). We say thatμ ∈ Me( f ) is hyperbolic if E0(x) = {0}
at μ-a.e.x. Similarly to the index of a hyperbolic periodic point, we denote
the index of hyperbolic ergodic measureμ by Ind(μ) = dim E−(x) for μ-a.e.
x ∈ 3( f ). Define

S( f ) =
{
x ∈ supp(μ) : μ ∈ Me( f ) is hyperbolic

}
.
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Denote by Per( f ) the set of periodic points off and Perh( f ) that of hyperbolic
ones in Per( f ). Notethat Perh( f ) ⊂ S( f ).

The following theorem provides a partial result to the conjecture above.

Theorem A. Let f ∈ Diff1(M) be aC2 diffeomorphism admitting no zero
Lyapunov exponents (any Lyapunov exponent of any ergodic measure off is
non-zero) and3 be a partially hyperbolic set with one-dimensional center off .
Then, one of the following properties holds:

a) S( f ) ∩3 is a hyperbolic set;

b) given aC1 neighborhoodU of f and a neighborhoodU of S( f ) ∩ 3,
there existsg ∈ U exhibiting a heterodimensional cycle inU .

A theorem of Mañé [M2, Theorem II.1] will be applied in the proof of Theo-
rem A to our partially hyperbolic setting. The following theorem is its modified
version, giving us an additional property (which is not necessary to prove The-
orem A) concerning the Hausdorff distance between the periodic orbit given
in the conclusion and the support of a hyperbolic ergodic measure. The hy-
pothesis is stronger than the original one, but includes the case where3 is the
closure of hyperbolic periodic points with the same index to which [M2, The-
orem II.1] actually applied in the proof of theC1 Stability Conjecture [M2].
Denote byO+

f (x) (resp. O−
f (x)) the forward (resp. backward)f -orbit of x,

and letO f (x) = O+
f (x) ∪ O−

f (x). A finite part of orbit{x, f (x), . . . , y} with
y = f n(x) inO+

f (x) is called astringand written as:(x, y; f ) or just(x, f n(x))
when it is not necessary to specifyf .

Theorem B. Let3 be a compact invariant set ofg ∈ Diff1(M) written as:

3 =
{
x ∈ supp(μ) : μ ∈ M

}

for someM ⊂ Me(g) consisting of hyperbolic measures with the same index,
and letT M|3 = E⊕F be a homogeneous dominated splitting with dimE(x) =
Ind (μ) (x ∈ 3, μ ∈ M) such thatE is contracting. Suppose that there exists
c > 0 such that

lim inf
n→+∞

1

n

n∑

j =1

log‖(Dg−1)|F(gj (x))‖ ≤ −c (1)

at μ-a.e. x for all μ ∈ M. Then eitherF is expanding or for every sufficiently
small neighborhoodV of3, every0< γ < 1 andδ > 0, there exists a periodic
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point p ∈ M(g,V) ∩ Per(g) with arbitrarily large period` such thatOg(p)
contains a substringδ-close tosupp(μ) for someμ ∈ M with respect to the
Hausdorff distance and satisfying

γ ` <

`∏

j =1

‖(Dg−1)|F̂(gj (p))‖ < 1, (2)

whereF̂ is given by the unique homogeneous dominated splittingT M|M(g,V)
= Ê⊕ F̂ that extendsT M|3 = E⊕ F , andM(g,V) is the maximalg-invariant
set inV .

In Section I, we consider a partially hyperbolic dynamics and create a hetero-
dimensional cycle from the lack of hyperbolicity ofS( f ) ∩ 3 to prove Theo-
rem A. For the creation, we first find a transversal intersection of two hyperbolic
periodic points with different indices under the circumstance of Pesin Theory.
Then, we apply extended versions of theC1 Connecting Lemma to have also a
nontransversal one. In Section II, we prove Theorem B based on the proof of
[M2, Theorem II.1].

I. Proof of Theorem A

In this section, we shall prove Theorem A using Theorem B and extended Con-
necting Lemmas.

