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1 Introduction

We provide here some explicit examples of nonsolvable weakly hyperbolic op-
erators with real coefficients. These are, with(t, x, y) ∈ R3,

L1 = ∂t(∂t + y∂x)+ ∂y,

L2 = ∂2
t − H(−y)|y|k∂2

x + ∂y, k ∈ N∗, H = 1lR+,

where the notation 1lR+ stands for the characteristic function of the setR+. Both
examples are weakly hyperbolic operators in two-space-dimensions. The op-
eratorL1 has affine coefficients and the operatorL2 has coefficients inCk−1.
Y.V. Egorov gave in [2] an example of a nonsolvable weakly hyperbolic opera-
tor in one-space-dimension with a quite complicated expression. Although our
examples are 2-space-dimensional, we feel that their simple expression is worth
noticing.

Let us begin by recalling some results about solvability for pseudo-differential
operators with real principal symbols. LetL be a classical pseudo-differential
operator on an open set� of Rn with a real principal symbolam. The double
characteristic set is defined as

62 =
{
(x, ξ) ∈ Ṫ∗(�) : am(x, ξ) = 0, dξam(x, ξ) = 0

}
,

Received 19 October 2006.



“main” — 2007/8/10 — 16:37 — page 398 — #2

398 KAREL PRAVDA-STAROV

whereṪ∗(�) is the cotangent bundle minus the zero section.

– If the set62 is empty, the operatorL is of strong-real-principal-type and
local solvability with a loss of one derivative holds according to the theo-
rem 26.1.7 in [4].

– In the case where the operatorL has a real principal symbolam such that
its subprincipal symbolas

m−1 satisfies

am(x, ξ) = 0, dξam(x, ξ) = 0 ⇒ Im as
m−1(x, ξ) 6= 0, (1.0.1)

if (x, ξ) ∈ Ṫ∗(�), N. Lerner has proved in the theorem 1.1 of [5] that
there is also local solvability with a loss of one derivative. For example,
this is the case of most of the operators of the type

AB + C,

where A, B,C are smooth real vector fields inR3 such thatA, B and
[A, B] are linearly independent, for which F. Treves has shown in [8] that
they are locally solvable.

– If we now assume that the set

6̃2 =
{
(x, ξ) ∈ Ṫ∗(�) : am(x, ξ) = 0,

dξam(x, ξ) = 0, Im as
m−1(x, ξ) = 0

}
,

is non-empty, different situations can occur. For example, for the class
of operatorsAB + C studied by F. Treves in [8], the set6̃2 can be non-
empty, but the special structure of the principal symbol which appears as
a productpq with {p,q} 6= 0 at p = q = 0, allows this author to obtain
a solvability result with a loss of derivatives. The set6̃2 can also be non-
empty in the cases studied by G.A. Mendoza and G.A. Uhlmann in [7],
for which they introduced the additional assumption Sub(P), also with a
product structure (of involutive type) for the principal symbol.

Let us mention that there is a nice example in [1] of an operator verifying
(1.0.1), which is therefore locally solvable although a quasi–homogeneous ver-
sion of condition(9) is violated in that case. For the operatorsL1 andL2, the
set6̃2 is non-empty. The nonsolvability in any neighbourhood of 0 inR3 of the
operatorL1 is a consequence of the result of nonsolvability proved by G.A. Men-
doza and G.A. Uhlmann in the theorem 1.2 of [7]. We verify in this case that the
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operatorL1 violates the condition Sub(P) defined in [6] and [7]. To prove the
nonsolvability in any neighbourhood of 0 for the operator withCk−1 coefficients
L2, we prove by building a quasimode thatno a priori estimates of the following
type could hold

∃C0 > 0, ∃N0 ∈ N, ∃V0 an open neighbourhood of 0 inR3 such that

∀u ∈ C∞
0 (V0), C0‖L∗

2u‖(k−3) ≥ ‖u‖(−N0),

where the notation‖∙‖(s) stands for theHs(R3) Sobolev norm. This fact induces
that there donot exist an integerN0 ∈ N and an open neighbourhoodV0 of 0 in
R3 such that for allf ∈ H N0(V0), there existsu ∈ H−k+3(R3) such that

L2u = f,

on V0 (let us notice that the quantityL2u is well defined foru ∈ H−k+3(R3)).
Indeed if it was the case, we would have using similar arguments to the ones given
by L. Hörmander in the proof of Lemma 26.4.5 in [4] that for allv ∈ C∞

0 (V0),

|( f, v)L2(V0)
| = |(L2u, v)| = |(u, L∗

2v)| ≤ ‖u‖(−k+3)‖L∗
2v‖(k−3). (1.0.2)

Let us consider

Tv : H N0(V0) → C

f 7→ ( f, v)L2(V0)
,

for v in C∞
0 (V0). We deduce from the previous estimate that for allf in H N0(V0),

there existsu ∈ H−k+3(R3) such that

sup
v∈W

|Tv( f )| ≤ ‖u‖(−k+3) < +∞,

if W = {v ∈ C∞
0 (V0), ‖L∗

2v‖(k−3) ≤ 1}. SinceTv is a bounded linear form for
v in W, we deduce from the uniform boundedness principle that there exists a
positive constantC0 such that

sup
v∈W

‖Tv‖ ≤ C0 < +∞.

It follows that for all f ∈ H N0(V0) andv ∈ C∞
0 (V0), ‖L∗

2v‖(k−3) ≤ 1, we have

|( f, v)L2(V0)
| ≤ C0‖ f ‖(N0),

which induces by homogeneity that for allf ∈ H N0(V0) andv ∈ C∞
0 (V0),

|( f, v)L2(V0)
| ≤ C0‖ f ‖(N0)‖L∗

2v‖(k−3), (1.0.3)
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if ‖L∗
2v‖(k−3) 6= 0. According to (1.0.2), we notice that this estimate (1.0.3) is

also fulfilled if ‖L∗
2v‖(k−3) = 0. Using now that‖Tv‖ = ‖v‖(−N0) for all v in

C∞
0 (V0), we obtain from (1.0.3) that the following estimate

∀v ∈ C∞
0 (V0), C0‖L∗

2v‖(k−3) ≥ ‖v‖(−N0),

holds, which is not possible according to our result.

2 Nonsolvability of the operator L1

The operatorL1 is defined in standard quantization (and also in Weyl quantiza-
tion) by the symbol

p(t, x, y; τ, ξ, η) = −τ(τ + yξ)+ iη.

We first notice that its principal symbol,p2 = −τ(τ + yξ), is real and that the
doubly characteristic set

62(L1) =
{
(t, x, y; τ, ξ, η) ∈ Ṫ∗(R3) : p2 = 0, dτ,ξ,η p2 = 0

}
,

where Ṫ∗(R3) stands for the cotangent bundle minus the zero section, is not
empty since

62(L1) =
{
(t, x, y; τ, ξ, η) ∈ Ṫ∗(R3) : y = τ = 0, (ξ, η) 6= (0, 0)

}

∪
{
(t, x, y; τ, ξ, η) ∈ Ṫ∗(R3) : τ = ξ = 0, η 6= 0

}
.

Let us consider the two real-valued symbolsq = −τ ands = τ + yξ , we have
p2 = qs. The set62(L1) is a submanifold of codimension 2 near the point
ν0 = (t0, x0, 0; 0, 1, 0) ∈ 62(L1) if t0, x0 ∈ R, which is involutive since

(
Tν62(L1)

)σ
=

{
(t, x, y; τ, ξ, η) ∈ R6 : x = y = τ = ξ = 0

}

⊂ Tν62(L1) =
{
(t, x, y; τ, ξ, η) ∈ R6 : y = τ = 0

}
,

for all ν belonging to a neighbourhood ofν0 in 62(L1) if Tν62(L1) stands for
the tangent plane of62(L1) in ν. We also notice that the Hamilton vector fields
Hq, Hs and the radial vector fieldr , which are equal to

Hq = −
∂

∂t
, Hs =

∂

∂t
− ξ

∂

∂η
, r = ξ

∂

∂ξ
+ η

∂

∂η
,
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at points in62(L1) nearν0, are independent and that the imaginary part of the
subprincipal symbol,ps

1 = iη, changes sign at the first order in 0 along the
following bicharacteristic of the symbols,

{
γ ′(t) = Hs

(
γ (t)

)

γ (0) = ν0,

since Imps
1(ν0) = 0 and

d

dt

[
Im ps

1

(
γ (t)

)]∣∣
t=0 = d Im ps

1

(
γ (t)

)
.Hs

(
γ (t)

)∣∣
t=0

= σ
(
Hs(γ (t)), HIm ps

1
(γ (t))

)∣∣
t=0

=
{
s, Im ps

1

} (
γ (t)

)∣∣
t=0 = −1 6= 0.

