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Covariance information based on thprior
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Abstract. The exact distribution of the covariance between two populations is derived.
It is assumed that one of the population means has a Studepritsr while the other

is taken to come from one of normal, Student'd aplace, logistic or Bessel families
(the five well-known symmetric distributions). The exact distribution is given in terms
of the characteristic function. The calculations involve several special functions.
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1 Introduction

Suppose we have two observationandy arising from two populations with
meansu; and uy, respectively. We are interested in studying the dependence
betweernx andy. The most obvious measure is the covariance (1) (Y — u2).
Usually, the population means will be unknown but one might have some prior
knowledge about them. For the past 40 to 50 years, the Studetisgibution
has been the most popular prior distribution because elicitation of prior infor-
mation in various physical, engineering, and financial phenomena is closely as-
sociated with that distribution. The Studerttdistribution offers a more viable
alternative to the normal distribution with respect to real-world data particularly
because its tails are more realistic. Thus, we shall assumgihatf (u, — X)
and thatu, ~ g(u2 — y) independently ofi1, wheref (-) andg(-) are Student's
t pdfs with degrees of freedomandb, respectively. The aim of this note is to
derive the exact distribution @k — 1) (y — u2) under these assumptions. This
amounts to deriving the exact distribution of the proddat when X andY are
independent random variables with the pdis) andg(-), respectively.

For completeness, in addition to the case thatnd g are Student's pdfs
(considered in Section 3), we shall consider the four other cdsissa Student’s
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t pdf andg is a normal pdf (considered in Section 2)is a Student’s pdf andg

is a Laplace pdf (considered in Section 4)is a Student’s pdf andg is a logistic

pdf (considered in Section 5); andl,is a Student’s pdf andg is a Bessel pdf
(considered in Section 6). For each of these cases, the exact distribubon of

is obtained by deriving its characteristic function (cf), which can be expressed as

o) = E[exp(itXY)]
1 % oo x2\ 2 1)
= m/_w /_Oo exp(itxy) <1+ T) g(y)dxdy.

The calculations involve several special functions, including tHg hyper-
geometric function (also known as the confluent hypergeometric function) de-
fined by

o]

1Fi@byx)y = Z

k=0

(@) xX
(b)i k!’
the Kummer function defined by

I'(1—Db) 1Fi(a; b; x)
'dA+a-—"hb)

W (a, b; x)

r'b—-1xPFl+a—b;2—Db;x)
+ ,
I'(a)

the 1 F, hypergeometric function defined by

— (@ X
Faabcx) = o
F@ .00 = ) g

the ,F; hypergeometric function (also known as the Gauss hypergeometric func-
tion) defined by

=\ (@)k(b)k xK
g ©k k!

and the modified Bessel function of the third kind defined by

_ NS P v—1/2
K,(x) = m/l (t*—1) exp(—xt) dt,

where(e)x = e(e+ 1) -- - (e+ k — 1) denotes the ascending factorial. We also
need the following important lemmas.
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Lemmal. (Equation(2.3.6.9), Prudnikovetal.,1986,volumel)Fora > 0
andp > 0,

* x*Lexp(—px) _
tL Xt27 dx (o) (@, +1— p; p2)

Lemma 2. (Equation (2.5.6.4), Prudnikov et al., 1986, volume 1). For
b>0,0>0andz> 0,

*  cogbx) _(2\V* o m
.4 vy = (b) P a0 02

Lemma 3. (Equation (2.3.8.4), Prudnikov et al

., 1986, volume 1). For
y > 0andz > 0,

> exp(iAx) ] .
fo (x2+22) (y£ix) X = Sexp(EAz(y+£2 .

Lemma 4.

(Equation (2.16.3.13), Prudnikov et al., 1986, volume 2).For
c>0, z>0anda >|v |,

/-oo Xa—l K d
———— K, (cx)dx
o (x2+22)° (ex)

2v27vza 2p— vF(V)B(,O+ -« Ol—\))
c

— _ 222
X2F1(“2”;1—v,1—p+°‘ % —)

2’ 4
+ 2*(U+2)Cvza*2p+vF(_v)B (,0 _ v 42_0{, o —; V)

a—+v +v c?z?
X2Fl< 2 1+U1 o+ 2 T)

-+?4“%@ﬂr(“:v—p>r(agv—p)

oa—+v o —V c27?
X2F1<;0;1+,0—T,1+,0— )

2 7 4
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Lemma 5. (Equation (2.16.33.1), Prudnikov et al., 1986, volume 2).For
b+c>0anda >|u|+|v],

/ x“1K, (bx) K, (cx)dx
0

20—=3u _ _
_ b r a+pu+v r o+pu—v (¢ w4+
c* i (o) 2 2 2

— — _ b2
XF(—a i U) 1F2(a+u+va M+U;a;l——>.