First, we give definitions and notations. By the Ergodic Decomposition Theo-
rem, a Borel set0( f )defined as the set ofx ∈ M for which we haveμx ∈ Me( f )
andx ∈ supp(μx) has total measure, whereμx is the unique probability measure
on the Borelσ -algebra ofM such that, for every continuousϕ : M → R,

∫

M
ϕdμx = lim

n→+∞

1

n

n−1∑

j =0

ϕ( f j (x))

holds, which comes from the Riesz Representation Theorem. (See [M1, Chap-
ter II.6].) Define

0i ( f ) =
{
x ∈ 3( f ) ∩ 0( f ) : Ind (μx) = i

}
.

It is easy to see that0i ( f ) is a Borel set (see [Po] for instance), and0i ( f ) ∩
0 j ( f ) = ∅ if i 6= j . For i ≥ 1, let

Si ( f ) =
{
x ∈ supp(μ) : μ ∈ Me( f ) is hyperbolic, Ind(μ) = i

}
.
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The following lemma isC1 perturbation results proved in [H2], which are
diffeomorphisms versions extended from the Connecting Lemma introduced in
[H1]. So, we give the definitions for diffeomorphisms similar to those for flows
given in [H2].

For p, q andr in M , we say thatp is forwardly related toq if q /∈ O+
f (p) and

there exists a sequence of strings{(xn, yn; fn) : n ≥ 1} with limn→+∞ fn = f ,
limn→+∞ xn = p and limn→+∞ yn = q. Moreover, we say thatp is forwardly
related toq, orq is backwardly related top, with one jump atr if p is forwardly
related tor andr is forwardly related toq.

Lemma I.1 (Extended Connecting Lemmas [H2]).

I) Given a neighborhoodU of f ∈ Diff 1(M) and p, q ∈ M \ Per( f )
such thatp is forwardly related toq by fn → f , then there existη > 0
and g ∈ U coinciding with f outside an arbitrarily small neighbor-
hood of(p, f J+

(p); f )∪ ( f J−
(q),q; f ) for someJ+(U, p, f ) > 0 and

J−(U,q, f ) < 0and such that there arep′ andq′, respectively arbitrarily
close top andq independent ofη, satisfying the following properties:

a) O+
fn
(p′) = q′ for arbitrarily large n;

b) gN(p′) = q′ for someN > 0;

c) (Bη(p) ∪ Bη(q)) ∩ (p′, gN(p′); g) = {p′,q′}.

II) Let p, q ∈ M \ Per( f ) be such thatp is forwardly (resp. backwardly)
related toq with one jump at somer ∈ M \ Per( f ), then p is forwardly
(resp. backwardly) related toq by somefn → f coinciding with f outside
an arbitrarily small neighborhood ofO+

f (r ).

Properties I) and II) correspond to [H2, Theorem A and Theorem B], respec-
tively.

Let us see how this lemma will be used to create a heterodimensional cycle.
First, we will see that ifS( f )∩3 is not hyperbolic, then there appears a sequence
of strings with arbitrarily large length and arbitrarily bad hyperbolicity. Since
there is no zero Lyapunov exponents by our hypothesis, the bad hyperbolicity
comes from the mixing of positive and negative Lyapunov exponents over the
one-dimensional center direction. By the partial hyperbolicity and Katok Closing
Lemma, the existence of such orbit causes the transversal intersection between
two hyperbolic periodic points with different indices. Then, applying Lemma
I.1, we create a nontransversal intersection of the stable and unstable manifolds
as the counterpart by an arbitrarily smallC1 perturbation. Since the previous
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intersection is robust by the transversality, a heterodimensional cycle is created
by the perturbation.

We apply Theorem B in the following setting tog = f −1. Let

T M|3 = Es ⊕ Ec ⊕ Eu (1)

be the partially hyperbolic splitting with dimEc(x) = 1 (x ∈ 3). Taking
a subset of3 if necessary, we let the dimension ofEs(x) be constant for all
x ∈ 3. Suppose thatf ∈ Diff 1(M) is aC2 diffeomorphism admitting no zero
Lyapunov exponents. Without loss of generality, we may assume that

Si0( f ) ∩3 = S( f ) ∩3, i0 = dim Es(x)+ 1 (2)

for all x ∈ S( f )∩3; for otherwiseSi0−1( f )∩3̃ 6= ∅ for some compact invariant
subset3̃ ⊂ S( f )∩3 with 3̃∪ (Si0( f )∩3) = S( f )∩3 and then it is enough
to considerf |3̃ as well asf −1|(Si0( f ) ∩3). Let