It follows that the condition Sub(P)defined by G.A. Mendoza and G.A. Uhlmann
in [7] is violated and we deduce from Theorem 1.2 in [7] that the operatorL1

is not locally solvable atν0 ∈ 62(L1), which induces that the operatorL1 is
nonsolvable in any neighbourhood of 0 inR3.

3 Nonsolvability of the operator L2

The second operatorL2 that we study, is defined in standard quantization (and
also in Weyl quantization) by the symbol

p = iη +
(
θk(y)ξ

2 − τ 2
)

= i
(
η + i (τ 2 − θk(y)ξ

2)
)
,

whereθk is theCk−1(R,R) function defined fork ∈ N∗ by

θk(y) = (−1)kyk H(−y) if H = 1lR+,

where the notation 1lX stands for characteristic function of the setX. We notice
that its principal symbol,p2 = θk(y)ξ2 − τ 2, is a realCk−1 symbol and that the
doubly characteristic set

62(L2) =
{
(t, x, y; τ, ξ, η) ∈ Ṫ∗(R3) : p2 = 0, dτ,ξ,η p2 = 0

}

=
{
(t, x, y; τ, ξ, η) ∈ Ṫ∗(R3) : τ = 0, y ∈ R+

}

∪
{
(t, x, y; τ, ξ, η) ∈ Ṫ∗(R3) : τ = ξ = 0

}
,

is not empty. This set contains some points,(t, x, 0; 0,±1, 0) ∈ 62(L2), where
the imaginary part of the subprincipal symbol vanishes,ps

1 = iη. Then, we
notice that since the functiony 7→ τ 2 − θk(y)ξ2 changes sign from− to +
wheneverτξ 6= 0 if y increases, the symbolp violates a quasi-homogeneous
version of the condition(9).
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3.1 Construction of a quasimode

Let us considerN0 ∈ N,

ψ1 ∈ C∞
0 (R

2,R), suppψ1 ⊂ [1, 4]2, ψ1 = 1 on[2, 3]2, (3.1.1)

χ0 ∈ C∞
0 (R,R), suppχ0 ⊂ [−1, 1], χ0 = 1 on[−1/2, 1/2], (3.1.2)

some positive parametersα andμ such that

1

k
< α <

2

k
and

2

k
< μ < α +

1

k
, (3.1.3)

wherek is the integer appearing in the definition of the operatorL2. We set for
all λ ≥ 1,

ψλ(τ, ξ) = λ− 1
2−αψ1(λ

−ατ, λ−1−αξ). (3.1.4)

Let us note suppχ0
(
λμ(∙+ (τξ−1λ−1)

2
k )

)
for the support of the function

y 7→ χ0
(
λμ(y + (τξ−1λ−1)

2
k )

)
.

Since using (3.1.2), we have for all(τ, ξ) ∈ [1, 4]2 andλ ≥ 1,

suppχ0
(
λμ(∙+ (τξ−1λ−1)

2
k )

)
⊂

{
y ∈ R : |y + (τξ−1λ−1)

2
k | ≤ λ−μ}

⊂
{
y ∈ R : −λ−μ − 4

2
k λ− 2

k ≤ y ≤ λ−μ − 4− 2
k λ− 2

k
}
,

it follows from (3.1.3), 2/k < μ, that we can find a constantλ0 ≥ 1 and some
positive constantsc1, c2 such thatc1 > c2 and for all(τ, ξ) ∈ [1, 4]2, λ ≥ λ0,

suppχ0
(
λμ(∙+ (τξ−1λ−1)

2
k )

)
⊂

{
y ∈ R : −c1λ

− 2
k ≤ y ≤ −c2λ

− 2
k
}
. (3.1.5)

Let us notice that since

L∗
2 = −∂y + θk(y)D

2
x − D2

t , θk(y) = (−1)kyk H(−y), H = 1lR+, (3.1.6)

with Dx = i −1∂x, Dt = i −1∂t , and since the functiony 7→ τ 2−θk(y)ξ2 changes
sign from − to + at y = −(τξ−1)2/k if (τ, ξ) ∈ R∗

+ × R∗
+, we can find a

non-negative phase function81, which satisfies the equation

(
− ∂y + θk(y)ξ

2 − τ 2
)(

e−81(τ,ξ,y)
)

(3.1.7)

=
(
∂y81(τ, ξ, y)+ θk(y)ξ

2 − τ 2
)
e−81(τ,ξ,y) = 0,
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defined for ally ∈ R∗
− and(τ, ξ) ∈ R∗

+ × R∗
+ by

81(τ, ξ, y) =
∫ y

−(τξ−1)
2
k

(
τ 2 − θk(s)ξ

2
)
ds. (3.1.8)

Indeed, since from (3.1.6) and (3.1.8),

∂281

∂y2
(τ, ξ, y) = k(−y)k−1ξ2 ≥ 0,

if y ∈ R∗
− and(τ, ξ) ∈ R∗

+ × R∗
+, the functiony 7→ 81(τ, ξ, y) is convex on

R∗
− and we deduce from the fact

81

(
τ, ξ,−(τξ−1)

2
k

)
= 0,

∂81

∂y

(
τ, ξ,−(τξ−1)

2
k

)
= 0 (3.1.9)

and from the Taylor formula that

81(τ, ξ, y)

=
(
y + (τξ−1)

2
k
)2

kξ2
∫ 1

0
(1 − θ)

(
(τξ−1)

2
k (1 − θ)− θy

)k−1
dθ,

(3.1.10)

if y ∈ R∗
− and(τ, ξ) ∈ R∗

+ ×R∗
+. The property of non-negativity of the function

81 onR∗
+×R∗

+×R∗
− is clear on the formula (3.1.10). We also set for ally ∈ R∗

−,
(τ, ξ) ∈ R∗

+ × R∗
+ andλ ≥ 1,

8λ(τ, ξ, y) = 81(λ
ατ, λ1+αξ, y)

=
∫ y

−(τξ−1λ−1)
2
k

(
λ2ατ 2 − θk(s)λ

2+2αξ2
)
ds,

(3.1.11)

which is also a non-negative function. A direct computation shows from (3.1.6)
and (3.1.11) that for ally ∈ R∗

−, (τ, ξ) ∈ R∗
+ × R∗

+ andλ ≥ 1,

8λ(τ, ξ, y) = λ2ατ 2y +
k

k + 1
λ2α− 2

k τ 2+ 2
k ξ− 2

k

+
(−1)k+1

k + 1
λ2+2αξ2yk+1.

(3.1.12)

We can now define for allλ ≥ λ0 the functionuλ defined by

uλ(t, x, y)

=
1

(2π)2

∫

R2
ei (xξ+tτ)ψλ(τ, ξ)χ0

(
λμ(y + (τξ−1)

2
k )

)
e−81(τ,ξ,y)dτdξ .

(3.1.13)
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If we noteFt,x the Fourier transform in the variablest, x, it follows from (3.1.13)
that

Uλ(τ, ξ, y) =
(
Ft,xuλ

)
(τ, ξ, y)

= ψλ(τ, ξ)χ0
(
λμ(y + (τξ−1)

2
k )

)
e−81(τ,ξ,y)

(3.1.14)

and we can notice from (3.1.1), (3.1.4), (3.1.5) and the change of variables
(τ̃ , ξ̃ ) = (λ−ατ, λ−1−αξ) that for all(τ, ξ) ∈ suppψλ andλ ≥ λ0,

suppUλ(τ, ξ, ∙) ⊂ R∗
−. (3.1.15)

In view of (3.1.10), (3.1.14) and (3.1.15), it follows that the family(uλ)λ≥λ0

belongs to the spaceC∞
(
Ry, S(R2

t,x)
)

(because (3.1.1) and (3.1.4) imply that
the functionψλ has a compact support inR∗

+ ×R∗
+) and has its support included

in the setR2
t,x × (Ry)−. We deduce from this fact and (3.1.6) that

L∗
2uλ ∈ C∞(R3

t,x,y)3 (3.1.16)

and a direct computation using (3.1.6), (3.1.7) and (3.1.14) gives that

Ft,x(L
∗
2uλ) = − ∂yUλ(τ, ξ, y)+

(
θk(y)ξ

2 − τ 2
)
Uλ(τ, ξ, y)

= − λμψλ(τ, ξ)χ
′
0

(
λμ(y + (τξ−1)

2
k )

)
e−81(τ,ξ,y).