2

Further properties of the above special functions can be found in Prudnikov et
al. (1986) and Gradshteyn and Ryzhik (2000).

2 Normalg
If gis the normal pdf given by

1 (y —mw)? }
= expy ————
a(y) o D{ 552
then (1) can be reduced as

(1) = L = fw/m 14X
T VB (/2.1/2) V270 )00 o v

(y— w?
202

)—(l-‘rV)/Z

xexp{itxy— }dydx

—(1+v)/2

1 1 00 oo X2
= 1+ =
VB (v/2,1/2) \/27 o ./—oo /—oo v
2; 2 _ 2
xexp{za ItXy —y“+2uy — }dydx

202

1 1 0o oo x? re @
T B (v/2.1/2) V2ro /—oo /—oo <1+ ")

2
(y—p_—azitx> 52t2x2
X expy —~——————— 4 uitx — — dydx

262

- ;/w 1+L2 _(l_H))/zeX itx UZtZXZ dx
= B/212 | v PL# 2

2 00 w2\ /2 o 2t252
= m/o 1+7 cos(utx) exp| — > dx.
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The integral in (2) cannot be calculated directly in its general form. However,
using the series expansion for cosine

@ (_ 1)kX2k
cogx) = _— 3)
kX_(:J (2k)!

one can rewrite (2) as

he 2 [T(x
oo = ﬁB(v/2,1/2>/o ( +T)

< Uztzxz)
x exp| — 5 dx

B 2072 L (=Dkuty o N\ —(141)/2
= B(v/2,1/2)k§;) (2! /0 X (“+X> @

< O’thxz)
x exp| — > dx

_(1+v)/2{ %) (—l)k(,u,tX)Zk}

rd (2k)!

DGR N G N (0
B(v/2, 1/2)Z (2k)!

k=0
< aztzw)
x exp| —— dw,

where the last step follows by the substitution= x2. The integral in (4) can
be calculated by direct application of Lemma 1 to yield

o0
/ WkU2 (3 4 )= ()2
0

1 o -1 k,,k t 2k 1
s(1) = Sy
B(/2,1/2) &= (2k)! 2 5)
1 v oty
(kr e b ),
an infinite sum involving the Kummer function. gf = 0 then (5) reduces to the
simple form
I'((v+1)/2 12—v c%t%
= —— 2y : .
o0 = SR (3550 ©

If « =0 andv = 1 then (6) can be reduced further to

o) = ex (ﬂ)erfc(w)
= p 5 Nz .
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3 Student'st g

Supposg is the Student’s pdf with degrees of freedommgiven by

1 g2 2
= — |1+ — . 7
W = Zaezys () )

Note that (1) can be expressed as
—(1+v)/2

pM) = m/ f exp(itxy) <1+ ) g(y)dxdy ©
8

—(1+v)/2

4pV/2
= B ()2 1/2)/ / cos(txy) <1+ ) g(y)dxdy.

The inner integral in (8) can be calculated by direct application of Lemma 2.
This yields
22—u/2vv/4tv/2

_ * v/2
pt) = “Tw2 /0 y2K 2 (tV/vy) g(y)dy. 9)

For the form ofg(-) given by (7), direct application of Lemma 4 shows that
(9) can be calculated as
22—v/2vv/4bb/2tu/2

_ * v/2 2
() = F0/2 B 0/2. 1/2)/0 yY/PK 2 (tv/vy) (y +b)

—(1+b)/2

Z_V/ZUV/4bb/2tU/2

_ —v/2 v/2 v=b
- T'(v/2)B(b/2,1/2) [2 (tvv) (*/B)

(58 ()

v+1 v v—b t%wb
F 14+ -,1 ;——
><21< 5 +2 + > 4>

(10)
22 () T ()8 (3.3)
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4 Laplaceg
If gis the Laplace pdf given by