T M|(Si0( f ) ∩3) = E ⊕ F (3)

be a homogeneous dominated splitting withE = (Es ⊕ Ec)|(Si0( f ) ∩ 3) and
F = Eu|(Si0( f ) ∩3). Then, by (1),F is an expanding subbundle. In order to
prove Theorem A, it suffices to show that ifSi0( f ) ∩ 3 is not hyperbolic then
we can findg exhibiting a heterodimensional cycle in a given neighborhoodU0

of Si0( f ) ∩3 by aC1 small perturbation.
By Theorem B forg = f −1, if Si0( f ) ∩ 3 is not hyperbolic, then either

the hypothesis corresponding to (1) of Theorem B does not hold or one of the
two options of the conclusion in whichE of (3) is not contracting forf holds.
First suppose that the hypothesis does not hold. Then, there exist sequences
μn ∈ Me( f ) of index i0, μn-a.e. pointsxn, cn > 0 with cn → 0 and`n ∈ Z+

with limn→+∞ `n = +∞ that can be arbitrarily large withxn fixing, satisfying

1

`n

`n−1∑

j =0

log‖(D f )|E( f j (xn))‖ > −cn. (4)

By domination property, we have

`n−1∏

j =0

‖(D f )|E( f j (xn))‖ =
`n−1∏

j =0

‖(D f )|Ec( f j (xn))‖

Bull Braz Math Soc, Vol. 38, N. 2, 2007
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for sufficiently largen. From this, (2) and (4) together with hypothesis thatEc

is one-dimensional, we have a choice of`n such that

e−cn`n ≤
`n−1∏

j =0

‖(D f )|E( f j (xn))‖ = ‖(D f `n)|Ec(xn)‖ < 1 (5)

for largen. Define a continuous functionϕ : 3 → R by:

ϕ(x) = log‖(D f )|Ec(x)‖

and a sequence of probabilitiesνn, n ≥ 1, by:

νn =
1

`n

`n−1∑

j =0

δ f j (xn).

Then, from (5), we have

−cn ≤
∫
ϕdνn =

1

`n

`n−1∑

j =0

log‖(D f )|Ec( f j (xn))‖

=
1

`n
log‖(D f `n)|Ec(xn)‖ < 0.

Taking an f -invariant measureν ∈ M f (M) as an accumulation point of{νn :
n ≥ 1} in M(M) and applying Birkhoff’s Ergodic Theorem, we get

0 =
∫
ϕdν =

∫
lim

n→+∞

1

n

n−1∑

j =0

log‖(D f )|Ec( f j (p))‖dν(p)

=
∑

i =1,2

∫

0i
lim

n→+∞

1

n

n−1∑

j =0

log‖(D f )|Ec( f j (p))‖dν(p),

(6)

where01 =
⋃i0−1

i =1 0
i ( f ) and02 =

⋃
i ≥i0

0i ( f ).

For j = 1, 2 andκ ∈ Z+, let

0 j
κ = 0 j ∩

κ⋃

k=1

3k,

where
⋃∞

k=13k is the Pesin set (see [BP] or [Po]). Sincef does not admit zero
Lyapunov exponents, (6) implies that there isκ ∈ Z+ such that bothν(01

κ) > 0

Bull Braz Math Soc, Vol. 38, N. 2, 2007
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andν(02
κ) > 0 hold. By the regularity ofν, ν(B) = sup{ν(C) : C is closed,

C ⊂ B} for every B ∈ B. So, we can take compact sets (that may not be
invariant):

S ⊂ supp(ν) ∩ 01
κ ⊂ 3 and T ⊂ supp(ν) ∩ 02

κ ⊂ 3

such thatν(S) > 0 andν(T) > 0. ThenS∩ T = ∅. Let δ(κ) > 0 be such
that local stable and unstable manifoldsWσ

δ(κ)(x), x ∈ 01
κ ∪ 02

κ (σ = s, u) are
defined (see [BP] or [Po]). By continuity, there exists 0< δ < δ(κ) such that
we have transversal intersections