(3.1.17)

3.2 Upper bound for ‖L∗
2uλ‖(N0)

From (3.1.17) and Parseval’s formula, we notice that to obtain an upper bound
for the quantity‖L∗

2uλ‖(N0), it is enough to get an upper bound for the quantities

Aj1, j2, j3, j4(λ) = ‖λμ( j1+1)χ
( j1+1)
0

(
λμ(y + (τξ−1)

2
k )

)

τ j2ξ j3ψλ(τ, ξ)∂
j4
y

(
e−81(τ,ξ,y)

)
‖L2(R3),

(3.2.1)

where( j1, j2, j3, j4) ∈ N4 are some integers such thatj1 + j2 + j3 + j4 = N0.
Using a change of variables, (3.1.4) and (3.1.11), we obtain that

Aj1, j2, j3, j4(λ)
2 = λ2μ( j1+1)+2α j2+2 j3(1+α)

∫

R3

[
χ
( j1+1)
0

(
λμ(y + (τξ−1λ−1)

2
k )

)2

× τ 2 j2ξ2 j3ψ1(τ, ξ)
2
∣
∣∂ j4

y

(
e−8λ(τ,ξ,y)

) ∣
∣2

]
dydτdξ.

(3.2.2)
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Let us stress the fact that from (3.1.1), (3.1.5), (3.1.10) and (3.1.11), if(τ, ξ) ∈
suppψ1 andλ ≥ λ0, the function8λ(τ, ξ, ∙) is C∞ on

suppχ( j1+1)
0

(
λμ(∙+ (τξ−1λ−1)

2
k )

)
⊂ R∗

−.

Thus, the expression (3.2.2) is well-defined. We need now the following lemma.

Lemma 3.2.1. For all ν ∈ N3, there exist some functionsal , l = 0, . . . , |ν|(k+
1), which are polynomial inR4 and some constantsβl , l = 0, . . . , |ν|(k + 1)
verifying

βl ≤ 2|ν|(α + 1),

such that for ally ∈ R∗
−, (τ, ξ) ∈ R∗

+ × R∗
+ andλ ≥ 1,

∂ντ,ξ,y
(
e−8λ

)
= e−8λ

|ν|(k+1)∑

l=0

al

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

)
ylλβl . (3.2.3)

Proof. We prove this lemma by induction on|ν|. If |ν| = 0, the expression
(3.2.3) holds witha0 = 1 andβ0 = 0. Let us assume now that forν ∈ N3, there
exist some functionsal , l = 0, . . . , |ν|(k + 1), which are polynomial inR4 and
some constantsβl , l = 0, . . . , |ν|(k + 1) verifying βl ≤ 2|ν|(α + 1) such that
for all y ∈ R∗

−, (τ, ξ) ∈ R∗
+ × R∗

+, λ ≥ 1, the expression (3.2.3) holds. Since
from (3.1.12), we have for ally ∈ R∗

−, (τ, ξ) ∈ R∗
+ × R∗

+ andλ ≥ 1,

∂y8λ(τ, ξ, y) = λ2ατ 2 + (−1)k+1λ2+2αξ2yk, (3.2.4)

∂τ8λ(τ, ξ, y) = 2λ2ατy + 2λ2α− 2
k ξ− 2

k τ 1+ 2
k , (3.2.5)

∂ξ8λ(τ, ξ, y) =
2

k + 1

[
−λ2α− 2

k τ 2+ 2
k ξ− 2

k −1 + (−1)k+1λ2+2αξyk+1
]
. (3.2.6)

We have also for ally ∈ R∗
−, (τ, ξ) ∈ R∗

+ × R∗
+ andλ ≥ 1,

∂y

(

e−8λ

|ν|(k+1)∑

l=0

al

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

)
ylλβl

)

= e−8λ

|ν|(k+1)∑

l=0

al

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

) [
−(∂y8λ)y

l + lyl−1
]
λβl ,

(3.2.7)
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∂τ

(

e−8λ

|ν|(k+1)∑

l=0

al

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

)
ylλβl

)

= e−8λ

|ν|(k+1)∑

l=0

λβl yl

[
− (∂τ8λ)al

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

)

+ ∂τ

(
al

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

)) ]

(3.2.8)

and

∂ξ

(

e−8λ

|ν|(k+1)∑

l=0

al

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

)
ylλβl

)

= e−8λ

|ν|(k+1)∑

l=0

λβl yl

[
− (∂ξ8λ)al

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

)

+ ∂ξ

(
al

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

)) ]
.

(3.2.9)

We deduce from (3.2.4), (3.2.5), (3.2.6), (3.2.7), (3.2.8) and (3.2.9) that if

ν̃ ∈ {ν + (1, 0, 0), ν + (0, 1, 0), ν + (0, 0, 1)},

there exist some functions̃al , l = 0, . . . , |ν̃|(k + 1), which are polynomial inR4

and some constants̃βl , l = 0, . . . , |ν̃|(k + 1) verifying β̃l ≤ 2|ν̃|(α + 1) such
that for all y ∈ R∗

−, (τ, ξ) ∈ R∗
+ × R∗

+ andλ ≥ 1,

∂ν̃τ,ξ,y
(
e−8λ

)
= e−8λ

|ν̃|(k+1)∑

l=0

ãl

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

)
ylλβ̃l . (3.2.10)

Indeed, let us consider for example the case whereν̃ = ν + (0, 0, 1). We obtain
from (3.2.3), (3.2.4) and (3.2.7) the expression

∂ν̃τ,ξ,y
(
e−8λ

)
= e−8λ

|ν̃|(k+1)−(k+2)∑

l=0

al+1

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

)
(l + 1)ylλβl+1

− e−8λ

|ν̃|(k+1)−(k+1)∑

l=0

al

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

) (
τ

1
k

)2k
ylλβl +2α

− e−8λ

|ν̃|(k+1)−1∑

l=k

al−k

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

)
(−1)k+1

(
ξ

1
k

)2k
ylλβl−k+2+2α,
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which can be written in the form (3.2.10). Since the power ofλ is less or equal
than 2+ 2α in every term of the right-hand-side of (3.2.5) and (3.2.6), and that
these terms are polynomial functions in the variables

τ
1
k , τ− 1

k , ξ
1
k , ξ− 1

k and y

with a degree iny lower thank + 1, we have only to use (3.2.5), (3.2.6), (3.2.8),
(3.2.9) and the fact that the quantities

∂τ

(
al

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

))
=

1

k
τ

1
k

(
τ− 1

k

)k
(∂1al )

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

)

−
1

k

(
τ− 1

k

)k+1
(∂2al )

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

)

and

∂ξ

(
al

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

))
=

1

k
ξ

1
k

(
ξ− 1

k

)k
(∂3al )

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

)

−
1

k

(
ξ− 1

k

)k+1
(∂4al )

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

)
,

are some polynomial functions in the variablesτ
1
k , τ− 1

k , ξ
1
k andξ− 1

k , to obtain
(3.2.10) when

ν̃ = ν + (1, 0, 0) or ν̃ = ν + (0, 1, 0).

This proves the induction property at the rank|ν| + 1 and ends the proof of the
lemma 3.2.1. �

We deduce from (3.1.5) and the lemma 3.2.1 that there exists a positive constant
Cj4 such that for all(τ, ξ) ∈ [1, 4]2, λ ≥ λ0 and

y ∈ suppχ0

(
λμ

(
∙+

(
λ−1ξ−1τ

) 2
k

))
,

∣
∣∂ j4

y

(
e−8λ(τ,ξ,y)

)∣∣ ≤ Cj4λ
2 j4(1+α)e−8λ(τ,ξ,y). (3.2.11)

Moreover, we obtain from (3.1.2) and (3.1.5) that for all(τ, ξ) ∈ [1, 4]2 and
λ ≥ λ0,

suppχ( j1+1)
0

(
λμ

(
∙+

(
λ−1ξ−1τ

) 2
k

))
⊂ �λ,τ,ξ , (3.2.12)

if we note

�λ,τ,ξ =
{
y ∈ R∗

− : 2−1λ−μ ≤
∣
∣y + (λ−1ξ−1τ)

2
k
∣
∣ ≤ λ−μ

}
. (3.2.13)
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Then, we deduce from (3.1.1), (3.2.2), (3.2.11), (3.2.12) and (3.2.13) that
for all λ ≥ λ0,

Aj1, j2, j3, j4(λ)
2 ≤ C2

j4λ
2μ( j1+1)+2 j2α+2 j3(1+α)+4 j4(1+α)‖χ( j1+1)

0 ‖2
L∞(R)

×
∫

R2
τ2 j2ξ2 j3ψ1(τ, ξ)

2
( ∫

�λ,τ,ξ

e−28λ(τ,ξ,y)dy

)
dτdξ

≤ C2
j4λ

2μ( j1+1)+2 j2α+2 j3(1+α)+4 j4(1+α)−μ‖χ( j1+1)
0 ‖2

L∞(R)

×
∫

R2
τ2 j2ξ2 j3ψ1(τ, ξ)

2
(

sup
y∈�λ,τ,ξ

e−28λ(τ,ξ,y)
)

dτdξ.