A
9ly) = Sexp(=rly—01

then (1) can be reduced as

)va/Z

R ha it A o1 (v2+v) % dxd
¢()_28(v/2,1/2)f_oo/_ooeXp{' Xy —A|X— I}(y +v) xdy

apv/2 © —(14v)/2 0 .
T 2B(1/2.1/2) J_o (V +”) [/_ooexp{—?»w—X)—f—ltxy}dx

(11)
+ f exp{—A(x — 0) +itxy} dx}dy
6

_ avv/2 °°<2 v)f(l+v)/2 exp(itoy) | exp(toy)]
2B(1/2.1/2) ) o ity | a—ity

The integral in (11) cannot be calculated in its general form. However, in the
particular case = 1, one can reduce (11) as

_ A o, -1l exp(itdy) exp(itoy)
oM = 21 _oo(y +1) [ A ity + A —ity ]dy

A o exp(itoy) /‘OO exp(itoy)
= — d d 12
2t [/oo (Y2+1) A/t +iy) y+ o (Y2 +1) A/t —iy) y} (12)

X [exp(to) N exp(—to)
T2 A+t A=t |’

where the last step follows by direct application of Lemma 3.

5 Logisticg
Supposg is the logistic pdf given by

rexp{—A(y —6)}
[14 exp{—Ar(y — 9)}]2'

Note that this can be reexpressed as the mixture of Laplace pdfs:

2 [(—2\ rk+1
o) = kz;m(f) CHD expi—rk+ D y—0 1.

aly) =

2
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Thus, using the result for the Laplace distribution given by (12), one obtains

_ o (—2 exp(to) exp(—to)
'O = /\g(k)[(k+l)k+t+(k+m—t] (13)

for the particular case = 1.

6 Besseb

Supposey is the Bessel function pdf given by

gly) = ﬁZmmei/l'J (m+1/2) Kim (‘%D ’

For this form, (9) can be expressed as
227v/2vv/4tv/2

pMt) = VT2 (v/2) T (M + 1/2)

x f YK 2 (tV/0Y) K (y/b) dy.
0

An application of Lemma 5 shows that the above can be reduced to

T(w+1/2)T M+ v+1)/2
b™ 1T (v/2) T (v/2+m+ 1)

o) =
(14)

1 1
x 1F2<m+§,m+v;r ;%+m+1;1—t2vb2>.

Using special properties of the Gauss hypergeometric function, one can reduce
(14) to elementary forms whan andv take integer or half-integer values. For
example, ifv = 1 andm = 2, 3, 4, 5, 6 then (14) can be reduced to the simple
forms

o) =

16 { 25x — 15 15 arctani{,/X) }

— +
157 | 8x2 (x — 1)2 8x5/2

32

o) = E{

—231x2 +280x — 105 35 arctani{y/x) }
48x3 (x — 1)3 16x7/2

256

$(t) = 31&{

837x3 — 153%2 + 1155« — 315 L 315 arctant{y/x) }
1284 (x — 1* 128x9/2
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oty = 512 { —10615* + 26070« — 295682 + 16170« — 3465 693 arctanif,/x) }

6937 1280(x — 1)>x5 256x11/2
o(t) — 2048 { 15463%5 — 4769054 + 7232943 — 5945942 + 255255 — 45045
~ 30037 153606 (x — 1)®

3003 arctanlf/X)
1024¢13/2 '

wherex = 1 — t2b?. Also, if v = 1 andm = 3/2,5/2,7/2,9/2, 11/2 then
(14) reduces to

1 n (12x —8) V1 —x

t) =
oM x2 8x2 (—1+ x)?
1 (—30x%+40x — 16) VI —x
t) = ——
oM 3t 16x3 (-1 + x)3 '
280x3 — 560x2 + 448« — 128) /1 —
o) = S 4 * ) Vi-x

x4 128x4 (x — 1)*

1 (—630x*+ 1680x3 — 2016x2 + 1152x — 256) /1 — X

t) = ——
() 5t 2566 (x — 1) )

1 (27725 — 9240x* + 147843 — 12672 4 5632 — 1024 /1 — X

o0 =3t 10246 (x — 1)°

wherex = 1 — t2p2.
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