Wss
loc(y) t Wu

δ(κ)/2(S) 6= ∅ and Wuu
loc(z) t Ws

δ(κ)/2(T) 6= ∅

for all y ∈ Uδ(S) ∩3 andz ∈ Uδ(T) ∩3 with

Uδ(S) ∩ Uδ(T) = ∅

and
Uδ(Si0( f ) ∩3) ⊂ U0, (7)

whereUρ(G) = {x ∈ M : d(x,G) < ρ}. By Katok Closing Lemma (see
[K] or [Po]), we can findq ∈ Uδ/2(S) ∩ Perh( f ) andr ∈ Uδ/2(T) ∩ Perh( f )
approximating some points̄q ∈ Sandr̄ ∈ T , respectively, and such that

O f (q) ∪ O f (r ) ⊂ Uδ̄(S
i0( f ) ∩3) ⊂ V0 (8)

for any smallδ̄ > 0, whereV0 = Uδ/2(Si0( f ) ∩3). Then,

Wss
loc(yn) t Wu

δ(κ)(q) 6= ∅ and Wuu
loc(zn) t Ws

δ(κ)(r ) 6= ∅ (9)

for someyn, zn ∈ (xn, f `n(xn)) with largen because{(xn, f `n(xn)) : n ≥ 1}
accumulates on bothSandT . Hence, by the partial hyperbolicity, we get

Wu(q, f ) t Ws(r, f ) 6= ∅,

which is preserved by a small perturbation. Note that ifS or T is a periodic
orbit, we don’t need Katok Closing Lemma, asS = O f (q̄) = O f (q) or T =
O f (r̄ ) = O f (r ). In order to prove Theorem A, it is enough to show thatf can
be perturbed to haveg such that

Ws(qg, g) ∩ Wu(rg, g) 6= ∅

Bull Braz Math Soc, Vol. 38, N. 2, 2007
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by an arbitrarily smallC1 perturbation, whereqg andrg are the continuations of
q andr for g. Then, ifg is sufficiently close tof , g exhibits a heterodimensional
cycle associated toqg andrg.

We may suppose that bothS andT are not periodic orbits for otherwise the
problem becomes easier and a slight modification of the proof below gives a
proof. For an open setU ofO f (p)with a hyperbolic periodic saddlep, denote by
H f (p,U ) the closure of transversal homoclinic points whose orbits are contained
in U associated top, and letH f (p) = H f (p,M). It is easy to see from the
λ-lemma that given pointsx, y ∈ H f (p,U ) andε > 0, there exists a string
(z, f n(z)) contained inU such thatd(x, z) < ε andd(y, f n(z)) < ε.

Let {ri : i ≥ 1} and{qi : i ≥ 1} be sequences ofr andq obtained by Katok
Closing Lemma converging to nonperiodic pointsr̄ andq̄, respectively. Then,
it is easy to see from the proof of Katok Closing Lemma through the Lyapunov
neighborhoods thatH f (ri ) = H f (ri ′) and H f (qi ) = H f (qi ′) for all i ,i ′ ≥ 1
sufficiently large. By (8), we can fix some largei such that̄r ∈ H f (ri ,V0) and
q̄ ∈ H f (qi ,V0). To simplify the notations, setr = ri andq = qi . Then, as
seen above, there exists a string(w, w̄ ; f ) ⊂ V0 such thatw andw̄ approximate
r and r̄ , respectively. Take a substring(wu, w̄; f ) ⊂ (w, w̄; f ) such thatwu

approximate somepu ∈ Wu(r ) \O f (r ). Then, givenε > 0, we get a finite part
of ε-pseudo-orbit off ,

(wu, w̄; f ) ∪ (z′
n, y′

n; f )

for somey′
n, z

′
n ∈ (xn, f `n(xn)) with y′

n andz′
n approximatingq̄ andr̄ , respec-

tively. By consideringf −1 andS instead off andT , we get a similar finite part
of ε-pseudo-orbit off −1,