(3.2.14)

We obtain from (3.1.10) that for ally ∈ R∗
− and(τ, ξ) ∈ R∗

+ × R∗
+,

81(τ, ξ, y) =
(
y + (τξ−1)

2
k
)2

kξ2
∫ 1

0
(1 − θ)

(
(τξ−1)

2
k (1 − θ)− θy

)k−1
dθ

≥
(
y + (τξ−1)

2
k
)2

kξ2
∫ 1

0
(1 − θ)k(τξ−1)2− 2

k dθ,

which induces that

81(τ, ξ, y) ≥
k

k + 1
ξ2(τξ−1)2− 2

k
(
y + (τξ−1)

2
k
)2
. (3.2.15)

It follows from (3.1.11) and (3.2.15) that for ally ∈ R∗
−, (τ, ξ) ∈ [1, 4]2 and

λ ≥ 1,

8λ(τ, ξ, y) ≥
k

k + 1
ξ2(τξ−1)2− 2

kλ2α+ 2
k
(
y + (τλ−1ξ−1)

2
k
)2

≥ c3λ
2α+ 2

k
(
y + (τλ−1ξ−1)

2
k
)2
,

(3.2.16)

with c3 = 4
2
k −2k/(k + 1) > 0. Thus, we obtain using (3.2.13) and (3.2.16) that

for all (τ, ξ) ∈ [1, 4]2 andλ ≥ λ0,

sup
y∈�λ,τ,ξ

e−28λ(τ,ξ,y) ≤ e−
c3
2 λ

2(α+ 1
k −μ)

. (3.2.17)

Getting back to (3.2.14), the next proposition follows from (3.1.1), (3.2.1),
(3.2.14), (3.2.17) and the fact that from (3.1.3),

μ < α +
1

k
.
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Proposition 3.2.1.We have

‖L∗
2uλ‖(N0) = O

(
e−

c3
8 λ

2(α+ 1
k −μ)

)
when λ → +∞. (3.2.18)

3.3 Lower bound for the quantity ‖uλ‖(−N0)

It follows from (3.1.4), (3.1.11), (3.1.14) and a change of variables that

‖uλ‖
2
(−N0)

=
∫

R3
|ψλ(τ, ξ)|

2

∣
∣
∣

∫

R
e−iyηχ0

(
λμ(y + (ξ−1τ)

2
k )

)
e−81(τ,ξ,y)dy

∣
∣
∣
2

× (1 + η2 + ξ2 + τ 2)−N0
dηdτdξ

(2π)3

=
∫

R3
|ψ1(τ, ξ)|

2

∣
∣
∣

∫

R
e−iyηχ0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
e−8λ(τ,ξ,y)dy

∣
∣
∣
2

× (1 + η2 + λ2+2αξ2 + λ2ατ 2)−N0
dηdτdξ

(2π)3
.

(3.3.1)

By using the following estimates, for all(τ, ξ) ∈ [1, 4]2 andλ ≥ λ0 ≥ 1,

1 + η2 + λ2+2αξ2 + λ2ατ 2 ≤ c4λ
2+2α(1 + η2),

(1 + η2 + λ2+2αξ2 + λ2ατ 2)−N0 ≥ c−N0
4 λ−2(1+α)N0(1 + η2)−N0,

wherec4 = 33 and from (3.1.1), suppψ1 ⊂ [1, 4]2 andψ1 = 1 on [2, 3]2, we
deduce from (3.3.1) that for allλ ≥ λ0,

‖uλ‖
2
(−N0)

≥
c−N0

4

(2π)2
λ−2(1+α)N0

∫

[2,3]2
‖gλ,τ,ξ‖

2
H−N0(Ry)

dτdξ, (3.3.2)

if we note
gλ,τ,ξ (y) = χ0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
e−8λ(τ,ξ,y). (3.3.3)

Then, we use that

‖gλ,τ,ξ‖
2
L2(Ry)

≤ ‖gλ,τ,ξ‖H N0(Ry)
‖gλ,τ,ξ‖H−N0(Ry)

. (3.3.4)

The following lemma allows us to get an uniform lower bound, respectively to
get an uniform upper bound with respect to the variables(τ, ξ) in [2, 3]2 for the
quantities‖gλ,τ,ξ‖L2(Ry) and‖gλ,τ,ξ‖H N0(Ry)

.
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Lemma 3.3.1. We can find some positive constantsc5 andc6 such that for all
(τ, ξ) ∈ [2, 3]2 andλ ≥ λ0,

‖gλ,τ,ξ‖H N0(Ry)
≤ c5λ

(μ+2+2α)N0−
μ
2 and‖gλ,τ,ξ‖L2(Ry) ≥ c6λ

− 1+α
2 . (3.3.5)

Proof. To obtain the first estimate, it is enough to get a bound forλ ≥ λ0 of
the new quantities

Aj1, j2(λ, τ, ξ) = ‖λ j1μχ
( j1)
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
∂ j2

y

(
e−8λ(τ,ξ,y)

)
‖L2(Ry)

,

uniformly with respect to the variables(τ, ξ) ∈ [2, 3]2 where( j1, j2) ∈ N2

are some integers verifyingj1 + j2 = N0. We obtain using (3.2.11) and the
non-negativity of the function8λ that for all(τ, ξ) ∈ [2, 3]2 andλ ≥ λ0,

Aj1, j2(λ, τ, ξ)
2 = λ2 j1μ

∫

R
χ
( j1)
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)2∣∣∂ j2
y

(
e−8λ(τ,ξ,y)

)∣∣2dy

≤ C2
j2
λ2 j1μ+4 j2(1+α)

∫

R
χ
( j1)
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)2
dy

= C2
j2
‖χ( j1)

0 ‖2
L2(R)λ

2 j1μ+4 j2(1+α)−μ.

We deduce from this last estimate that there exists a positive constantc5 such
that for all(τ, ξ) ∈ [2, 3]2 andλ ≥ λ0,

‖gλ,τ,ξ‖H N0(Ry)
≤ c5λ

(μ+2+2α)N0−
μ
2 ,

which shows the first estimate of (3.3.5). We want now to get an uniform lower
bound for the quantity‖gλ,τ,ξ‖L2(Ry) with respect to the variables(τ, ξ) ∈ [2, 3]2

for λ ≥ λ0. Using (3.1.10), we obtain that for ally ∈ R∗
− and(τ, ξ) ∈ R∗

+ ×R∗
+,

81(τ, ξ, y) =
(

y + (τξ−1)
2
k

)2
kξ2

∫ 1

0
(1 − θ)

(
(τξ−1)

2
k (1 − θ)− θy

)k−1
dθ

≤ kξ2
(

y + (τξ−1)
2
k

)2 (
(τξ−1)

2
k + |y|

)k−1
.

(3.3.6)

We deduce from (3.1.11) and (3.3.6) that for ally ∈ R∗
−, (τ, ξ) ∈ [2, 3]2 and

λ ≥ 1,

8λ(τ, ξ, y) ≤ 9kλ2+2α

(
y +

(
τξ−1λ−1

) 2
k

)2 (
3

2
k 2− 2

k + |y|
)k−1

. (3.3.7)
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We obtain using (3.3.7) and the change of variables,u = y + (τξ−1λ−1)
2
k ,

that for all(τ, ξ) ∈ [2, 3]2 andλ ≥ 1,

‖e−8λ(τ,ξ,y)1lR∗
−
(y)‖2

L2(Ry)

≥
∫ 0

−∞
e−18kλ2+2α(y+(τλ−1ξ−1)

2
k )2(3

2
k 2− 2

k +|y|)k−1
dy

≥
∫ −(τξ−1λ−1)

2
k

−∞
e−18kλ2+2α(y+(τλ−1ξ−1)

2
k )2(3

2
k 2− 2

k +|y|)k−1
dy

≥
∫ 0

−∞
e−18kλ2+2αu2(3

2
k 2− 2

k +|u−(τξ−1λ−1)
2
k |)k−1

du.

(3.3.8)

Since we can find a positive constantc7 such that for ally ∈ R∗
−, (τ, ξ) ∈ [2, 3]2

andλ ≥ 1,

18k
(
3

2
k 2− 2

k + |y − (τξ−1λ−1)
2
k |

)k−1
≤ c7(1 + |y|k−1), (3.3.9)

it follows from (3.3.8) and (3.3.9),

‖e−8λ(τ,ξ,y)1lR∗
−
(y)‖2

L2(Ry)
≥

∫ 0

−∞
e−c7λ

2+2αu2(1+|u|k−1)du. (3.3.10)

Then using some changes of variables, we deduce from (3.3.10) that for all
(τ, ξ) ∈ [2, 3]2 andλ ≥ 1,

‖e−8λ(τ,ξ,y)1lR∗
−
(y)‖2

L2(Ry)

≥
∫ +∞

0
e−c7λ

2+2αu2(1+uk−1)du

= λ−1−α
∫ +∞

0
e−c7v

2(1+vk−1λ−(1+α)(k−1))dv

≥ λ−1−α
∫ +∞

0
e−c7v

2(1+vk−1)dv = c8λ
−1−α.

(3.3.11)

Next, if we note

�̃λ,τ,ξ =
{
y ∈ R∗

− : |y + (λ−1ξ−1τ)
2
k | ≥ 2−1λ−μ

}
, (3.3.12)
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using from (3.1.2) thatχ0 = 1 on [−1/2, 1/2] and (3.2.16), we obtain that for
all (τ, ξ) ∈ [2, 3]2 andλ ≥ 1,

∥
∥[

1 − χ0
(
λμ(y + (λ−1ξ−1τ)

2
k )

)]
e−8λ(τ,ξ,y)1lR∗

−
(y)

∥
∥2

L2(Ry)

≤ ‖1 − χ0‖
2
L∞(R)

∫

�̃λ,τ,ξ

e−28λ(τ,ξ,y)dy

≤ ‖1 − χ0‖
2
L∞(R)

∫

�̃λ,τ,ξ

e−2c3λ
2α+ 2

k (y+(λ−1ξ−1τ)
2
k )2dy

≤ e−
c3
4 λ

2α+ 2
k −2μ

‖1 − χ0‖
2
L∞(R)

∫

R
e−c3λ

2α+ 2
k (y+(λ−1ξ−1τ)

2
k )2dy

≤ π
1
2 c

− 1
2

3 ‖1 − χ0‖
2
L∞(R)λ

−α− 1
k e−

c3
4 λ

2(α+ 1
k −μ)

,

(3.3.13)

since if y ∈ �̃λ,τ,ξ , we have

e−2c3λ
2α+ 2

k (y+(λ−1ξ−1τ)
2
k )2 ≤ e−

c3
4 λ

2α+ 2
k −2μ

e−c3λ
2α+ 2

k (y+(λ−1ξ−1τ)
2
k )2

and since a change of variables gives that
∫

R
e−c3λ

2α+ 2
k (y+(λ−1ξ−1τ)

2
k )2dy =

∫

R
e−c3λ

2α+ 2
k y2

dy = π
1
2 c

− 1
2

3 λ−α− 1
k .

In view of (3.1.5) and (3.3.3), the use of the triangular inequality for all(τ, ξ) ∈
[2, 3]2 andλ ≥ λ0,

‖gλ,τ,ξ‖L2(Ry) =
∥
∥χ0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
e−8λ(τ,ξ,y)1lR∗

−
(y)

∥
∥

L2(Ry)

≥ ‖e−8λ(τ,ξ,y)1lR∗
−
(y)‖L2(Ry)

−
∥
∥[

1 − χ0
(
λμ(y + (λ−1ξ−1τ)

2
k )

)]
e−8λ(τ,ξ,y)1lR∗

−
(y)

∥
∥

L2(Ry)
,

with the estimates (3.3.11) and (3.3.13), shows that there exists a positive con-
stantc6 such that for all(τ, ξ) ∈ [2, 3]2 andλ ≥ λ0,

‖gλ,τ,ξ‖L2(Ry) ≥ c6λ
− 1+α

2 ,

because from (3.1.3),

α +
1

k
− μ > 0.

This ends the proof of Lemma 3.3.1. �
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The previous lemma permits us to obtain from the estimate (3.3.4) that for
all (τ, ξ) ∈ [2, 3]2 andλ ≥ λ0,

‖gλ,τ,ξ‖H−N0(Ry)
≥ c2

6c−1
5 λ−α−1+μ

2 −(μ+2+2α)N0.

Then using (3.3.2), we obtain the following proposition.

Proposition 3.3.1. There exists a positive constantc9 such that for allλ ≥ λ0,

‖uλ‖(−N0) ≥ c9λ
−α−1+μ

2 −(μ+3+3α)N0. (3.3.14)

We need now to cutoff in the variablest, x to obtain a quasimode localized in an
arbitrary neighbourhood of 0 inR3.

3.4 Cutoff in variables t and x

We need first to make the result of the lemma 3.2.1 more precise when there is
no differentiation in the variabley.

Lemma 3.4.1. For all ρ ∈ N2, there exist some functionsal , l = 0, . . . , |ρ|(k+
1), which are polynomial inR4 and some constantsβl , l = 0, . . . , |ρ|(k + 1)
verifying

βl ≤ 2 |ρ|
(
α −

1

k

)
,

such that for ally ∈ R∗
−, (τ, ξ) ∈ R∗

+ × R∗
+ andλ ≥ 1,

∂
ρ
τ,ξ

(
e−8λ

)
= e−8λ

|ρ|(k+1)∑

l=0

al

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

) (
λ

2
k y

)l
λβl . (3.4.1)

Proof. We prove again this lemma by induction on|ρ|. If |ρ| = 0, the expres-
sion (3.4.1) holds witha0 = 1 andβ0 = 0. Let us assume now that forρ ∈ N2,
there exist some functionsal , l = 0, . . . , |ρ|(k+1), which are polynomial inR4

and some constantsβl , l = 0, . . . , |ρ|(k + 1) verifying

βl ≤ 2 |ρ|
(
α −

1

k

)

such that for all
y ∈ R∗

−, (τ, ξ) ∈ R∗
+ × R∗

+, λ ≥ 1,
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the expression (3.4.1) holds. Since we can write (3.2.5) and (3.2.6) in the fol-
lowing way,

∂τ8λ(τ, ξ, y) = λ2α− 2
k
(
2τ(λ

2
k y)+ 2ξ− 2

k τ
k+2

k
)
, (3.4.2)

∂ξ8λ(τ, ξ, y) =
2

k + 1
λ2α− 2

k
(
− τ

2k+2
k ξ− k+2

k + (−1)k+1ξ(λ
2
k y)k+1

)
(3.4.3)

and

∂τ

(
e−8λ

|ρ|(k+1)∑

l=0

al (τ
1
k , τ− 1

k , ξ
1
k , ξ− 1

k )(λ
2
k y)lλβl

)

= e−8λ
( |ρ|(k+1)∑

l=0

[
− (∂τ8λ)al (τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k )

+ ∂τ
(
al (τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k )
)]
(λ

2
k y)lλβl

)
,

(3.4.4)

∂ξ

(
e−8λ

|ρ|(k+1)∑

l=0

al (τ
1
k , τ− 1

k , ξ
1
k , ξ− 1

k )(λ
2
k y)lλβl

)

= e−8λ
( |ρ|(k+1)∑

l=0

[
− (∂ξ8λ)al (τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k )

+ ∂ξ
(
al (τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k )
)]
(λ

2
k y)lλβl

)
,

(3.4.5)

we obtain that

∂τ

(
e−8λ

|ρ|(k+1)∑

l=0

al (τ
1
k , τ− 1

k , ξ
1
k , ξ− 1

k )(λ
2
k y)lλβl

)

= − e−8λ
|ρ|(k+1)∑

l=0

2(τ
1
k )kal (τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k )(λ
2
k y)l+1λβl +2(α− 1

k )

− e−8λ
|ρ|(k+1)∑

l=0

2(ξ− 1
k )2(τ

1
k )k+2al (τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k )(λ
2
k y)lλβl +2(α− 1

k )

+ e−8λ
|ρ|(k+1)∑

l=0

(1

k

[
τ

1
k (τ− 1

k )k(∂1al )(τ
1
k , τ− 1

k , ξ
1
k , ξ− 1

k )

− (τ− 1
k )k+1(∂2al )(τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k )
]
(λ

2
k y)lλβl

)

(3.4.6)
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and

∂ξ

(
e−8λ

|ρ|(k+1)∑

l=0

al (τ
1
k , τ− 1

k , ξ
1
k , ξ− 1

k )(λ
2
k y)lλβl

)

= e−8λ
|ρ|(k+1)∑

l=0

2

k + 1
(τ

1
k )2k+2(ξ− 1

k )k+2al (τ
1
k , τ− 1

k , ξ
1
k , ξ− 1

k )

(λ
2
k y)lλβl +2(α− 1

k )

− e−8λ
|ρ|(k+1)∑

l=0

2

k + 1
(−1)k+1(ξ

1
k )kal (τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k )

(λ
2
k y)l+k+1λβl +2(α− 1

k )

+ e−8λ
|ρ|(k+1)∑

l=0

(1

k

[
ξ

1
k (ξ− 1

k )k(∂3al )(τ
1
k , τ− 1

k , ξ
1
k , ξ− 1

k )

− (ξ− 1
k )k+1(∂4al )(τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k )
]
(λ

2
k y)lλβl

)
.