(ws, w̃, f −1) ∪ (y′
n, z

′
n; f −1)

with (ws, w̃; f −1) ⊂ V0, wherews andw̃ approximate someps ∈ Ws(q)\O f (q)
andq̄, respectively. Here, we may assume thaty′

n /∈ O
+
f (w

u) andz′
n /∈ O

−
f (w

s).
Thus, we obtain finite parts ofε-pseudo-orbits,

(wu, w̄; f ) ∪ (z′
n, y′

n; f )

by which pu is forwardly related toy′
n with one jump at̄r , and

(ws, w̃; f −1) ∪ (y′
n, z

′
n; f −1)

by which ps is backwardly related toz′
n with one jump atq̄. Then, applying

Lemma I.1, II) twice, we havepu forwardly related tops. Moreover, by using

Bull Braz Math Soc, Vol. 38, N. 2, 2007
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Lemma I.1, I), we easily getg arbitrarilyC1 close to f such that

Ws(qg, g) ∩ Wu(rg, g) 6= ∅

as required. Here, from (7), (8) and (9), Lemma I.1 can be applied to haveg
exhibiting a heterodimensional cycle inU0.

Next, let us consider the case where the option of the conclusion in whichE
of (3) is not contracting forf occurs. LetV be a neighborhood ofSi0( f ) ∩ 3
such that we haveT M|M( f,V) = Ê ⊕ F̂ that extendsT M|3 = E ⊕ F. Then,
we have sequences of positive numbers 0< γn < 1 with limn→+∞ γn = 1,
neighborhoodsVn ⊂ V of Si0( f ) ∩3 with

⋂

n≥1

Vn = Si0( f ) ∩3, (10)

and periodic pointspn ∈ Per( f ) such thatO f (pn) ⊂ Vn and

γ `n
n <

`n∏

j =1

‖(D f )|Ê( f j (pn))‖ < 1

for all n ≥ 1, where`n is the period ofpn with limn→+∞ `n = +∞. Then,
similarly to (5), we have

γ `n
n < ‖(D f `n)|Êc(pn)‖ < 1

for large n, where Êc(pn) is the eigenspace associated to the eigenvalue of
(D f `n)|Ê(pn) with modulus closest to 1. From this together with (10) it
follows that an accumulation point̃ν ∈ M f (M) in M(M) of the sequence
of probabilitiesν̃n, n ≥ 1, defined by:

ν̃n =
1

`n

`n−1∑

j =0

δ f j (pn),

can play the same role asν ∈ M f (M) in (6). Hence, by the same argument as
in the previous case usingν, we obtain a heterodimensional cycle inU0. This
completes the proof of Theorem A.

II. Proof of Theorem B

We prepare the so-called Pliss Lemma (see [M1, Lemma II.8] for the proof). For
a string(x, gn(x)) in a compact invariant set3 admitting a dominated splitting
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T M|3 = E ⊕ F , we say that(x, gn(x)), n > 0, isγ -string if
n∏

j =1

‖(Dg−1)|F(gj (x))‖ ≤ γ n

and we say that it is auniform γ -string if (gk(x), gn(x)) is a γ -string for all
0 ≤ k < n.

Lemma II.1 (Pliss Lemma [Pl]). For all 0 < γ < γ̂ < 1 there exist
N(γ, γ̂ ) > 0 and 0 < c(γ, γ̂ ) < 1 such that if(x, gn(x)) is a γ -string and
n ≥ N(γ, γ̂ ), then there exist0 < n1 < ∙ ∙ ∙ < nk ≤ n, k > 1, such that
k ≥ nc(γ, γ̂ ) and(x, gni (x)) is a uniformγ̂ -string for all 1 ≤ i ≤ k.

The essential part of Theorem B corresponds to [M2, Lemma II.6]. We mod-
ify the proof of [M2, Lemma II.6] to have the additional property concerning
the Hausdorff distance. A compact invariant set60 ⊂ 3 is a(t, γ )-set(t ∈ Z+,
0< γ < 1) if for everyx ∈ 60 there exists−t < t0 < t such that(gt0−n(x), gt0)

is aγ -string for alln > 0. Note that(t, γ )-set is a hyperbolic set.