(3.4.7)

Since from (3.1.3),α > 1/k, we deduce from (3.4.6) and (3.4.7) that ifρ̃ ∈
{ρ+(1, 0), ρ+(0, 1)}, there exist some functionsãl , l = 0, . . . , |ρ̃|(k+1), which
are polynomial inR4 and some constants̃βl , l = 0, . . . , |ρ̃|(k + 1) verifying
β̃l ≤ 2 |ρ̃| (α − 1/k) such that for ally ∈ R∗

−, (τ, ξ) ∈ R∗
+ × R∗

+ andλ ≥ 1,

∂
ρ̃
τ,ξ

(
e−8λ

)
= e−8λ

|ρ̃|(k+1)∑

l=0

ãl

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

) (
λ

2
k y

)l
λβ̃l .

This proves the induction property at the rank|ρ| + 1 and ends the proof of
the lemma 3.4.1. �

We can now prove the following lemma.

Lemma 3.4.2. For all ρ ∈ N2, there exists a positive constantMρ such that

for all (τ, ξ) ∈ [1, 4]2, λ ≥ λ0 and y ∈ suppχ0
(
λμ(∙+ (λ−1ξ−1τ)

2
k )

)
,

∣
∣∂ρτ,ξ

(
e−8λ(τ,ξ,y)

)∣∣ ≤ Mρλ
2|ρ|(α− 1

k ). (3.4.8)

Proof. We recall that the above notation suppχ0
(
λμ(∙+ (λ−1ξ−1τ)

2
k )

)
stands

for the support of the function

y 7→ χ0
(
λμ(y + (λ−1ξ−1τ)

2
k )

)
.
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It follows from the previous lemma that there exist some functionsal , l =
0, . . . , |ρ|(k + 1), which are polynomial inR4 and some constantsβl , l =
0, . . . , |ρ|(k + 1) verifying

βl ≤ 2 |ρ|
(
α −

1

k

)
, (3.4.9)

such that for ally ∈ R∗
−, (τ, ξ) ∈ R∗

+ × R∗
+ andλ ≥ 1,

∂
ρ
τ,ξ

(
e−8λ

)
= e−8λ

|ρ|(k+1)∑

l=0

al

(
τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k

) (
λ

2
k y

)l
λβl . (3.4.10)

Using the non-negativity of the phase function8λ (see (3.1.10) and (3.1.11)),
we deduce from (3.1.5) and (3.4.9) that forl = 0, . . . , |ρ|(k + 1), there exists a
positive constantc10,l such that for all(τ, ξ) ∈ [1, 4]2, λ ≥ λ0 and

y ∈ suppχ0
(
λμ(∙+ (λ−1ξ−1τ)

2
k )

)
,

∣
∣e−8λal (τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k )λβl
∣
∣ ≤ c10,lλ

2|ρ|(α− 1
k ), (3.4.11)

since from (3.1.3),α > 1/k. Finally, in view of (3.1.5), (3.4.10) and (3.4.11),
we deduce that there exists a positive constantMρ such that the estimate (3.4.8)
holds. This ends the proof of the lemma 3.4.2. �

Let us now consider the functionvλ defined by

vλ(t, x, y) = χ1(λ
γ t, λγ x)uλ(t, x, y), (3.4.12)

whereγ is a parameter verifying

0< γ <
1

k
and γ + α <

2

k
. (3.4.13)

This choice is possible in view of (3.1.3). The functionχ1 is taken in the space
C∞

0 (R
2,R) such that

suppχ1 ⊂ B(0, 1) andχ1 = 1 on B

(
0,

1

2

)
, (3.4.14)

where the notationB(0, r ) stands for the closed Euclidean ball centered in 0
with a radiusr . We start by getting a lower bound for the quantity‖vλ‖(−N0).
To do this, we prove the following lemma.

Lemma 3.4.3.For all M ∈ N, there exists a positive constantKM such that for
all λ ≥ λ0,

∥
∥(

1 − χ1(λ
γ t, λγ x)

)
uλ(t, x, y)

∥
∥
(−N0)

≤ KMλ
−M . (3.4.15)
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Proof. Since from (3.1.4), (3.1.11), (3.1.13) and a change of variables

uλ(t, x, y) =
λ

1
2+α

(2π)2

×
∫

R2
ei (xξλ1+α+tτλα)ψ1(τ, ξ)χ0

(
λμ(y + (τξ−1λ−1)

2
k )

)
e−8λ(τ,ξ,y)dτdξ,

(3.4.16)

we deduce from (3.1.1), (3.1.5) and (3.4.14) that for allλ ≥ λ0,
∥
∥(

1 − χ1(λ
γ t, λγ x)

)
uλ(t, x, y)

∥
∥
(−N0)

≤
∥
∥(

1 − χ1(λ
γ t, λγ x)

)
uλ(t, x, y)

∥
∥

L2(R3)
≤ ‖1 − χ1‖L∞(R2)

×
( ∫ −c2λ

− 2
k

−c1λ
− 2

k

[ ∫

{(t,x)∈R2: t2+x2≥4−1λ−2γ }
|uλ(t, x, y)|2dtdx

]
dy

) 1
2
.

(3.4.17)

Now, some integrations by parts on (3.4.16) show that for allq ∈ N, (t, x) 6=
(0, 0), y ∈ R andλ ≥ λ0,

uλ(t, x, y) =
λα+ 1

2 (iλ1+αx + λαt)−q

(2π)2

∫

R2
(∂ξ − i ∂τ )

q(
ei (λ1+αxξ+λα tτ))

× ψ1(τ, ξ)χ0
(
λμ(y + (λ−1ξ−1τ)

2
k )

)
e−8λ(τ,ξ,y)dτdξ

=
λα+ 1

2 (iλ1+αx + λαt)−q

(2π)2

∫

R2
ei (λ1+αxξ+λα tτ)(i ∂τ − ∂ξ )

q

[
χ0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
ψ1(τ, ξ)e

−8λ(τ,ξ,y)
]
dτdξ.

(3.4.18)

We need the following lemma.

Lemma 3.4.4. For all ρ ∈ N2 andl ∈ N, there exists a positive constantc11,ρ,l

such that for ally ∈ R, (τ, ξ) ∈ [1, 4]2 andλ ≥ 1,
∣
∣
∣∂ρτ,ξ

[
χ
(l )
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)]∣∣
∣ ≤ c11,ρ,lλ

|ρ|(μ− 2
k ). (3.4.19)

Proof of the lemma 3.4.4. We start by proving that for allρ ∈ N2 andl ∈ N,
there exist some polynomial functionsPρ,l , j in R4, j = 0, . . . , |ρ|, such that for
all y ∈ R, (τ, ξ) ∈ R∗

+ × R∗
+ andλ ≥ 1,

∂
ρ
τ,ξ

[
χ
(l )
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)]

=
|ρ|∑

j =0

Pρ,l , j (τ
1
k , τ− 1

k , ξ
1
k , ξ− 1

k )χ
(l+ j )
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
λ j (μ− 2

k ).
(3.4.20)
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Let us considerl ∈ N. We prove (3.4.20) by induction on|ρ|. If |ρ| = 0, the
identity (3.4.20) holds withPρ,l ,0 = 1. Let us assume now that the identity
(3.4.20) holds forρ ∈ N2. The two direct computations using (3.4.20),

∂
ρ̃
τ,ξ

[
χ
(l )
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)]

=
|ρ̃|−1∑

j =0

[2

k
(ξ− 1

k )2(τ
1
k )2−k Pρ,l , j (τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k )

× χ
(l+ j +1)
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
λ( j +1)(μ− 2

k )
]

+
|ρ̃|−1∑

j =0

[1

k
(τ

1
k )1−k(∂1Pρ,l , j )(τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k )

× χ
(l+ j )
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
λ j (μ− 2

k )
]

−
|ρ̃|−1∑

j =0

[1

k
(τ− 1

k )k+1(∂2Pρ,l , j )(τ
1
k , τ− 1

k , ξ
1
k , ξ− 1

k )

× χ
(l+ j )
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
λ j (μ− 2

k )
]
,

if ρ̃ = ρ + (1, 0) and

∂
ρ̃
τ,ξ

[
χ
(l )
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)]

= −
|ρ̃|−1∑

j =0

[2

k
(ξ− 1

k )k+2(τ
1
k )2Pρ,l , j (τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k )

× χ
(l+ j +1)
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
λ( j +1)(μ− 2

k )
]

+
|ρ̃|−1∑

j =0

[1

k
(ξ

1
k )1−k(∂3Pρ,l , j )(τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k )

× χ
(l+ j )
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
λ j (μ− 2

k )
]

−
|ρ̃|−1∑

j =0

[1

k
(ξ− 1

k )k+1(∂4Pρ,l , j )(τ
1
k , τ− 1

k , ξ
1
k , ξ− 1

k )

× χ
(l+ j )
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
λ j (μ− 2

k )
]
,

if ρ̃ = ρ+(0, 1), prove that the induction property holds at the rank|ρ|+1. This
proves (3.4.20). Since from (3.1.2),χ0 ∈ C∞

0 (R,R) and from (3.1.3),μ > 2/k,
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we deduce from (3.4.20) that there exists a positive constantc11,ρ,l such that for
all y ∈ R, (τ, ξ) ∈ [1, 4]2 andλ ≥ 1,

∣
∣
∣∂ρτ,ξ

[
χ
(l )
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)]∣∣
∣ ≤ c11,ρ,lλ

|ρ|(μ− 2
k ),

which ends the proof of the lemma 3.4.4. �

Then, we obtain using the lemma 3.4.2, (3.1.1), (3.4.19) and the Leibniz for-
mula on the expression

(i ∂τ − ∂ξ )
q
[
χ0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
ψ1(τ, ξ)e

−8λ(τ,ξ,y)
]
,

whereq ∈ N, that there exist some positive constantsc12, j , j = 0, . . . , q and
c13 such that for ally ∈ R, (τ, ξ) ∈ R2 andλ ≥ λ0,

∣
∣
∣(i ∂τ − ∂ξ )

q
[
χ0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
ψ1(τ, ξ)e

−8λ(τ,ξ,y)
]∣∣
∣

≤
q∑

j =0

c12, jλ
(μ− 2

k ) jλ2(q− j )(α− 1
k )

≤ c13λ
q max(μ− 2

k ,2α− 2
k ),

(3.4.21)

since from (3.1.3),

μ >
2

k
and α >

1

k
.

Since from (3.1.1), suppψ1 ⊂ [1, 4]2, it follows from (3.4.18) and (3.4.21) that
for all q ∈ N, there exists a positive constantc14,q such that for all(t, x) 6= (0, 0),
y ∈ R andλ ≥ λ0,

|uλ(t, x, y)| ≤ c14,qλ
q max(μ− 2

k ,2α− 2
k )−qα+α+ 1

2 |x2 + t2|−
q
2 . (3.4.22)

We deduce by getting back to (3.4.17), using (3.4.22) and a change of variables
that for allq ∈ N \ {0, 1} andλ ≥ λ0,

∥
∥(

1 − χ1(λ
γ t, λγ x)

)
uλ

∥
∥
(−N0)

≤ c14,q(c1 − c2)
1
2λq max(μ−α− 2

k ,α− 2
k )+α+ 1

2− 1
k ‖1 − χ1‖L∞(R2)

×
( ∫

{(t,x)∈R2: t2+x2≥4−1λ−2γ }
|t2 + x2|−qdtdx

) 1
2

≤ c14,q(c1 − c2)
1
2λq max(μ−α− 2

k +γ,α+γ− 2
k )+α+ 1

2− 1
k −γ ‖1 − χ1‖L∞(R2)

×
( ∫

{(t,x)∈R2: t2+x2≥4−1}
|t2 + x2|−qdtdx

) 1
2
.

(3.4.23)
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We recall in view of (3.1.5) thatc1 > c2. Let us notice that

max
(
μ− α −

2

k
+ γ, α + γ −

2

k

)
< 0, (3.4.24)

because from (3.4.13),

α + γ <
2

k
and from (3.1.3) and (3.4.13),

μ− α −
2

k
+ γ < γ −

1

k
< 0.

Finally, we obtain using (3.4.23) and (3.4.24) the estimate (3.4.15). This ends
the proof of the lemma 3.4.3. �

We can now use (3.4.12) and the triangular inequality for allλ ≥ λ0,

‖uλ‖(−N0) −
∥
∥(

1 − χ1(λ
γ t, λγ x)

)
uλ

∥
∥
(−N0)

≤ ‖vλ‖(−N0),

with the estimates (3.3.14) and (3.4.15) to prove the following result.

Proposition 3.4.1. There exists a positive constantc15 such that for allλ ≥ λ0,

‖vλ‖(−N0) ≥ c15λ
−α−1+μ

2 −(μ+3+3α)N0. (3.4.25)

We now need to get an upper bound for the quantity‖L∗
2vλ‖(N0), N0 ∈ N,

with respect to the parameterλ. It follows from (3.1.6) and (3.4.12) that for all
λ ≥ λ0,

L∗
2vλ = χ1(λ

γ t, λγ x)L∗
2uλ − λ2γ θk(y)(∂

2
xχ1)(λ

γ t, λγ x)uλ

− 2λγ θk(y)(∂xχ1)(λ
γ t, λγ x)∂xuλ + λ2γ (∂2

t χ1)(λ
γ t, λγ x)uλ

+ 2λγ (∂tχ1)(λ
γ t, λγ x)∂t uλ.

(3.4.26)

We note respectivelyAλ, Bλ, Cλ, Dλ and Eλ the terms appearing in the right-
hand-side of the last expression. Let us first notice that these five terms areC∞

onR3. Indeed, we have already proved after (3.1.15) thatuλ ∈ C∞
(
Ry, S(R2

t,x)
)

and, it follows from (3.1.1), (3.1.5) and (3.4.16) that for all(t, x) ∈ R2, λ ≥ λ0,

suppuλ(t, x, ∙) ⊂
[
−c1λ

− 2
k ,−c2λ

− 2
k

]
(3.4.27)

and from (3.1.6),θk(y) = (−y)k if y ∈ R−. Moreover, we have already proved
in (3.1.16) thatL∗

2uλ is C∞ onR3. Then, we want to get an upper bound for the
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H N0(R3) norm of the termAλ. To do this, it is enough to get an upper bound for
the quantity

‖∂M1
t,x

(
χ1(λ

γ t, λγ x)
)
∂

M2
t,x,y(L

∗
2uλ)‖L2(R3),

whereM1 ∈ N2 andM2 ∈ N3 verify |M1| + |M2| = N0. Since

‖∂M1
t,x

(
χ1(λ

γ t, λγ x)
)
∂

M2
t,x,y(L

∗
2uλ)‖L2(R3) ≤ λγ |M1|‖∂M1

t,x χ1‖L∞(R2)‖L∗
2uλ‖(|M2|),

it follows that there exists a positive constantc16 such that for allλ ≥ λ0,

‖Aλ‖(N0) ≤ c16λ
γ N0

(
sup

| j |≤N0

‖∂ j
t,xχ1‖L∞(R2)

)
‖L∗

2uλ‖(N0). (3.4.28)

Thus, we deduce from (3.1.3), (3.2.18) and (3.4.28) that

‖Aλ‖(N0) = O
(
e−

c3
16λ

2(α+ 1
k −μ))

whenλ → +∞. (3.4.29)

Let us now consider( j1, j2, j3) ∈ N3. It follows from (3.4.16) that for allλ ≥ λ0,

∂
j1
t ∂

j2
x ∂

j3
y uλ(t, x, y) =

i j1+ j2

(2π)2
λα+ 1

2+ j1α+ j2(1+α)
∫

R2
ei (λ1+αxξ+λα tτ)

× τ j1ξ j2ψ1(τ, ξ)∂
j3
y

[
χ0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
e−8λ(τ,ξ,y)

]
dτdξ.

(3.4.30)

We can make again some integrations by parts in (3.4.30) as in (3.4.18). Thus,
we obtain that for allq ∈ N, (t, x) 6= (0, 0), y ∈ R andλ ≥ λ0,

∂
j1
t ∂

j2
x ∂

j3
y uλ(t, x, y)

=
i j1+ j2

(2π)2
λα+ 1

2+ j1α+ j2(1+α)(iλ1+αx + λα t)−q
∫

R2
ei (λ1+αxξ+λα tτ)(i ∂τ − ∂ξ )

q

(
τ j1ξ j2ψ1(τ, ξ)∂

j3
y

[
χ0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
e−8λ(τ,ξ,y)

])
dτdξ.

(3.4.31)

Let us prove the following lemma.

Lemma 3.4.5. For all ρ ∈ N2, j3 ∈ N, there exists a positive constantc17,ρ, j3

such that for all(τ, ξ) ∈ [1, 4]2, λ ≥ λ0 andy ∈ suppχ0
(
λμ(∙+ (λ−1ξ−1τ)

2
k )

)
,

∣
∣
∣∂ρτ,ξ ∂

j3
y

[
χ0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
e−8λ(τ,ξ,y)

]∣∣
∣

≤ c17,ρ, j3λ
(2+2α+μ) j3+|ρ| max(2α− 2

k ,μ− 2
k ).

(3.4.32)
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Proof. The Leibniz formula first proves that

∂ j3
y

[
χ0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
e−8λ

]

=
j3∑

l=0

Cl
j3
λlμχ

(l )
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
∂ j3−l

y

(
e−8λ

)
.