Takeγ1, γ2, γ̄2, γ3 with

0< e−c < γ1 < γ2 < γ̄2 < γ3 < 1 (1)

and N = N(γ̄2, γ3), wherec > 0 is given in the hypothesis of Theorem B
and N(γ̄2, γ3) is given by Lemma II.1. We say that(y, gn(y)) is an (N, γ2)-
obstructionif (y, gj (y)) is not aγ2-string for all N ≤ j ≤ n. Denote by3(N)
the set of pointsy ∈ 3 such that(y, gn(y)) is an (N, γ2)-obstruction for all
n > N. Then, observe that givenε > 0 there existsN(ε) > N such that when
(y, gn(y)) is an(N, γ̄2)-obstruction andn > N(ε), thend(y,3(N)) < ε. Let
6 be the set of the union of all the(N(ε), γ3)-sets. Then, itsclosure6 is an
(N(ε), γ3)-set. Forn ≥ 1 andμ-a.e. x ∈ 0(g) for someμ ∈ M, denote by
L(x, n) the set ofm ≥ n such that(x, gm(x)) is a uniformγ3-string. Let

L(x, n) = {m1 < m2 < . . . }.

Since supp(μx) = O+
g (x), if

sup
i ≥1
(mi +1 − mi ) ≤ N(ε)

then supp(μx)(= supp(μ)) is an(N(ε), γ3)-set. Therefore, when supp(μx) is
not an(N(ε), γ3)-set, for arbitrarily largen there existmi , mi +1 ∈ L(x, n) such
thatmi +1 − mi > N(ε). Then, by Lemma II.1,(gmi (x), gmi +1(x)) is an(N, γ̄2)-
obstruction and therefore the above observation implies that(gmi (x),3(N))
< ε. Thus, we have proved the following claim:
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Claim. For everyε > 0 andμ-a.e. x ∈ 0(g) ∩ 3 for someμ ∈ m, either
supp(μx) is an(N(ε), γ3)-set or there existy ∈ 3 and arbitrarily largem> 0
satisfying the following properties:

a) (x, gm(x)) is a uniformγ3-string;

b) d(gm(x), y) < ε;

c) (y, gn(y)) is an(N, γ2)-obstruction for alln > N.

Here, givenδ > 0, we choose sufficiently largem > 0 so that(x, gm(x))
is δ/2-close to supp(μ) with respect to the Hausdorff distance. The next step
is approximatingy by a pointx2 ∈ 0(g) ∩ 3 taken fromν-a.e. points for
someν ∈ M so that(x2, gn2(x2)) is a uniformγ3-string but not aγ1-string for
arbitrarily largen2. This is possible by Lemma II.1, (1) of Theorem B and the
Claim. (See the proof of [M2, Theorem II.1] for the details.) It is important that
n2 goes to+∞ asx2 approaches toy.

Suppose that we can takex2 /∈ 6. Then, repeat this choice of two strings to
get the other two strings(x3, gn3(x3)) and(x4, gn4(x4))with d(x3, gn2(x2)) < 2ε
satisfying the same property as in the previous two strings if we can takex4 /∈
6. Inductively, continue this process until we have a 4ε-pseudo-periodic orbit
written as:

k⋃

i = j

(x2i −1, g2i −1(x2i −1)) ∪ (x2i , g2i (x2i ))

by settingx = x1, m = n1 andgl = gnl (1 ≤ l ≤ 2k) for some 0< j < k. Here,
observe thatn2i can be chosen arbitrarily larger thann2i −1. Given 0< γ < 1
andδ > 0, takeγ1 in (1) with γ < γ1 andε > 0 sufficiently small depending
on these constants. Then, ifn2i is much larger thann2i −1 for all j ≤ i ≤ k,
the 4ε-pseudo-periodic orbit gives aδ/2-shadowing periodic orbitOg(p) satisfy-
ing (2) of Theorem B as in the proof of [M2, Lemma II.6]. By our construction,
Og(p) contains a substringδ-close to supp(μx2i −1) for every j ≤ i ≤ k with
respect to the Hausdorff distance.

Now let us consider the case where we cannot takex2 /∈ 6. (Other cases
for x2i can be treated similarly, so it is enough to consider only this case.) Let
{x2(n) : n ≥ 1} be a sequence of the choices ofx2 approximatingy ∈ 3(N)
such that limn→+∞ x2(n) = y andx2(n) ∈ 6. Then,y ∈ 6 ∩3(N) because6
is compact, satisfying

n∏

j =1

‖(Dg−1)|F(gj (y))‖ > γ n
2 (2)
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for all n > N. Defineνn ∈ M(M) by:

νn =
1

n

n∑

j =1

δg j (y),

and letν̄ = lim i →+∞ νni , an accumulation point of{νn : n ≥ 1} inM(M). Then,
using (2) and taking a subsequence ofi = 1, 2, . . . if necessary, we have

lim
i →+∞

∫
ψdνni =

∫
ψdν̄ ≥ logγ2, (3)

whereψ : 3 → R is a continuous function defined by:

ψ(x) = log‖(Dg−1)|F(x)‖.

By (3) and Birkhoff’s Ergodic Theorem, we get

logγ2 ≤
∫

lim
n→+∞

1

n
log

n−1∑

j =0

‖(Dg−1)|F(gj (x))‖dν̄(x).

Note that supp(ν̄) ⊂ 6 becausey is in a compact invariantset6. Hence, there
existsȳ ∈ 0(g) ∩6 such that

lim
n→+∞

1

n
log

n−1∑

j =0

‖(Dg−1)|F(gj (ȳ))‖ ≥ logγ2. (4)

This implies that there existsN1 > 0 such that(ȳ, gn(ȳ)) is an (N1, γ1)-
obstruction for alln > N1, andμȳ ∈ Me(g). Then, supp(μȳ) ⊂ 6. Let
us suppose that there isν ∈ M such thatν = μȳ, and proceed assuming that
ȳ /∈ Per(g). Since supp(μȳ) = O+

g (ȳ), given 0< ε < δ, there is a string
(ȳ, g`1(ȳ)) ⊂ supp(μȳ), `1 > N1, δ/2-close to supp(μȳ) with respect to the
Hausdorff distance. Moreover, we can find`2 > `1 such that(ȳ, g`2(ȳ)) is an
ε-pseudo-periodic orbit, which is not aγ1-string by the choice ofN1 coming from
(4). Since6 is a hyperbolic set, ifε > 0 has been chosen small enough, Anosov
Closing Lemma ([S]) gives us the required periodic orbitOg(p), satisfying (2)
of Theorem B andδ-close to supp(ν) = supp(μȳ) in the Hausdorff distance.
When ȳ ∈ Per(g), this periodic orbitOg(ȳ) itself (in the hyperbolicset6) is
the required one making 0< γ < 1 larger if necessary to have a large period.
Indeed, property (2) of Theorem B is trivially holds and if the periods were uni-
formly bounded whenγ → 1, there would exist a nonhyperbolic periodic orbit
in 6, contradicting the hyperbolicityof 6.
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On the other hand, if there is noν ∈ M such thatν = μȳ, recall thaty can be
approximated by someμn-a.e. pointx2(n) for someμn ∈ M with supp(μn) ⊂
6. Then, we can find̄y on which someμn-a.e. pointyn ∈ supp(μn), n ≥ 1,
accumulate. As before, take anε-pseudo-periodic orbitOg(μn) ⊂ supp(μn) as
a string fromyn, δ/2-close to supp(μn) with respect to the Hausdorff distance.
Fix n so large thatd(yn, ȳ) < ε. Then, for anyk ≥ 1,

Og(μn) ∪ Og(μȳ) ∪ ∙ ∙ ∙ ∪︸ ︷︷ ︸
k times

Og(μȳ)

forms a 4ε-pseudo-periodic orbitin6, whereOg(μȳ) = Og(ȳ)whenȳ ∈ Per(g)
andOg(μȳ) = (ȳ, g`2(ȳ)) otherwise. Therefore we get a periodic orbitOg(pk)

containing a substringδ-close to supp(μn) by Anosov Closing Lemma ifε > 0
is small enough. Observe that the average contraction rate ofDg−1 overF along

Og(μn) ∪ Og(μȳ)
k

∪ ∙ ∙ ∙ ∪ Og(μȳ)

can be arbitrarily close to that ofOg(μȳ) ask → +∞. Hence, for sufficiently
large k, the periodic orbitOg(p) with p = pk satisfies also property (2) of
Theorem B as required. This concludes the proof of Theorem B.
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