(3.4.33)

We deduce from the lemma 3.2.1 and (3.4.33) that there exist some functions
ar,l , r = 0, . . . , j3(k + 1), l = 0, . . . , j3, which are polynomial inR4 and some
constantsβr,l , r = 0, . . . , j3(k + 1), l = 0, . . . , j3, verifying

βr,l ≤ 2 j3(α + 1), (3.4.34)

such that for ally ∈ R∗
−, (τ, ξ) ∈ R∗

+ × R∗
+ andλ ≥ 1,

∂
j3
y

[
χ0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
e−8λ

]

=
∑

0≤l≤ j3
0≤r ≤ j3(k+1)

χ
(l )
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
yr ar,l (τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k )λlμ+βr,l e−8λ. (3.4.35)

Since using the Leibniz formula on (3.4.35), we can write

∂
ρ
τ,ξ ∂

j3
y

[
χ0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
e−8λ

]

=
∑

l ,r,ρ1,ρ2,ρ3

[
c18,l ,r,ρ1,ρ2,ρ3∂

ρ1
τ,ξ

(
χ
(l )
0

(
λμ(y + (λ−1ξ−1τ)

2
k )

))

× yr ∂
ρ2
τ,ξ

(
ar,l (τ

1
k , τ− 1

k , ξ
1
k , ξ− 1

k )
)
∂
ρ3
τ,ξ

(
e−8λ

)
λlμ+βr,l

]
,

where the above sum is taken on 0≤ l ≤ j3, 0 ≤ r ≤ j3(k + 1), (ρ1, ρ2, ρ3) ∈
(N2)3, ρ1 + ρ2 + ρ3 = ρ and wherec18,l ,r,ρ1,ρ2,ρ3 are some constants, we de-
duce from (3.1.5), (3.4.8), (3.4.19) and (3.4.34), that there exist some positive
constantc19,l ,r,ρ1,ρ2,ρ3 and c20 such that for all(τ, ξ) ∈ [1, 4]2, λ ≥ λ0 and
y ∈ suppχ0

(
λμ(∙+ (λ−1ξ−1τ)

2
k )

)
,

∣
∣
∣∂ρτ,ξ ∂

j3
y

[
χ0

(
λμ(y + (λ−1ξ−1τ)

2
k )

)
e−8λ

]∣∣
∣

≤
∑

l ,r,ρ1,ρ2,ρ3

c19,l ,r,ρ1,ρ2,ρ3λ
|ρ1|(μ− 2

k )λ2|ρ3|(α− 1
k )λlμ+2 j3(α+1)

≤ c20λ
j3(2+2α+μ)+|ρ| max(2α− 2

k ,μ− 2
k ),

where the sum of the previous expression is taken on 0≤ l ≤ j3, 0 ≤ r ≤
j3(k+1), (ρ1, ρ2, ρ3) ∈ (N2)3, ρ1 +ρ2 +ρ3 = ρ. This proves (3.4.32) and ends
the proof of the lemma 3.4.5. �
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Thus, since from (3.1.1) and (3.1.3),

suppψ1 ⊂ [1, 4]2 and max
(
2α −

2

k
, μ−

2

k

)
> 0,

we can deduce from (3.4.31) and the previous lemma that for allq ∈ N, there
exists a positive constantc21,q such that for all(t, x) 6= (0, 0), y ∈ R andλ ≥ λ0,

|∂ j1
t ∂

j2
x ∂

j3
y uλ(t, x, y)|

≤ c21,qλ
α+ 1

2+ j1α+ j2(1+α)+ j3(μ+2+2α)+q max(2α− 2
k ,μ− 2

k )−qα|t2 + x2|−
q
2 .

(3.4.36)

It follows from (3.4.27) and from (3.1.6),θk(y) = (−y)k for all y ∈ R− that
there exists a positive constantc22 such that we have the following estimate of
the H N0(R3) norm of the termsBλ, Cλ, Dλ andEλ defined in (3.4.26),

max
(
‖Bλ‖(N0), ‖Cλ‖(N0), ‖Dλ‖(N0), ‖Eλ‖(N0)

)

≤ c22

∑

β1,β2

∥
∥∂β1

t,x

(
χ1(λ

γ t, λγ x)
)
∂
β2
t,x,yuλ

∥
∥

L2(R3)
. (3.4.37)

where the sum is taken onβ1 = (l1, l2), β2 = (l3, l4, l5) with l j , j = 1, . . . , 5
some integers verifying 0≤ l j ≤ N0 + 2 andl1 + l2 ≥ 1. Using these notations,
let us consider some integersl j , j = 1, . . . , 5 verifying

0 ≤ l j ≤ N0 + 2 and l1 + l2 ≥ 1. (3.4.38)

We setβ1 = (l1, l2) andβ2 = (l3, l4, l5). Since from (3.4.14) and (3.4.38),

supp∂β1
t,xχ1 ⊂

{
(t, x) ∈ R2 : t2 + x2 ≥ 1/4

}
,

we deduce from (3.4.27) and (3.4.36) that for allq ≥ 2, there exists a positive
constantc23,q such that for allλ ≥ λ0,
∥
∥∂β1

t,x

(
χ1(λ

γ t, λγ x)
)
∂
β2
t,x,yuλ

∥
∥

L2(R3)
(3.4.39)

≤ c23,qλ
α+ 1

2+γ (l1+l2)+αl3+(1+α)l4+(μ+2+2α)l5+q max(α− 2
k ,μ−α− 2

k )‖∂β1
t,xχ1‖L∞(R2)

×




∫ −c2λ

− 2
k

−c1λ
− 2

k

( ∫

{(t,x)∈R2: t2+x2≥4−1λ−2γ }
|t2 + x2|−qdtdx

)
dy





1
2

.

Since with our choice of the integersl j in (3.4.38), we have

γ (l1+l2)+αl3+(1+α)l4+(μ+2+2α)l5 ≤ (N0+2)(3+2γ+4α+μ). (3.4.40)
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We deduce from (3.4.38), (3.4.39), (3.4.40) and a change of variables that
∥
∥∂β1

t,x

(
χ1(λ

γ t, λγ x)
)
∂
β2
t,x,yuλ

∥
∥

L2(R3)
(3.4.41)

≤ c23,q(c1 − c2)
1
2λα+ 1

2− 1
k −γ+(N0+2)(3+2γ+4α+μ)+q max(α− 2

k ,μ−α− 2
k )+qγ

(
sup

|β1|≤2N0+4
‖∂β1

t,xχ1‖L∞(R2)

)( ∫

{(T,X)∈R2: T2+X2≥4−1}
|T2 + X2|−qdT d X

) 1
2
.

We recall that in view of (3.1.5), we havec1 > c2. Then, it follows from (3.4.37)
and (3.4.41) that for allq ≥ 2, there exists a positive constantc24,q such that

max
(
‖Bλ‖(N0), ‖Cλ‖(N0), ‖Dλ‖(N0), ‖Eλ‖(N0)

)

≤ c24,qλ
α+ 1

2− 1
k −γ+(N0+2)(3+2γ+4α+μ)+q max(α+γ− 2

k ,μ+γ−α− 2
k ).

(3.4.42)

Since from (3.1.3) and (3.4.13),

max
(
α + γ −

2

k
, μ+ γ − α −

2

k

)
< 0, (3.4.43)

because

μ− α −
1

k
< 0 and γ −

1

k
< 0,

we obtain from (3.4.26), (3.4.29), (3.4.42) and (3.4.43) that for allM ∈ N, there
exists a positive constantCM such that for allλ ≥ λ0,

‖L∗
2vλ‖(N0) ≤ CMλ

−M . (3.4.44)

To sum up, we have built a family
(
vλ(t, x, y)

)
λ≥λ0

in (3.4.12), which isC∞ on

R3 and has according to (3.4.14) and (3.4.27), its support in the compact set

B(0, λ−γ )×
[
−c1λ

− 2
k ,−c2λ

− 2
k

]
. (3.4.45)

The estimates obtained in (3.4.25) and (3.4.44), for allλ ≥ λ0,

‖vλ‖(−N0) ≥ c15λ
−α−1+μ

2 −(μ+3+3α)N0, (3.4.46)

∀M ∈ N, ∃CM > 0, ‖L∗
2vλ‖(N0) ≤ CMλ

−M , (3.4.47)

allow us to prove thatno a priori estimates of the following type can hold

∃C0 > 0, ∃N0 ∈ N, ∃V0 an open neighbourhood of 0 inR3 such that

∀u ∈ C∞
0 (V0), C0‖L∗

2u‖(k−3) ≥ ‖u‖(−N0).
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This proves that the operatorL2 is nonsolvable in any neighbourhood of 0 inR3

in the sense where there donot exist an integerN0 ∈ N and an open neighbour-
hoodV0 of 0 inR3 such that for allf ∈ H N0(V0), there existsu ∈ H−k+3(R3)

such that
L2u = f on V0.
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